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Competition Graphs

Definition 1
Let D = (V,A) be a digraph. The competition graph of D is the simple
graph G = (V, E) where

{u,v} € E ifand only if N*(u) " Nt (v) # 0.
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Competition Graphs

Definition 1
Let D = (V,A) be a digraph. The competition graph of D is the simple
graph G = (V, E) where

{u,v} € E ifand only if N*(u) " Nt (v) # 0.

The competition graph of D is denoted C(D).

Which graphs are competition graphs?
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Let S ={Ss,...,Sn} be a family of cliques in a graph G.
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Let S ={Ss,...,Sn} be a family of cliques in a graph G.

S is an edge clique cover of G provided

{u,v} € E(G)ifand only if {u,v} C S,.

Jaromy Kuhl (UWF) Competition Numbers 3/16



Let S ={Ss,...,Sn} be a family of cliques in a graph G.

S is an edge clique cover of G provided

{u,v} € E(G)ifand only if {u,v} C S,.

0e(G) = min{|S| : S is an edge clique cover of G}.
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Which graphs are competition graphs of acyclic digraphs?

Jaromy Kuhl (UWF) Competition Numbers 4/16



Which graphs are competition graphs of acyclic digraphs?

For sufficiently large k, G U I, is the competition graph of an acyclic
digraph.
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Which graphs are competition graphs of acyclic digraphs?

For sufficiently large k, G U I, is the competition graph of an acyclic
digraph.

Definition 2
The competition number of G is

k(G) = min{k : GU I is the competition graph of an acyclic digraph}
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A digraph D = (V, A) is acyclic if and only if there is an ordering
Vi, Va, ..., vy Of the vertices in V such that if (v;, vj) € A, then i <.
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A digraph D = (V, A) is acyclic if and only if there is an ordering
Vi, Va, ..., vy Of the vertices in V such that if (v;, vj) € A, then i <.

G is the competition graph of an acyclic digraph if and only if

@ there is an ordering vy, ..., v, and
@ there is an edge clique cover {Sy, ..., Sy}

such that S; C {v4,...,v;_¢} for each i.
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Theorem 1

Jaromy Kuhl (UWF) Competition Numbers 6/16



Theorem 1

Theorem 2
k(Kn7n,n) = I72 - 3n T 4 J
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Theorem 1

Theorem 2
k(Kn7n7n) = I72 - 3n + 4

Theorem 3
For positive integers x, y and z where2 < x < y < z,

yz—2y —z+4, ifx=y
yz—z—-y—x+3, ifx#y

Kk(Kxy.z) = {
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Theorem 4

Ifn>5isodd, thenn® —4n+7 < k(K*) < n? —4n+ 8.

Theorem 5
If n is prime and m < n, then k(K") < n> —2n+ 3.
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Theorem 6
k(Knyn’n) = n2 - 3n ‘I— 4 J

Proof.

Let L be the latin square of order n such that (a, b, ¢) € L if and only if
c=a+b—-1 modn.

Consider the cliques A(1,1,1), A(2,n,1), A(1,n,n), A(n,1,n),
A(n,2,1), A(1,2,2), and

A(n—1,2,n), A(2,n—1,n), A(l,n—1,n—1),
A(n—2,2,n-1), A(2,n—2,n—1), A(1,n—2,n—2),...
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Consider Ky y - (x <y < 2).
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Consider Ky y - (x <y < 2).

Definition 3

An r-multi latin square of order n is an n x n array of nr symbols such
that

@ each symbol appears once in each row and column and
@ each cell contains r symbols.
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Ko 46
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1,245 |3,7|6,8
5678|1234
7823|4615
34|16 58|27
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Ko 46
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6,8

56 78|12

3,4

7812346

1,5

34|16 538

2,7

A(1,5),A(1,6),A(3,1),A(3,2),A(4,3), A(
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Let g and r be positive integers such that z = qy + r.
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Let g and r be positive integers such that z = qy + r.

Let L be a (g + 1)-multi latin square of order y.
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NSNS
Let g and r be positive integers such that z = qy + r.
Let L be a (g + 1)-multi latin square of order y.

Let R ={ri: 1<i<x}beasetofrowsandletS' ={s/:1<i<z}
be a set of z symbols.
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Let g and r be positive integers such that z = qy + r.
Let L be a (g + 1)-multi latin square of order y.

Let R ={ri: 1<i<x}beasetofrowsandletS' ={s/:1<i<z}
be a set of z symbols.

SetL(R',C,S')={(r,cj,s): (ri,¢c;,s) €L, ric R, s €8}
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Let g and r be positive integers such that z = qy + r.
Let L be a (g + 1)-multi latin square of order y.

Let R ={ri: 1<i<x}beasetofrowsandletS' ={s/:1<i<z}
be a set of z symbols.

