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ABSTRACT

Mixture modellingor unsupevisedclassificationis a prob
lem of identifying and modellirg compmentsin a body
of data. Earlier work in mixture moddling using Min-
imum MessageLengh (MML) includes the multinomial
and Gaussiardistributions (Wallace and Boulton, 1968),
the von Mises circular and Poissondistributions (Wallace
andDowe, 199, 2000 andthet distribution (Agustaand
Dowe, 20®@a, 2002). In this paper we extend this re-
searchby consideing MML mixture mocelling usingthe
Gammadistribution. The point estimationof the distri-
bution wasperfomedusingthe MML apprximationpro-
posedby Wallaceand Freeman(1987) and gives impres-
sive resultscompaed to Maximum Likelihoad (ML). We
then considerd mixture mocklling on artificially gene-
ateddataset@ndcompaed the resultswith two othercri-
teria, AIC andBIC. In termsof the resultingnumker of
commnents,the resultswere agan impressve. Applica-
tion to the Heming Pike datasetwas then exanmined and
the resultswere comparedin termsof the probability bit-
costings, shawving that the proppsed MML method per
forms betterthanAIC andBIC. A further apgication also
shaws that our methal works well with datasetcontain
ing left-skawed compmnentssuchasthe Palm Valley (Aus-
tralia)imagedataset.
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1 Intr oduction

Mixture modédling [1, 2, 3] - generdy known ascluster
ing or unsugrvisedclassificationr models,aswell aspar
titions, an unknown number of compnents(or classesor
clusters)f adataseinto afinite nunberof compments.in
this paper we discussin particdar, a classificationprob
lem which mocels a statisticaldistribution by a mixture (a
weightedsum)of otherdistributions. This type of classifi-
cationresultsin a modeldescrited by four elements:(1a)
the numker of compmnents,(1b) the relative abundances
(or mixing propations) of eachcompnent,(1c) their dis-
tribution paranetersand(1d) the membes (or things) that
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belory to thecompments.

In selectingthe mostapprgriate numbe of compo
nentsin a datasetthe problem we often faceis keepirg
thebalancebetweemodelcompleity andgoochessof fit.
In otherwords, the bestmodelfor a dataseimustbe suf-
ficiently compgex in orderto cover all informationin the
datasetbut notsocomple asto over-fit. A seriesof papers
by Wallaceand co-authors[1, 4, 5], dealtwith modelse-
lectionandparameteestimationproblemsusingthe Min-
imum Messagd_ength (MML) principle, which provides
afair compaisonbetweermockls by statingeachof them
asa two-partmessagevhich encodesoth mocel andthe
datain light of themodelstated.Various relatedprinciples
have also beenstatedindependentlyby Solononof [6],
Kolmogprov [7], Chaitin[8], and subsequatly by Rissa-
nen[9]. For anoverview, see[5].

The MML mixture modelling proposedin [1] dealt
with classificationprodems of discretemultinomial and
continousGaussianlistributions. It wasextendedby Wal-
laceandDowe [10, 11, 12] to accomnodatetwo otherdis-
tributions - Poissonand von Mises circular The methal
wasfurther broadenedy AgustaandDowe[13, 14] to ac-
commalatethe ¢ distributions with knowvn and unkrown
degreesof freecbm.

Beginning with parameteestimation,this paper ex-
tendsthe apgication of the MML principle to theprodem
of mixture modellingby consideing the Gammadistribu-
tion. We compae the paraméer estimatiorresultswith the
Maximum Likelihoad methal in termsof their Kullback
Leiblerdistance$romthetruemodé to theinferredmockl.
We also analysemixture modelling resultsand compae
themwith the resultsof two othercommaly usedcrite-
ria, AIC andBIC, in termsof theresultingnumter of com-
ponants. Applicatiors to two real-world datasetsHemirg
Pike dataseindPalm Valley (Australia)imagedatasetre
alsoprovided

2 MML Parameter Estimation

The Minimum Messagd.ength(MML) principle is anin-
variart Bayesiarpoin estimatiorandmodelselectiortech-
niguebasedninformationtheory Thebasicideaof MML

is to find a modelthatminimisesthetotal lengthof a two-



partmessagencodng the mockl, andthe datain light of
thatmodel[1, 4, 5].

