
Game Theory

History

1921-1 927: First approaches (E. Borel )

1928: J. von Neumann: ÒZur Theorie der Gesellschaftsspiele Ó
in Mathematische Annalen Vol. 1 00

1944: J. von Neumann and O. Morgenstern :
ÒTheory of Games and Economical Behaviour Ó,
Princeton U niversity Press
The defining Volume

Original Interest: Economy and Warfare --- Strategy selection

Game t heory is hugely popular (ÒPrisonerÕs dilemmaÓ) and has signiÞcant ly
inßuenced t he way of  t hinking about  such sit uat ions, but  most  real scenarios
have t oo complex int eract ions t o be t ackled in such a ÒsimpleÓ way.



Two-person Zero-sum Games

Two-person Zero-sum games are the best understood form of games
These games are non-cooperative!

Two players take turns in making a choice from a set of possibilities 

Three possible outcomes:
¥draw (no one wins anything)
¥player A wins $ x which are paid by player B
¥player B wins $ y which are paid by player A

The outcome is uniquely determined by the two choices made

Additional assumption:
¥static, unchanging rules
¥ÒCommon Knowledge Ó about rules, assets etc.

Solving 2 -person 0 -sum Games can be reduced to linear programming.



Prisoners Õ Dilema

Dilemma: If  eit her player react s Òfully rat ionallyÓ he/ she would always defect
( t alk) . However, t he Òirrat ionalÓ hope is t hat  t he ot her one will also cooperat e.

Such games become more even more int erest ing if  t hey are it erat ed, so t hat  A/ B
can gain informat ion about  B/ AÕs st rat egy. (Wit hout  it  being known when t he
game ends!)

An Example of a cooperative , non-zero sum game

Situation: The police arrests two suspects, but has only little evidence.
               Both suspects are imprisoned in isolation and offered
               a ÒdealÓ. If either acts as witness against the other one
               he is offered a reduced sentence.

¥If both remain silent (cooperate with each other), they gain a little. 
¥If both talk, both are punished harder as if both remain silent. 
¥If A Òt alksÓ (= defects) and B remains silent (= cooperates with A), 
  A gains most at the expense of B. 

!  

A \ B silent talk

silent (3,3) (0,5)

talk (5,0) (1,1)Note these are payoffs for (A,B) “years saved”
 not the length of the sentence.



Strategies in Morra

Even t hough a player may not  follow a part icular st rat egy, f rom t he out side it  can
be assumed t hat  he follows some (st ochast ic)  choice rule.

Example Game

Each Player hides one or two coins. 

Then each player guesses how many coins the opponent has hidden. 
There is a win if and only if one player guesses correctly, the other one 
incorrectly. In case of a win an amount equal to the total number of 
hidden coins are paid to the winner.

Strategies  for both players:
 
(1 /1 ) Hide one card, guess Òone card Ó
(1 /2 ) Hide one card, guess Òt wo cards Ó
(2 /1 ) Hide two cards, guess Òone card Ó
(2 /2 ) Hide two card, guess Òt wo card Ó



Pay-0 ff Matrix

2-person 0 -sum can always be written down with such a pay-off matrix.
They are therefore also called ÒMatrix GamesÓ.

We speak of the Òcolumn playerÓ and the Òrow playerÓ.
¥the pay-off is denoted for the row player
¥row player tries to maximize the outcome
¥column player tries to minimize the outcome

The outcomes of a single game in terms of the chosen strategy can be 
denoted by a pay-off matrix. (loss is negative pay-off)

Morra

(1/1) (1/ 2) (2 /1) (2 / 2)

(1 /1) 0 2 ! 3 0

(1/ 2) ! 2 0 0 3

(2 /1) 3 0 0 ! 4

(2 / 2) 0 ! 3 4 0



Dominated Strategies

A strategy s for player x dominates  another strategy s’ if 
¥ for all possible choices of a strategy t for player y,
  the outcome of s is at least as good as that of s’ 
¥s is better than s’ for at least one choice of t  

Assume the following pay-0 ff matrix:

t1 t2 t3 t4

s1 ! 2 2 ! 1 1

s2 1 4 ! 2 ! 3

s3 0 2 0 1

s4 ! 1 ! 2 ! 1 5

A rational player will never play a dominated strategy



Dominated Strategies

The row player A tries to maximize and 
therefore s1 is dominated by s3.