SetL(R',C,S')={(r,cj,s): (ri,¢c;,s) €L, ric R, s €8}
Lemma 1
The family
F={A(i,j,k): (1, ¢,s) € LR, C, S
{A(,k): (ri,c,sk) e L(R\R',C,S')}

is an edge clique cover of Ky y .. Moreover, 6(Ky  z) = yz.
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Theorem 7
For positive integers x, y and z where2 < x < y < z,

yz—2y —z+4, ifx=y

k(K, =
(Kx.y.z) {yz—z—y—x+3a ifx#£y

Jaromy Kuhl (UWF) Competition Numbers 12/16



Theorem 7
For positive integers x, y and z where2 < x <y < z,

yz—2y —z+4, ifx=y

k(K, =
(Kx.y.z) {yz—Z—y—X+37 ifx#£y

Let L be a (g + 1)-multi latin square of order y such that (/,/, k) € L if
andonlyifi+j—1=k mody.
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Theorem 7
For positive integers x, y and z where2 < x <y < z,

yz—2y —z+4, ifx=y

k(K, =
(Kx.y.z) {yz—Z—y—X+37 ifx#£y

Let L be a (g + 1)-multi latin square of order y such that (/,/, k) € L if
andonlyifi+j—1=k mody.

Let " ={n,....,r1,r,} andlet 8’ = {sy,...,s;}.
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Example: x =3,y =5,z2=13

16,11 | 2,712 | 3,8,13 | 49,14 | 5,10,15
2,7,12 | 3,8,13 | 49,14 | 510,15 | 1,6,11
38,13 | 49,14 | 510,15 | 1,6,11 | 2,7,12
49,14 | 510,15 | 16,11 | 2,7,12 | 3,8,13
510,15 | 1,6,11 | 2,7,12 | 3,8,13 | 4,9,14
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Example: x =3,y =5,z2=13

16,11 | 2,712 | 3,8,13 | 49,14 | 5,10,15
2,7,12 | 3,8,13 | 49,14 | 510,15 | 1,6,11
38,13 | 49,14 | 510,15 | 1,6,11 | 2,7,12
49,14 | 510,15 | 16,11 | 2,7,12 | 3,8,13
510,15 | 1,6,11 | 2,7,12 | 3,8,13 | 4,9,14
16,11 | 2,7,12 | 3,8,13 | 4,9 5,10
2,712 3,813 | 4.9 5,10 | 1,6,11
510 |1,6,11 | 2,712 | 3,8,13 | 49
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Casel:x=y

A1 = {U1, Vi, W1}, Ag = {Ug, Vy7 W1}, Ag = {U1, Vy, Wy},

Ay ={uy, vi,wy}, As = {uy, vo,wy}, Ag = {Uy, Vo, Wa}
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Casel:x=y

A1 = {U1, Vi, W1}, Ag = {Ug, Vy7 W1}, Ag = {U1, Vy, Wy},

Ay ={uy, vi,wy}, As = {uy, vo,wy}, Ag = {Uy, Vo, Wa}

0<s<y-—4:

Azg7 = {Uy_s1, V2, Wy_s},
Azsig = {Up, Vy_s_1,Wy_s}, and
Azsyg = {U1, Vy_s1, Wy_s_1}
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Casel:x=y

A1 = {U1, Vi, W1}, Ag = {Ug, Vy7 W1}, Ag = {U1, Vy, Wy},

Ay ={uy, vi,wy}, As = {uy, vo,wy}, Ag = {Uy, Vo, Wa}

0<s<y-—4:

Azg7 = {Uy_s1, V2, Wy_s},
Azsig = {Up, Vy_s_1,Wy_s}, and
Azsyg = {U1, Vy_s1, Wy_s_1}

0<s<z—-y—1:

ASy—2+s = {U7 v, Wy+s+1}

Jaromy Kuhl (UWF) Competition Numbers 14/16



Case2: x <y

Aq = {ux, Vi, Wy}, Dp={vo, Wy}, Az={ux, Vo, Wi},
Ay ={ur,vi,wy}, As={us,vo, W}, Ag={lUp, vy, Ws},

A7 = {U27 Vy7 W1}
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Case2: x <y

Aq = {ux, Vi, Wy}, Dp={vo, Wy}, Az={ux, Vo, Wi},
Ay ={ur,vi,wy}, As={us,vo, W}, Ag={lUp, vy, Ws},

A7 = {U27 Vy7 W1}

0<s<y—x-1:

A25+8 = {UX7 Vy—s; Wy—s—1 }7 and
Dosyg = {U1,Vy_s_1,Wy_s_1}
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0<s<x-—4:

A3s+2(y—x)+8 = {Ux—s-1, Vo, Wx_s},
Azsio(y—x)19 = {u2, vx_s_1, wx_s}, and

Azsio(y—x)+10 = {us, Vs 1, Wy—s—1}

0<s<z—-y—1:

A2y+x—1+s = {U7 v, Wy+s+1}
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