
The Formulas of Cook’s Theorem

Cook’s theorem proves that SAT (boolean satisfiability) is NP-complete. It
is easy to see that SAT is in NP : We simply guess an assignment for all the
decision variables and verify that the formula is true. The hard part is to
show that every problem that can be computed in NP time is polynomial
time reducible to SAT.

To do so, Cook gives a polynomial time method method to construct for any
NTM N with input x a formula F that is satisfiable if and only if N accepts
input x. Let p(n) be a ploynomial that bounds the computation time of N .
The idea is that F represents a full computation of N on x and is satisfiable
if and only if this is an accepting computation.

• Representation of the Computation

#b0#b1# . . . #bp(n) where each bi is an ID representing a whole computa-
tion state. The bi consist of p(n) symbols each. Each symbol represent
one tape symbol. The symbol at the input position is a compound symbol
representing the symbol on the tape, the state and the move.

• Decision Variables for SAT

Ci,X ∈ {true, false} indicating that symbol X is in position i of the com-
putation representation.

• Formulas for SAT

1. The formula fixes exactly one symbol for each position.

∧
i

∨
X

Ci,X ∧ ¬

 ∨
Y 6=X

(Ci,X ∧ Ci,Y )


2. The first ID is delimited by #.

C0,# ∧ Cp(n)+1,#



3. The first symbol is a valid start state and truthfully reflects the first
tape symbol (Remember: it’s an NTM)

C1,Y1
∨ C1,Y2

∨ . . . ∨ C1,Yk

where Yi are composites of the original first symbol and all possible
valid start states.

4. The 2nd to n-th symbol truthfully reflect the remaining symbols on
the tape in the start state. ∧

2≤i≤n

Ci,ai

5. The unneeded symbols of the first ID are blank∧
n≤i≤p(n)

Ci,B

6. The final ID contains an accepting state
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7. ID n follows correctly from ID n− 1∧
p(n)<j<(p(n)+1)2

(∨
W,X,Y,Z s.t. f(W,X,Y,Z)(

(Cj−p(n)−2,W ∧ Cj−p(n)−1,X ∧ Cj−p(n),Y ∧ Cj,Z)
)

here f(W, X, Y, Z) is a predicate that is true for all symbol combina-
tions such that if in the n− 1st ID the symbol W is in position j − 1,
X in position j and Y in position j + 1 then Z is in position j in the
n-th ID. Recall that the composite symbols represent a tape symbol
plus the move.

Note that the formulas generated in the transformation have length O(p2(n)).
To compute them, the TM only needs to be able to count up to p2(n). This
can obviously be done in O(log(n)) storage. So every language in NP is log
space reducible to SAT. Since a log space reduction cannot take more than
polynomial, SAT is NP-complete.