A will never play s1.

t1 t2 t3 t4

s1 ! 2 2 ! 1 1

s2 1 4 ! 2 ! 3

s3 0 2 0 1

s4 ! 1 ! 2 ! 1 5



Dominated Strategies

The column player B knows that A will never play s1.

B tries to minimize and therefore t1 is dominated by t3.

B will never play t1.

t1 t2 t3 t4

s1 ! 2 2 ! 1 1

s2 1 4 ! 2 ! 3

s3 0 2 0 1

s4 ! 1 ! 2 ! 1 5



Saddle Points
How t o choose a st rat egy f rom t he remaining ones??   Maximize t he worst  case!

A reasonable way t o do t his for player row player A is t o calculat e t he minimum pay-of f
for each possible st rat egy choice si (assuming t hat  B would react  wit h t his choice in t he
worst  case)  and t o choose t he si  t hat  maximizes t his minimum expect ed pay-of f .

B would do t he same swapping minimizat ion and maximizat ion.

t1 t2 t3 t4

s1 !2 2 !1 1

s2 1 4 !2 !3

s3 0 2 0 1

s4 !1 !2 !1 5

If  A st art s t o play s3 (or B t 3)  t he ot her player is forced t o choose t 3 (s3)  since t he
expect ed pay-of f  is worse ot herwise. Such a stable point  is called a saddle point .

A saddle point  is a pair of  st rat egies such t hat  t here is no lower pay-of f  in t he row and
no higher pay-of f  in t he column.



Mixed Strategies
Not  every game has a saddle point . (Wit ness t he example)

!  

(1/1) (1/2) (2 /1) (2/2)

(1/1) 0 2 " 3 0

(1/2) " 2 0 0 3

(2/1) 3 0 0 " 4

(2/2) 0 " 3 4 0

= A'schoice

In t hese cases it  makes sense t o adopt  a mixed st rat egy (a set  of  st rat egy for
alt ernat ing use)  inst ead of  a pure st rat egy (a single st rat egy) . For each individual game
t he st rat egy choice must  be made in a st ochast ic manner in order t o be unpredict able.

Let  t he st ochast ic row vect or x describe t he probabilit ies of  st rat egy choices for
t he row player, t he st ochast ic column vect or y t he probabilit y of  st rat egy choices for
t he column player.

!  
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The expect ed average pay-of f  in an it erat ed game is:
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(to which B should react with (1/1), but
 knowing this A should have played (2/1)
 in the first place, and so on…)



Stochastic Strategy Selection
Wit h t he expect ed pay-of f

player A knows t hat  for a Þxed st rat egy x he can at  least  win

To maximize t he worst  case (see pure st rat egies)  he should t herefore choose an
opt imal st rat egy x t hat  maximizes t his minimum pay-of f :
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For every mixed st rat egy of  A  t he set  of  possible opt imal response st rat egies by B
includes at  least  one opt imal pure st rat egy
t hat  opt imizes t he out come for B.

This may seem surprising, but  consider t hat  AÕs choice is st ochast ic so in any given
round B does not  know what  t o expect .

Therefore AÕs simpliÞed t ask is t o
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Single Pure Response Strategy

(1) Take an arbit rary st ochast ic column vect or y. We have:
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(2)  Among t he possible candidat es for candidat e st ochast ic column vect ors y are t hose
t hat  have t he form (0, ..., 0 , 1 , 0, ..., 0)  i.e. t hose denot ing a pure st rat egy choice.

Therefore we have

So t his holds in part icular for t he choice of  j in t he RHS of  t he t heorem.
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Solving Games as Linear Programs

The task of player A is to
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This is equivalent to the LP

  

!  
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i =1

m

$ %0

                   xi
i=1Km

$ =1&" i :xi ' 0

To prove t his wit ness t hat  for at  least  one j t he Þrst  const raint  in t he LP must  be t ight
( in order for z t o be opt imal) . Since no const raint  can be violat ed t his must  be t he most
rest rict ive const raint .
Therefore z = min
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The Dual Role of Player B

With exactly the same (dual) reasoning (swapping minimization and
maximization), Player B (the column player) arrives at the conclusion that

Player B’s task is to

which is equivalent to the LP
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The MiniMax Theorem

 For every m x n matrix A t here is a stochastic row vector x-opt of length m
 and a stochastic column vector y-opt of length n such that

  max
x

v x Av y opt = min
y

v x optA
v y 

The original proof  for t hat  in t he exclusive cont ext  of  game t heory is quit e long
and involved. Af t er reduct ion t o LP t he proof  has been much simpliÞed by recast ing it  int o t he Dualit y
Theory of  linear programming.

