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ABSTRACT

In the data mining field, association rules have been researched for more
than fifteen years; however, the degree to which the support threshold
effectively discovers interesting association rules has received little attention.
This thesis proposes a new framework for data mining through which
interesting association rules called coherent rulesan be discovered. Coherent
rules are those associations that can be mapped to logical equivalences
according to propositional logic. Hence, coherent rules can be reasoned as
logically true statements based solely on the truth table values of logical

equivalence.

Discovering coherent rules resolves the many difficulties in mining
associations that require a preset minimum support threshold. Apart from
solving the issues of a support threshold, the coherent rules found can also be
reasoned as logical implications due to the mapping to the truth table values of
logical equivalence. In contrast, classic association rules cannot be reasoned as

logical implications due to their lack of this logic property.

We have further devised a measure of interestingness to use with coherent
rules that quantifies a coherent rule implicational strength value. The
interestingness measure is sensitive to the direction of an implication. Use of
coherent rules together with the measure of interestingness provides us with a
better representation of associations in data mining due to their logical

implications and unidirectional properties.

An algorithm to discover coherent rules is also presented in this thesis. The

algorithm was designed to find the shortest and strongest rule or most effectual

Vii



coherent rules by exploiting the properties of coherent rules. Decision or
actions can be implemented based on these coherent rules. In a situation
whereby users are interested in weaker and/or longer rules, the algorithm
enables parameters to be set. Unlike support threshold settings, these
parameters do not require users to have prior knowledge of the context in

which the data mining takes place.

We have tested our framework on several datasets. The results confirm the
strength of coherent rules in finding association rules that can be reasoned
logically and in finding association rules that consider both infrequent items and
negative associations. The algorithm used to discover coherent rules is also
efficient. This was demonstrated by the number of prunings made to the search

space during the discovery process.

This study suggests that our framework for discovering coherent rules
offers a technique for data mining that overcomes the limitations associated
with existing methods and enables the finding of association rules among the
presence and/or absence of a set of items without a preset minimum support
threshold. The results justify continuing research in this area in order to
increase the body of scientific knowledge of data mining ¢ and specifically,
association rules - and to provide practical support to those involved in data

mining activities.
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Chapter 1

INTRODUCTION

1.1 Preamble

With the birth of the computer researchers were given the power and
convenience to analyse and discover interesting and non-obvious knowledge
from large databases. The process of obtaining this knowledge via the computer

is known as Data Mining[WiFr05, pp. 4, 5].

The popularity and importance of data mining has its roots in two causes:
the ever-increasing volume of data and computation power. The amount of
information in the world doubles every twenty months [FrPiMa92]. Business
activities, for example, continue to produce an increasing stream of data (such
as point-of-sales transactions) which is stored in larger and cheaper data
storage. In the meantime, the computational power available continues to
increase. Gordon Moore, co-founder of the Intel corporation, points out that
the number of transistors on a chip doubles approximately every two years
[In05a], and that this trend has continued for more than half a century [In05b].
The consequence of the increasing volume of data and computational power is
an opportunity to create data mining applications based on state-of-art theories

and algorithms to discover interesting knowledge from large volumes of data.



1.2 Market Basket Analysis

A number of functions are used in data mining including, for example, link

analysis, prediction and visualisation. A link analysis typically discovers the

1y2e¢ft SRIS 2F da¢KIdG 3I2Sa& 6 A0 KhPaBred], G ¢

[St08]. The latter is called sequence analysand identifies a sequence of events,

while the former is known as affinity analysis

An example of affinity analysis in the retail sector is the Market Basket
Analysis (MBA). Given a set of retail transaction records, a MBA finds
associations between the different items that customers place in their shopping
market baskets. Some items are often purchased together and other items are
not. For example, item Ais often purchased together with item B. Finding these
associations helps to describe customersQ buying habits. Knowing such
associations helps a retailer to devise effective marketing strategies. A
promotion to increase the sale of any one item within an association could

increase the sales of another item.

One classic approach to discovering the patterns that go together is via the
support and confidence framework proposed by Agrawal, Imielinski and Swami
[AgimSw93]. Using this framework, patterns that can be observed frequently in
a set of transaction records are identified. To identify these patterns, the
framework requires a user to preset a threshold that segregates frequently
observed patterns from infrequent patterns. This threshold is called a minimum
support threshal. Later, a set of items that have appeared together above this
minimum support threshold are searched. Rules that connect two sets of
frequently observed items that have appeared together above a minimum
support threshold are found and, in many cases, a second measure of

interestingness such as confidenceis used to further filter the rules found for



interesting association rules. This classic approach discovers the association

rules among the frequently observed patterns in a set of transaction records.