Letting D bethe dataand H be a modelwith prior
prokability P(H), using Bayess theorem the point esti-
mationand modelselectionproblens canbe regaided si-
multaneusly as a prablem of maximising the posteri@
prokebility P(H)- P(D|H)/P(D). Fromtheinformation-
theoreic point of view, whete an eventwith prokability p
is encaled by a messagef lengthl = — log, p bits, the
prodemis thenequivaentto minimising

MessLen = —log,(P(H)) — logy(P(D|H)) (1)

wherethefirst termis the messagéengthof themodel and
thesecondermis themessagéengthof thedatain light of
themodel.

In applyingthe MML principle to the mixture prob
lem of Gammadistributions,we needfirstly to perfam pa-
rameterestimationof the Gammadistribution. The param
eterestimationusedhereutilisesthe MML appoximatian
proposedby WallaceandFreemarf4]. .

Given the datax and paranetersé, let h(6) be the
prior probability distribution on @, f(x|6) the likelihood

—

L = —log f(z|#) the negative log-ikelihoodand

= 0L
F(6) det{E(ag(%T/)}, @)
the Fisherinformation- thatis the deterninant of the ma-
trix of expectedsecondderiatives of the negdive log-
likelihoad. Basedon (1), and by expanding the negative
log-likelihood, I, asfar asthe secondterm of the Taylor
seriesaboutthe parameterd, the messagdengthis then
calculatedoy [4, 12:

, h(6) D
MessLen = —log ( ———) + L+ —
( KD F(g)) 2
= —log (7}1/(9) f(i‘e)) + g(l +logkp) (3)
F(0)

where D is the dimensionof the parametespaceandx p
is a D-dimersional lattice constah with v, = 1/12 and
kp < 1/12 [4]. TheMML estimateof g canbe obtainel
by minimising(3).

Considerilg that the Gammadistribution is continu
ous, a finite coding for the messagecan be obtaired by
acknavledgingthatall recadedcortinuousdataandmea-
suremets mustbe statedto a finite predsion, whichis, in
practice madeonly to someprecisione. In thisway, acon-
stantof N log(1/e) is addedo the messagéengthexpres-
sionabove, where N is the nunber of data[12, p74 [13,
Sec.2] [10, p38].

2.1 Multi-state Distrib ution

For a multi-statedistribution with M states(and sample
size,N), thelikelihoad of thedistribution is given by:

ni, n2 v

f(m,nz"";77/M|p17p27"'spM) =DP1 P2 Py

wherepy + ps + --- +py = 1, for all m: p,, > 0and
ny+ng+---+ny =N.
Using(2), it followsthat:

F(p1,p2y--par) = N /pips o opyy.

Thederivation of this equatiam is alsoshavn elsavherefor
M =212, p75.

Assuminga uniform prior of A(p) = (M — 1)! over
the (M — 1)-dimersionalregion of hyper-volume 1/(M —
1)!, andminimising (3), the MML estimatep,, is [10, 11,
12,13 14, 15|

pm = (nm +1/2)/(N + M/2) (4)

Substituting(4) into (3) provides the total two-part
messagéength[1, p187(4)] [1, p1% (28)] [12, p75]

—log(M — )+ ((M —1)/2)(log(Nkar-1) +1)
M
> (nm +1/2)logpm (5)

2.2 GammaDistrib ution

The Gammadistribution hasa lik elihoodfunction:

z\y—1,(=%)
f(z|B,y) = (ﬂ)ﬁTi)

whereg is the scaleparaneter, ~ is the shapeparaméer
andT'(z) is the Gammafunction, givenby:

I(x) :/ t* e tat
0

wherewe let herethaty(z) = dT'(z)/dz andy™(z) =
d?T'(z)/dz?. For ary positive integer, z, I'(z) = (x — 1)!.
For large z, the direct calculation from the Gammafunc-
tion definition above resultsin a very large value which
cannot be calculatedorecisely Instead Stirling’s asymp
totic represetation of the Gammafundion canbe usedto
apprximatethefunction:

x> 0;7,6>0

1 1 1
Nz)~e *z2" 2V2r(1 4+ — + —— -3
(x) me "2 2V2m(1 + Tom + 588.7 +O(lz| ™))

In estimatingthe secondparamete ~, we consicr
two separatecases:firstly, v+ as a knowvn paraméer and
secondly vy asan unknown contiruousparaméer. Using
(2), theFisherinformationfor thefirst case F'(3), is:

_ Ny
-5

andfor theseconctase F'(3, ), is:

F(B)
F(B,7) = g—;(“ﬂﬁ(”(“/) - 1)

Here, we assumea 1/ prior on 3 over the range
[e~8, €8] for bothcasesanda2/m(1 + ~2) prior on~ over



3=1.0& = 1.0 3.0

50.0 1000 2000

N=10 | ML

0.153£0.23 | 0.20+0.36 | 0.22A4-0.%0 | 0.182+-0.22 | 0.1A+0.27 |0.113+£0.11
MML | 0.112+0.16 | 0.137+0.21 | 0.14Gt0.36 | 0.125+0.11 | 0.118+0.14 |0.09+0.09

N=100 | ML 0.011+£001 | 0.012+0.01 | 0.01G+0.01 | 0.011+0.01 | 0.011+0.01 |0.013+0.(2
MML | 0.011+001 | 0.011+0.01 | 0.01G6+0.01 | 0.0114+0.01 | 0.010+0.01 |0.012+0.(2

=5.0& = 1.0 3.0 25.0 1000 2000
N=10 | ML 0.196+0.30 | 0.13+0.19 | 0.146+0.17 | 0.193+0.36 | 0.14€+0.21 |0.115+0.12

MML | 0.141+0.19 | 0.09/+0.11 | 0.10G6+0.10 | 0.1384+0.25 | 0.1B+0.11 |0.0%+0.09

N=100 | ML

0.010+001 | 0.011+0.01 | 0.010£0.01 | 0.003+£0.01 | 0.011+0.01 |0.010+0.01
MML | 0.010+0.01 | 0.010+0.01 | 0.01Gt0.01 | 0.0124+0.01 | 0.010+0.01 |0.010+0.01

Table 1. KullbackLeibler distancesof the ML and MML estimationsof 100 datasetdor Gammadistributions with g =
{1.0,5.0} andy = {1.0, 3.0, 10.0, 50.0, 100.0, 200.0} (with + standarderrors)

therange(0, o] for the secondcase.Minimising (3), the
first MML estimate Sy, gives:

N

~ €Ti
BuMr = Z . (6)
=

for both cases. Sincethereis no sufiicient statistic, the
secondMML estimate, 4y, IS estimatedby setting
OMessLen/9~y = 0 andperfaming a binary searchover
the paraméer space. The searchprocessis terminatel
whena certainprecisionof estimationis obtaired.

2.3 Point Estimation of One Univariate
GammaModel

In this subsectionwe compae the MML parametekesti-
mationsof onecompment univariate Gammamodelsto
theresultsobtainedusingthe Maximum Lik elihood (ML)
methodin termsof their KullbackLeibler (KL) distances.
TheKullbackLeibler distancebetweerntwo continu
ousmodelsP(X) andQ(X) is calculatedby:

DPIQ) = [ Plyiog gggdm

where, in this calculation P(X) is regaded as the true
modé andQ(X) is theinferredmodel.

The experimentdatasetdor Table 1 were generatd
repeately (100times)from Gammadistributionswith 3 =
{1.0,5.0},v = {1.0,3.0,10.0, 50.0, 100.0, 200.0} andthe
numter of data, N = {10,100}. Both method infer
the two estimatesas unknown contiruousparameers. As
shavnin Tablel, theMML estimationsalwaysresultedn
estimatesloserto the true mocel, with smallerKullback
Leibler distancedor all valuesof 3, v and N. The MML
also perfameda more rohust estimation,with smalleror
equalstandad erras of theresultingKullbackLeibler dis-
tances.This caseof MML outclassingVL is reminiscent
of the von Misescircular distribution [16] aswell asthet
distribution[13, 14].

3 MML Mixtur e Modelling

In order to apply MML to a mixture modelling problem,
atwo-pat messageonveying the mixture modelneed to
be corstructed. Recallthat from Section2, the modelfor
the mixture compisesseveral concateatedmessagérag
ments statingin turn:

la. Thenumker of conponerts: Assumingthatall num
bersareconsideed asequallylikely up to somecon-
stant,(say 100),this partcanbe encoedusinga uni-
form distribution overtherange.

1b. The relative alundances(or mixing proportions) of
eachcompament: Consideringherelative abundaces
of an M -commnentmixture, this is the sameasthe
condtion for an M-state multinomal distribution.
The parameteestimatiorandthe messagéengthcal-
culationof themulti-statedistribution have beenelab-
orateduponin subsectior.1

1c. Foreachconponer, thedistribution parametes of its
attributes: In this case the compamentattribute is in-
ferredasa Gammadistribution aselaboratedn sub-
section2.2.

