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Examples

o k-SAT

o k-NAESAT

o k-XORSAT

 k-colouring of graphs

 2-colouring of k-uniform hyper graphs
 Potts model

« Ising model (ferromagnetic, antiferromagnetic)
« graph matching (monomer-dimer model)
 independent set (hard core model)

e SK model

e mixed p-spin model
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For large k...

» Kirousis, Kranakis, Krizanc, Stamatiou 1998: Franz, Leone
2003: ¢x < 2KIn2 — (1 +1n2)/2 + ok (1).

» Achlioptas, Peres 2004:
ck > 25In2 — (k/2)In2 — (1 +1n2/2) 4 ox(1).

» Mertens, Mézard, Zecchina 2006:
ck =2KIn2 — (1 +1n2)/2 + ok(1) (1IRSB).

» Coja-Oghlan, Panagiotou 2013:
ck > 2KIn2 —(3/2) In2 + o (1).

» Coja-Oghlan 2014: ¢, = 25In2 — (1 +1n2)/2 + ok (1).
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K-SAT threshold P} MONASH
University
Let d*,d” be independent samples from the Pois(ak/2) distribution, and write d = (d*,d”). Let
22 denote the space of probability measures on [0, 1], and define a recursion R= R* : & — & as
follows. Given p€ &, generate (independently of d) an array n = [(n;);>1, (0]}, m;;)i,j>1] of i.id.
samples from pu. Then Ry € &2 is the law of

(1 II")Ir* R 2 k=1 |
R(d,n) = g — o here I = () = [ ] (1 - [ ] i), (7)
i=1 j=1

Proposition 2. Fiz k, o and write R = R®. Let p, = pg € & (£ > 0) be the sequence of probability
measures defined by po = 0172, and pg = Rug—1 for all£ > 1. Fork > ko and ajpg < & < Qupd, this
sequence converges weakly as £ — o0 to a limit p = puq € &, satisfying Ru = L.

The following is the formal characterization of the 1-RSB prediction a, for the k-SAT threshold:

Proposition 3. Given k,«, let u = pq be the fized point of Propn. 2. Let d= (d*,d”) as above,
and let n = [(n;);j=1, (05 M5;)i5=1] be an array of i.i.d. samples from p (independent of d). Define
IT" + I~ — II*1I- ] (8)
k: _ Y
(1- Hj:l nj)“(’“ 2

where E indicates the expectation over (d,n). For k = ko, the function ® is well-defined and strictly
decreasing on the interval aqpg < o < aybd, With a unique zero a, = au (k).

B(a) = E[ln



Main challenge: large deviation

» /: the number of k-SAT solutions;
» E/ — o0;

> we need vVarZ = O(EZ) to conclude Z > 0;
» But /VarZ > a"EZ
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Phase transitions of the solution geometry
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[Krzakala, Montanari, Ricci-Tersenghi, Semerjian, Zdeborova 2007]
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Lottery effect kills the second moment method
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Theorem 1.1. Let k= 3, let q > 1 be a prime power and let P be a permutation-invariant distribution on [F:;k. Set

Pk,d = sup {x €[0,1]: x=1- exp(—dxk_l)}
dp = inf{d >0: pra—dpt )l + - 1/kdpk , < o}.
Then

1 ifd<d,
0 ifd>d,

: oAy — yl =
nll_lp [FD[E]xE[Fq.Ax—y] —{
and thus for d < d;. we have

,111_.1130"]) [rk(A) =m] =1.
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(1.1)

(1.2)

(1.3)



Replica symmetry (correlation decay)

Theorem 1.2. Letk = 3, let g > 1 be a prime power, let P be a permutation-invariant distribution on [F;‘,k and assume
thatd < dy.. Then

”li_r%o[E [(Ilw(x,x') —LZ)||T\/>A'y |3xe Fy:Ax=y|=0.
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P MONASH

University &



Solution clusters

Theorem 1.3. Let k = 3, let g > 1 be a prime power and let P be a permutation-invariant distribution on [F’(';k.
Further, with py. 4 from (1.1) let

dy =inf{d >0:pq>0}. (1.4)

(i) Ifd < d;, then the solutions to the linear system Ax =y form a single cluster w.h.p.
(ii) If d,’: < d < dy, then the minimum distance between distinct solutions clusters is Q(n) w.h.p.

n—

1 . _
“InzApn "= (pra-dpfy +d1-1/k)pf,)Ing>0 in probability.
- p y
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Bethe free entropy

Define % : 2“(F ;) — [0,00) by letting

=E ln( Y ﬁ Y 1{iaijaj:o}]lj2vij(aj))

01€F4i=102,..,0k€lF, j=1

B g (1)

B d(k—1)

k k
lEln( Y I{Zaljoj:O}nvlj(Uj)),
0,

j:]_ J:l

T = a550 + (1 - a)6$>:?=—015
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