For more than 15 years, researchers have mostly proposed models to
discover association rules above a minimum support threshold. While searching
for association rules among frequent patterns is important, in some cases,
reporting the association rules among the items that fall below a minimum
support threshold are also important [LiHsSMa99], [LiTsSu02], [YuHaHwWRYyO03],
[HuChO06], [KoRoOk06a]. These unreported associations are considered to be
lost rules and need to be avoided to further improve data mining models. In
addition, the separation of frequent and infrequent items by a support
threshold prevents associations from being made between frequent and
infrequent items which, in some cases, are useful [KORoOk06b], [KoRoOkO08]. In
addition, typical association rule mining models are applied to items that can be
observed frequently over a set of transaction records. The relationships with, or
among, the absence of items observed over a set of transaction records are not
mined. Consequently, the association rules discovered are mostly incomplete
and disadvantageous. These facts have shaped our motivation for this thesis.
Our motivation is further detailed in the next section by highlighting the

disadvantages and type of rule loss.



1.3 Motivation

Discovering a complete set of associations is desirable in data mining. The

adverse effects of making decision based on incomplete information can be

costly to an organisation. The adverse effects are a consequence of the

following reasons:

(i)

(i)

(iii)

It is misleading to report an incomplete set of rules and at the
same time create a sense that all available rules have been found.
This situation misleads a decision maker into thinking that only
these rules are available which in turn will lead a decision maker to
reason with incomplete information. Reasoning with incomplete
information while not knowing that it is incomplete may lead to
iInappropriate decisions.

Due to the large amount of rules available, a user often configures
an association rule mining algorithm to output only the strongest
rules. It is risky to make analysis based on the reporting of the
strongest available rules from the computational search that does
not cover a complete set of rules. There is no guarantee that the
strongest association rules found are indeed the strongest when
other rules that may be hidden are considered. It is possible that
the strongest rule lies among the hidden rules. This situation can
again lead to a decision making unknowingly drawing erroneous
conclusions about the relationship among items in a dataset.
Reporting an association that ignores the absence of items in a
given transaction record during the data mining process is
misleading. For example, to report that item 0 is associated with

item O is misleading if a stronger association can be found



between item 0 and the absenceof item 6. Again, inappropriate

decisions may be made as a consequence.

The above reasons motivated us to seek for a complete set of association
rules that include association rules involving infrequently observed items and
absent items in each transaction record. In addition, if we could identify
interesting association rules from a dataset without having to supply a
minimum support threshold, then the adverse effect of missing association
rules could be offset. We were thus interested in designing an alternative
framework to discover interesting association rules without a preset minimum

support threshold.

1.4 Research Objectives, Contributions and Scope

The aim of our research was to develop a framework of association rule

mining that is data oriented and possesses two important properties:

() The algorithm that discovers the association rules should not rely
on a minimum support threshold, and
(i) The pattern should consider both the presence and absence of a

set of items.

To achieve this objective, a new data mining framework to discover interesting
patterns according to propositional logic is proposed. Because the pattern is
discovered based on propositional logic, no support threshold needs to be set.
In addition, both the presence and absence of items are considered during the

design of the framework.

The patterns discovered by the framework are called coherent rulesUnlike
association rules, a coherent rule is made up of a pair of rules. Each member of

this pair is an association rule. The framework takes the pattern further by



mapping these association rules to propositional logic implications to generate
pseudo implication rules. Further mapping is them performed to the rules
based on a specific mode of implication in propositional logic, such as logical

equivalence. We depict the framework of mapping in Figure 1.1.

Association rules

map to
propositional logic implications
(based on comparison between supports)

Pseudo-
implications

map to a mode of implication in propositional logic
(i.e. logical equivalence)

v

Pseudo-
implications of
equivalences

A pair of two pseudo-implications
of equivalences forms a coherent
rule

[ A coherent rule ]

Figurel.l: Framework of Mining Association Rules without using a Minimum

Support Threshold

Our proposed framework provides a means to map association rules to
implications according to propositional logic and provides a solution for mining
association rules without a minimum support threshold. Based on Figure 1.1,
the mapping from association rules to implications is two-fold. First, association
rules are mapped to implications in propositional logic and are called pseude

implications Second, we further map pseudo-implications to a specific mode of



implication. While there are many modes of implication in propositional logic,

we have chosen (logical) equivalences in propositional logic. An equivalence is

more stringent in implication compared to other modes such as material

implication.

Having mapped pseudo-implications to equivalences, these

pseudo-implications have the same truth table values as equivalences.

Consequently, the resulting rules can be considered to be logically true

according to the truth table values of equivalence.

This dissertation, based on the proposed framework, makes the following

contributions:

(i)

(ii)

(iii)

It provides a definition of a coherent rule in which the rule is
reported based on the statistics of the presence and absence of
items, and also the truth table value of a logical equivalence.

It provides a measure that quantifies the implicational strength of
a coherent rule based on the concept of proportional error
reduction. This measure has two properties:

(@) it is asymmetrical because the unidirectional strength of a

coherent rule is quantified, and

(b) it considers the marginal probability of the consequence.

This measure allows comparison among coherent rules for the

stronger rules having the same consequence, and

It develops an algorithm based on the anti-monotone property of
coherent rules to discover the most interesting coherent rules.
This property allows the pruning of non-interesting rules during
the discovery of coherent rules. The algorithm utilised in our
proposed strategy needs neither to generate nor store a large

number of item sets in memory.



(iv) It extends the above algorithm to discover all coherent rules of

arbitrarily size and strength values in a dataset.
All contributions have been investigated and tested accordingly.

