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Rank function ρ

ρ(124) = 3

Tutte polynomial

T (x+ 1, y + 1) =
∑

A⊆E

xρ(E)−ρ(A)y|A|−ρ(A)

= 6 + 9x+ 5x2 + x3 + 5y + y2 + 4xy + x2y
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We cannot associate matroids to linear codes over rings or to chains of codes

— but we can associate demi-matroids to these! (BJM13)
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Demi-matroids are appropriate
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Rank function ρ

ρ(124) = 3
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E = a finite set

s, t= integer functions on 2E

D = (E, s, t) is a demi-matroid

if and only if, for all X ⊆ Y ⊆ E,

0 ≤ s(X) ≤ s(Y ) ≤ |Y |

0 ≤ t(X) ≤ t(Y ) ≤ |Y |

|E −X| − s(E −X) = t(E)− t(X)

Example

E = {a, b}

s(X) = t(X) = 0 for X = ∅, {a}, {b}

s(E) = t(E) = 1

D = (E, s, t) is a demi-matroid (but not a matroid)
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E

ρi = the rank function of vector matroid MCi

sF (X) =
m
∑

i=1

(−1)i−1ρi(X)

tF (X) = |X| − sF (E) + sF (E −X)



E = a finite set

F = a finite field

F = a chain of linear codes Cm ⊆ · · · ⊆ C2 ⊆ C1 ⊆ F
E

ρi = the rank function of vector matroid MCi

sF (X) =
m
∑

i=1

(−1)i−1ρi(X)

tF (X) = |X| − sF (E) + sF (E −X)

BJM13 DF = (E, sF , tF ) is a demi-matroid
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E = a finite set

s, t= integer functions on 2E

D = (E, s, t) is a demi-matroid

if and only if, for all X ⊆ Y ⊆ E,

0 ≤ s(X) ≤ s(Y ) ≤ |Y |

0 ≤ t(X) ≤ t(Y ) ≤ |Y |

|E −X| − s(E −X) = t(E)− t(X)

Dual D∗ = (E, t, s)

Supplement D = (E, s, t) where s(X) = s(E)− s(E −X)
t(X) = t(E)− t(E −X)
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F = a finite field

F = a chain of linear codes Cm ⊆ · · · ⊆ C2 ⊆ C1 ⊆ F
E

F⊥= the chain of dual codes C⊥
1 ⊆ C⊥

2 ⊆ · · · ⊆ C⊥
m ⊆ F

E

BJM13 DF⊥ =

{

DF m even

(DF )
∗ m odd
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linear code

1 0 1 0 0
0 1 1 0 0
0 0 0 1 1

higher weights

d1 = 2
d2 = 3
d3 = 5

d⊥1 = 2
d⊥2 = 5

U = {d1, . . . , dk}

V = {n+ 1− d⊥n−k−1, . . . , n+ 1− d⊥1 }
= {2, 3, 5}

= {1, 4}

Wei’s Duality Theorem (Wei ’91)

U ∪ V = {1, . . . , n} and U ∩ V = ∅
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b1 = minimal size of a bond = 2

b2 = min. # edges in 2 distinct bonds = 4

b3 = min. # edges in 3 distinct bonds B1, B2, B3, B3 * B1 ∪B2 = 5

c1 = minimal size of a cycle = 3

c2 = min. # edges in 2 distinct cycles = 5

Set U = {b1, b2, b3} = {2,4,5}

and V = {5 + 1− c2,5+ 1− c1} = {1,3}.



b1 = minimal size of a bond = 2

b2 = min. # edges in 2 distinct bonds = 4

b3 = min. # edges in 3 distinct bonds B1, B2, B3, B3 * B1 ∪B2 = 5

c1 = minimal size of a cycle = 3

c2 = min. # edges in 2 distinct cycles = 5

Set U = {b1, b2, b3} = {2,4,5}

and V = {5 + 1− c2,5+ 1− c1} = {1,3}.

U ∪ V = {1,2,3,4,5} and U ∩ V = ∅



G = a multigraph on n edges

Define

k = # edges in a spanning forest of G

bi = min. # edges in i bonds, none contained in the union of the others

cj = min. # edges in j cycles, none contained in the union of the others

U = {b1, . . . , bk}

V = {n+1− cn−k, . . . , n+1− c1}.

Britz 2007: U ∪ V = {1, . . . , n} and U ∩ V = ∅
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M = a matroid of rank k on n elements

Define

fi = max{ |X| : ρM(X) = i}

f∗j = max{ |X| : ρM∗(X) = j}

U = {f0 +1, . . . , fk−1 +1}

V = {n− f∗n−k−1, . . . , n− f∗0}.

U ∪ V = {1, . . . , n} and U ∩ V = ∅
BJMS 2012

Larsen 2005

Proof. Assume that the theorem is false.

Then fi +1 = n− f ∗
j for some i, j.

Let A ⊆ E satisfy |A| = f ∗
j and rM ∗(A) = j.

Then |E −A| = fi +1, so rM(E −A) ≥ i+1.

Since |E −A|+ rM ∗(A)− r(M∗) = rM(E −A),

−f ∗
j + j + r ≥ i+1.

Similarly,

n− fi + i− r ≥ j +1.

Hence, 1 = n− fi − f ∗
j ≥ 2, a contradiction. �
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s, t = integer functions on 2E with k = s(E)

D = (E, s, t) is a demi-matroid if and only if, for all X ⊆ Y ⊆ E,

0 ≤ s(X) ≤ s(Y ) ≤ |Y |

0 ≤ t(X) ≤ t(Y ) ≤ |Y |

|E −X| − s(E −X) = t(E)− t(X)

si = max{ |X| : s(X) = i}

tj = max{ |X| : t(X) = j}

σi = min{ |X| : s(X) = i}

τj = min{ |X| : t(X) = j}

S = {n− sk−1, . . . , n− s0}

T = {t0 +1, . . . , tn−k−1 +1}

U = {σ1, . . . , σk}

V = {n+1− τn−k, . . . , n+1− τ1}

BJMS 2012 : S ∪ T = {1, . . . , n} and S ∩ T = ∅

BJMS 2012 : U ∪ V = {1, . . . , n} and U ∩ V = ∅
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E = a set

D = a demi-matroid (E, s, t)
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