1d. For eachthing, the compmentto which the thing is
estimatedo belong

For the item (1d), insteadof the total assignments
proposedin [1], the partial assignmenis utilised [17, 10,
11, 12, 13 14). In the partialassignmen the dataareas-
signedpartially to eachcompamentwith a certainprababil-
ity which costs— log(P(x)), whereP(z) is thetotal prob-
ability of ary compmentgereratingdatumz. For further
discussionseg[17, Sec.3] [12, pp77-78] 13, Sec.5].

Oncethefirst part of the messagés stated,the sec-
ond part of the messagewill encoe the datain light of
the mockl statedin thefirst partof the messageSincethe
objective of the MML prindple is to find the mockl that
minimisesthe messagéength we do not needto actually
encoaethemessageln otherwords,we only needto calcu-
latethelengthof themessagandfind themodé thatgives
the shortest/minimam messagéength.



4 Alter native Model SelectionCriteria - AIC
and BIC

For compaison,two criteriaareconsideredhere. Theseare
the Akaike Informatian Criterion (AIC) andthe Bayesia
Information Criterion (BIC).

AIC wasfirst developedby Akaike [18] in orderto
identify themodelof a datasetindis givenby:

AIC = —2L 4 2N,

whereL is thelogaithm of thelikelihoad atthe maximum
likelihoad solutionfor the investigatedmixture model and
N, is the nunber of paranetersestimated. Drawing on
the work by Sclove [19], for the Gammamixture mockl,
N, is setequalto £ — 1 + kn when+ is known andk —
1 + 2kn when~ is unknown, wherek is the numter of
commnentsandn is thenumkber of variabdesin thedataset.
Despitesomedravbacksof this criterionin selectingthe
numker of compamentsfor a mixture moddling prodem, it
is still oftenusedto assestheorderof a mixture model[3].
The modé which resultsin the smallestAIC is the model
selectedor thedataset.

The secondcriterion BIC, was first introduced by
Schwarz[20] andis given by:

BIC = —2L + Nplog N

wherelL is thelogaithm of thelikelihoad atthe maximum

likelihoad solutionfor the investigatedmixture model, IV,

is thenumler of parametesestimatednd NV is thenumkler
of data.Basednthediscussiorby Fraley andRaftery[21],

for the Gammamixture modd, N, is setequalto nk when
~ is known and 2kn when+ is unknown, whete % is the
numier of commnentsandn is the number of variablesn

thedataset(This modelselectiorcriterionis formally, not
concepually, thesameastheMinimum DescriptionLengh

(MDL) criterion proposedby Rissanen9].) The model
which resultsin the smallestBIC is selectedas the best
modé for thedataset.

5 Experiments

We appliedthe propsedmethodto someartificial datasets
andcomparedthe resultswith two othercriteria: AIC and
BIC. Applicatiors to theHemingPike dataseandthePalm
Valley (Australia)imagedatasetrealsoconsidred.

5.1 Artificial Datasets

In this expeiiment, we geneatedtwo artificial univariate
three-omporent mixture datasetswith 5, = 10, {0,
s} = {{25,40}, {27,44}, {29, 48}, {31,52}, {33, 56},
{35,60}} and~vy; = v = 73 = 5 for the first dataset,
andy, = 5, {y2v3} = {{16,27}, {18,31}, {20,35},
{22,39}, {24,43}, {26,47}} andﬁl =0y =03 =5
for the second The mixing proportionsof the threecom-
poneits in both datasetavere 1:1:1, out of 300 samples.

Thetwo datasetsveremodelledwith the parametery, set
asaknown parameteandunkrown continwousparaneter
respectiely. Themeasuremdraccuggy, e, is setequalto
0.01for bothcasesWe repeateccachmocklling 20times.

Compaisonof theMML modelling resultswith those
obtaina usingAlIC andBIC canbeseenn Figurel for the
first case,andFigure 2 for the secondcase. As shavn in
both grapts, MML performedbetter in mostcasesthan
AIC andBIC. AIC perfamedbadlyasnore of thedatasets
werecorredly mocklled.
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Figurel. Comparisorof MML, AIC andBIC, whenmod
elling thefirst artificial dataset.
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Figure2. Comparisorof MML, AIC andBIC, whenmod
elling the secondartificial dataset.