X-opt and y-opt are therefore the strategies that the two players should adopt
under the above reasoning. The common pay-off of these strategies is referred
to as the ÒvalueÓ v of the game.

Therefore A can make a guaranteed win of $ v and B can protect himself from
losses greater than $ v.

It follows that the value of a fair game must be v=0.

A symmetric game (- aji = aij)  is always fair.



Duality in a Nutshell

Imagine you want to obtain an upper bound  on the following LP:

! 

maximize 4x1 + x2 + 5x3 + 3x4

subject to
x1 " x2 " x3 + 3x4 # 1

5x1 + x2 + 3x3 + 8x4 # 55

"x1 + 2x2 + 3x3 "5x4 # 3

To do so construct the general linear combination of the constraints .

Note  that all yi must be positive as otherwise the direction of the inequality
would be reversed.

! 

(y1 + 5y2 " y3)x1 + ("y1 + y2 + 2y3)x2 +

+("y1 + 3y2 + 3y3)x3 + (3y1 + 8y2 " 5y3)x4

# y1 + 55y2 + 3y3



Obtaining an U pper Bound on a LP

We want to use the LHS of the linear combination as an upper bound on the
objective. Therefore the coefÞcients must be greater or equal than those in
the objective.

!  

y1 + 5y2 " y3 # 4

" y1 + y2 + 2y3 # 1

" y1 + 3y2 + 3y3 # 5

3y1 + 8y2 " 5y3 # 3

So we obtain the constraints:

!  

LHS

(y1 + 5y2 " y3)x1 + (" y1 + y2 + 2y3)x2 +

+(" y1 + 3y2 + 3y3)x3 + (3y1 + 8y2 " 5y3)x4

objective 4x1 + x2 + 5x3 + 3x4



The Dual Problem

Naturally we are interested in the tightest upper bound. This is obviously
obtained by solving for the minimum RHS of the linear combination of
constraints with the LP:

!  

minimize y1 + 55y2 + 3y3

subject to

y1 + 5y2 " y3 # 4

" y1 + y2 + 2y3 # 1

" y1 + 3y2 + 3y3 # 5

3y1 + 8y2 " 5y3 # 3

y1,y2,y3 # 0

This problem is called the dual problem of our original problem (called the
primal problem).



General Dual Form

Every primal  LP of the form

has the following dual LP
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Duality Theorem

Let A be a primal LP with objective function f(x).
Let B the dual LP of A with objective function g(x).

If A has an optimum solution at x*, then the optimum solution of B exists.

Call BÕs optimum solution y*

f(x*)= g(y*)

In our intuition, this essentially means that our upper bound on the primal LP 
can be made precise.

The Duality Theorem is the central theorem of linear programming.



Solution of the Dual Problem

Even more interestingly, the solution of the dual can be read of straight from
the Þnal (optimal) dictionary of the primal LP.

Each (dual) variable yi is associated with a particular constraint cj in the primal LP.
Its value in the optimum solution is the negated coefÞcent of the slack variable 
sj (associated with cj)  in the Þnal dictionary of the primal LP.

For the example above, we obtain the Þnal dictionary

!  

z = 29" x1 " 2x3 " 11s1 " 6s3

x2 = 14" 2x1 " 4x3 " 5s1 " 3s3

x4 = 5" x1 " x3 " 2s1 " s3

s2 = 1+ 5x1 + 9x3 + 21s1 +11s3

And therefore y1 =11, y2 =0, y3 =6.



Unexpected Conclusion

Corollary (Gloating):

In a game of the above type your opponent can gain nothing from
you announcing your strategy if it is optimal.

You can announce your strategy without damaging your prospects.

Homework: Contemplate the rational  value of blufÞng.

Coming back to game theory, we can now see that the two decision 
problems for player A and B are the dual forms of an LP and the MiniMax
Theorem follows immediately from the Duality Theorem. 


