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Abstract—In this note expressions are derived that allow
computation of the Kullback-Leibler divergence between two
first-order Gaussian moving average models in O, (1) time as
the sample size n — oo. These expressions can also be used to
evaluate the exact Fisher information matrix in O, (1) time, and
provide a basis for an asymptotic expression of the Kullback—
Leibler divergence.

Index Terms—Moving Average Models, Kullback-Leibler di-
vergence, Fisher Information

I. INTRODUCTION

Consider the first-order moving average, MA(1), explana-
tion for a sequence of data y = (y1,...,yn)’,

(i=1,...,n) (1)
where ¢ € (—1,1) is the moving average parameter, and v; ~
N(0,7) are independently and identically distributed normal

innovations. Let @ = (¢, 7) denote the MA(1) parameters; the
likelihood of y given 6 is the multivariate normal distribution

n 1 1 -
~1og f(v16) = & log2n7 + S 1og|P(@)] + 5-y'T @)y,
2)
where I'(¢) is the (nxn) unit variance autocovariance matrix,
with entries

Yi = V; — PU;—1,

Yo=1+¢> for|i—j =0
Lij(@)={ m=-¢ forli—jl=1. (3
Vij =0 forfi—j[=>2

Let A(6.]|0) denote the Kullback-Leibler divergence [1] be-
tween the “true” model 0, = (¢,, 7.) and the “approximating”
model @ = (¢, 7). The Kullback-Leibler divergence is an im-
portant, parameterisation-free loss function with information
theoretic interpretations that also forms the basis for several
other loss functions, such as Kullback’s symmetric divergence
and Bernardo’s intrinsic loss. For multivariate normal distri-
butions, of which model (1) is a special case, the Kullback—
Leibler divergence, A(6.||0), is given by

T L 1og 1O +(32) tr (T(@Ir ™ (9) -5 @

T 2 7 [T(e4)]
Direct evaluation of (4) has computational complexity of order
On(n?); the purpose of this note is to derive expressions to

n
m
9 %8
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compute the Kullback—Leibler divergence between two MA(1)
models in O, (1) time. As a corollary of this, one may also find
the exact Fisher information for the MA(1) model in O, (1)
time.

II. FAST COMPUTATION OF THE KULLBACK—LEIBLER
DIVERGENCE
The O, (1) time complexity expressions for the A(6.||0)
are now derived. We first note that the determinant of I'(¢)
reduces to [2]
n ) ¢2n+2 -1

IT(p)| = Z¢2] S Teo1 5)

so that the first two terms of (4) are

(¢ — 1)(¢ — 1))
(@2 =1)(¢* - 1))
Letting I,, denote the (n X n) identity matrix, the third term

of (4) may be rewritten using the alternative expression for
T'(¢) developed in [3] as

n T 1
—log — + =1
2%n+2%< (©)

QI, +A)
I (¢) = ——5, (7
MY
where ;; = ¢li7Jl is the autocorrelation matrix of the

auxiliary autoregressive process associated with ¢, A =

()\,O(nx(n,z)),in)\)’, I, is the (n X n) permutation matrix
that reverses the order of the elements of A, and

It (1 ¢2(n—j+1))
¢2n+2 -1 ?

)\j - ,TL) (8)

Using (7) yields

(1= ¢2) tr (D(6)T71(6)) = tr (T(6.)2) + tr (T(6.)QA)

9)
The first trace on the right hand side of (9) may be evaluated
by noting that the diagonal of the product I'(¢,)€2 contains
only two distinct elements. The first and last diagonal entries
are (7o + 71¢), and the (n — 2) diagonal entries in between
are all (yg + 271 ¢), yielding

tr (T(¢4)Q) = (67 — 260 + )n + 200
It remains to evaluate the final trace in (9). First, we note
that tr (T'(¢.)QA) = tr(A(T(¢.)2)). Due to the special
structure of A, the product A(T'(¢4,)€2) has identical top-left

and bottom-right elements, with all the other diagonal entries
set to zero. Thus it suffices to compute the inner product of A