5.2 Heming Pike

The HemingPike datasetonsistsof 523 data,measurig
thelengthof northen pikes(Esoxlucius). Thiswassam-
pled from Heming Lake, Manitoba,Canadan 1965 and
was repoted earlierin [22, 23]. The datacompisesfive
differentage-gouys of pikes.In [23], thedatasetvasmod



elled by settingthe secondparaneter, v, asa known pa-
rameterwith v = 101.415 (or v~z = 0.0993). In this
moddling, thesamesettingwasapplied. Themeasuremsa
accuray, ¢, for themocklling is setequalto 1.0.

Compaison betweenthe mocelling criteria is per
formed by dividing the original datasetinto training and
testdatasetsvith proportiors of 471:32. We first find the
modé for thetrainingdatasetindthenfit thedataseto the
selectednodel. Thelatteris perfamedby measung the
probability bit-costing — log(P(z)), of eachdatumz in
thetestdatase(see[15] andtherefeencesherein) This
processis repeated 0Otimes. Theresultingaveragef the
prokability bit-costing for the threecriteria, MML, AIC
andBIC, are184.%7,188.31,and184.® nits(1 nit=log, e
bits), respectrdy. Theseresultsshav thatMML perfams
betterthanboth AIC andBIC with a smalleraverag of
prokability bit-costings.

m
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. MHM il

10 15 20 25 30 35 40 45 50 55 B0 65 70 75 60
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Figure3. Mixture modelof the HemingPike dataset.

We further analysedhe original datasetisingMML,
AIC andBIC. The modellingresultsusingMML andthe
histogran of the datasetare presentedn Figure3. Using
theproposedmethal, theHemingPike datasetvasgrouwped
into five conmponerts with threecompmentsstrondy over-
lappingin the midde. This resultis the sameasthat re-
portedin [23] andis alsothe sameasthe true growings.
We further compaied the modellingresultswith thoseper
formed using AIC and BIC. BIC modédled the original
dataseinto five-conponen mixture modelwhich wasthe
sameasour MML resultswith a slight differen structue,
whereasAIC groypedthe datainto threeeompamentmix-
turemockl.

5.3 Palm Valley, Australia

The Palm Valley (Australia)imageis a croppedandgrey-
scaledimage from a colou image displayedon Visible
Earth, NASA web pagewith VE recad ID = 5687 The
original was acquirel by the Spacebme Imagng Radar
C/X-band SyntheticAperture Radar(SIR-C/X-SAR) on-
boardthe spaceshuttleEndeaour on April 13,1994 The

Probability

Grey-scale image of
the Palm Valley, Australia

o a0 100 150 200 230
Grey Scale

Figure 4. Mixture modé of the Palm Valley (Australia)
imagedataset.

image consistsof 66,42 colour data. We modelledthe
datasetith the secondparaneter ~, which wasassumed
to be unkrown and continwous. The measuremenaccu-
ragy, e, is setequalto 1.0.

The modelling resultsaswell asthe Palm Valley im-
agecanbeseenin Figure4, with thedatasebeinggroyed
into threecompaents. The first compmenthasa small
~v < 1.0, sothatit is skewed strondy to theleft. Thesec-
ondandthethird compnentshavey > 1.0 andarealmost
normally distributedwith a slight skew to the left. These
resultssuggst thatthe proppsedmethodcanalsobe used
to analysémagedatasetsvith left-skewedcompnents.

6 Conclusion

In condusion,we draw thereaders attentionto thefollow-
ing resultsfrom Subsectio 2.3andSection5:

1. MML paraméer estimationfor one Gammadistribu-
tion shavs abetterperfamancehanMaximum Lik e-
lihood (ML) for all valuesof 3, v and N. Smaller
standarakrrorsof theestimationgurthershow thatthe
methodrohustly perfams paramete estimation(see
Section2.3).

2. In most cases,our MML schemeperfamed better
thanBIC whenmocdktlling the artificial datasetsAIC
perfamedbadlyfor all expeiments(seeSection5.1).

3. The propsedMML alsoperformedbetterthan AIC
and BIC, as shown in the analysisof the prababil-
ity bit-castingsfor the HemingPike datase(seeSec-
tion 5.2). Themethodcanalsobeappliedto themod
elling of datasetswith left-skawed compnentssuch
asimagedataseshavn in Section5.3
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