(10)



with the first column of (T'(¢,)), say p. This column vector
has entries

Yo + 710 ' fori=1
pi=4 (M +7%0+ 716" for2<i<(n-1) ,
P2 + "t fori=n

an
so that the inner product (A'p) consists of three distinct terms,
say by = A\ip1, ba = Appy, and by = > L \ipi, given by

s (1462 96,0621~ ™)
1= 22 — 1 ’
b _ @D R) — 6 )
2= P22 — 1 )
by = (1 = ¢8.) (¢ — 9)(¢*"((n — 2)(¢* — ¢*) — 1) + ¢*)

$(¢? — 1)(¢?r+2 - 1) ’

where limg_,o {by + b2 +b3} = 0. The Kullback—Leibler
divergence is then given by

) (p*"*? = 1)(¢2 — 1) n
2(0.10) = 5106 - + 5108 (G- ) <

(02 — 20,0 + 1)n + 2¢d. + 2(by + b + b3)
+(2'r) ( 1—¢? : )

(12)
which takes O, (1) time to evaluate.

Remark 1 (Boundary Cases). The expression (12), and the
representation (9) that it is based on break down when |¢| = 1,
i.e. the approximating model lies on the invertibility boundary
resulting in infinite Kullback-Leibler divergence. This defi-
ciency may be overcome by handling these special cases using
the limit of (12) as || — 1, yielding

Jim {A(6.]10)} =

T 1 m+1)¢2—n—1
logT*-I-Qlog( ¢£n+2_1

(52) e o a9

with ¢, = Sgn(¢)¢*

13)

Remark 2 (Entropy). The entropy, H(6.), of an MA(1) model
may be found by using (5), yielding

¢2n+2

1
H(O,) = glogQﬂ'—{— glogn flog <¢_1> + g’

which may be evaluated in O,,(1) time.

III. THE FISHER INFORMATION MATRIX

Using (12) we can derive an O,,(1) time complexity expres-
sion for the exact Fisher information matrix. Under suitable
regularity conditions, the Fisher information matrix is given
by

060°A(6.]]0) }
6=0+

17) = { 5606’ (1

Plugging (12) into (14) yields the following entries for J(-)
¢t + ¢*Mey — (n+3)p? +n—1

Jp,6(0) = (@ 2P — 1) . (15)
_ (P =P — P + 9
B I 1o
Jrr(0) = % (17)
with J- 4(0) = Jy (0), and

c1=2¢"n — (3n +5)6" + (n +1)¢°,
ca= (2n% +3n +5)¢* — (4n? + 6n — 2)¢? + 2n® + 3n + 1.

Using (15)—(17) one may also compute the exact unnormalised
Jeffrey’s prior, 7(8) o [J(8)|'/? in O, (1) time.

IV. LARGE SAMPLE BEHAVIOUR

The large-sample behaviour of the Kullback-Leibler di-
vergence (12) is now briefly examined. One can break the
Kullback-Leibler divergence into two terms

AB.10) = A,(0,]10) + A, (6.]16)

where A, (1) = Op(n) and Aq(-) = Op(1). The asymp-
totic Kullback—Leibler divergence may then be found by
taking limits of the per sample Kullback-Leibler divergence,
A(0.]|8)/n, as n — oo, yielding

1 2 — 2¢.0+ 1 1
b T4 (Z) (B2t t) L
2 Ta 27 1— ¢? 2
with A,,(60.]|0) given by n times (18). The difference between
A, (60.]|0) and the exact Kullback-Leibler divergence, given
by A;(6.]|0), while being O, (1), can be very large for values
of ¢ close to the invertibility boundary. In fact, we note that
(18) tends to infinity as |¢| — 1 while the exact Kullback—
Leibler divergence is always finite, at least for finite n, as seen
from (13). It is interesting to compare (18) to the asymptotic
per sample Kullback-Leibler divergence for an AR(1) model
with autoregressive parameter equal to ¢, given by

1 T Tu (¢ — ¢.)? 1

ploe -+ (27) <1+ 1-¢2 ) 2
An interestingly duality is that in the case of the MA(1) model,
the asymptotic Kullback—Leibler divergence is unbounded as
|¢| — 1 and the exact expression remains bounded, while in
the case of the AR(1) model the exact expression is unbounded
as |¢| — 1 and the asymptotic approximation is bounded.
Although (18) does not coincide with (19), the asymptotic
Fisher information matrices derived from these expressions
do coincide, agreeing with the results in [4].

(18)

19)
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