This research is necessarily confined within the scope of discovering a type
of interesting association rules from a dataset without using a minimum

support threshold. The following assumptions have been made in this work:

() A dataset can be loaded into memory. The assumption has been
made given that a large capacity for memory can now be made
available cheaply, where part or entire data is fitted into memory
such as in [BaAgGu99], [Chza03], and [McCh07], and

(i) Each rule consequence contains a single item that is pre-selected
from data similar to those suggested in [We95], [BaAgGu99],
[RaReWuPe04] and [CoTaTuXu05]. Our search has been to find a
combination of items for the left-hand side of a rule that is

associated with a single item on the right, without loss.

In the next section the structure of the dissertation is outlined.

1.5 Organisation of Dissertation

This thesis is organised as follows. Chapter 2 provides an overview and
explains the terminologies used in association rules discovery. Based on these
terminologies and overview, the chapter details the reasons for mining
association rules without having a minimum support threshold. We highlight
the types of association rules that are typically not mined, and discuss the
existing work to mine some of these missing association rules. At the end of this
chapter, we highlight a potential approach to mine association rules by

considering logical implications, and the concept of proportional eror reduction
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which does not require a minimum support threshold to define the meaning of

association.

Chapter 3 defines a coherent rule and details the mapping from a pair of
association rules to a pair of implications within the implication mode of logical
equivalence, according to propositional logic. We show the notations used for
an association rule, an implication, and modes of implication. Examples of
coherent rules that can be discovered in transaction records and classification

datasets are given.

In Chapter 4, we define a measure to quantify the interestingness of
coherent rules. The search space to discover coherent rules is discussed. An
approach to covering the entire space and the generation of all coherent rules
without discovering item sets is introduced. The chapter further exploits the
anti-monotone property in using four constraints to find the most effectual
coherent rules. These are coherent rules that are the shortest and have the
strongest strength of interestingness. An algorithm is devised to selectively
generate the coherent rules. We also consider the flexibility of discovering all
coherent rules. This is achieved by extending the algorithm that selectively
generates all coherent rules using two parameter values supplied by a user.
However, a user does not need to have domain knowledge to supply these

parameter values.

In Chapter 5, we analyse the effectiveness of these four constraints in
generating coherent rules. In addition, the most effectual rules discovered by
our algorithm are compared to those generated by the 01)i "@ "Qlgorithm. This
is followed by a discussion of the missing negative association rules that result
from using 0N "@ "Qlue to its minimum support threshold. The performance of

our algorithm in discovering longer coherent rules is tested and discussed.



Finally, this algorithm is tested for its scalability and effectiveness in discovering

rules from large and real-world retail transaction records.

This dissertation concludes in Chapter 6. A research summary is given
together with the contributions made. We end the chapter by highlighting

possible future work that could extend the present research.
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Chapter 2

MARKETBASKET
ANALYSIS

2.1 Introduction

In this chapter, we argue that presetting a minimum support threshold
prevents the discovery of all interesting association rules. When a minimum
support threshold is set, some association rules will be lost. These are rules that
are interesting among the frequent and infrequent association rules, and
among the items that are often observed (that is, the items are present) or not
observed (that is, the items are absent) in a set of transaction records. We
review the existing approaches to finding interesting association rules, and their
merits and disadvantages in minimising the loss of rules resulting from a
minimum support threshold. We conclude with a potential approach to tackle
the problem of losing interesting association rules. This approach is used in
Chapter 3 to develop a novel association rule framework to discover interesting

association rules without a minimum support threshold.

In section 2.2, we provide an overview of Market Basket Analysis (MBA)
with a focus on its deliverables and applications along with the terminologies

needed to facilitate further discussion. In section 2.3, we discuss the loss of
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interesting association rules caused by the use of a minimum support threshold.
We classify the problems from four different perspectives. In section 2.3.1, we
highlight the loss of typical association rules due to the heuristics involved in
setting a minimum support threshold. In section 2.3.2, we discuss the loss of
association rules when using minimum heuristics. These are the loss of
interesting association rules involving items rarely observed in transaction
records (section 2.3.2.1), the loss of a number of different interesting
association rules below a minimum support threshold (section 2.3.2.2) and the
loss of negative association rules (section 2.3.2.3). Based on the review, in
section 2.4, we identify a potential approach towards mining association rules

without a minimum support threshold. We conclude this chapter in section 2.5.

2.2 Preliminaries

Market Basket Analysis (MBA) analyses the relationships among items in
market baskets [HaKa06, p. 229]. This is illustrated in the retail sector, where
customers carry baskets of items for checkout. The items in each basket are
recorded as a transaction in the point of sales (POS) data. Across a volume of
POS data, it becomes apparent that particular items are purchased together
because they co-occur repeatedly in the transaction records. These co-occurring
patterns are of interest because if customers purchase one of these items, most
likely customers will purchase the other items as well. A promotion to increase
sales on any one item within this group of items could increase the sales on the

other items as well.

Very often in MBA, results are also presented using patterns of item set
For example, the pattern where items A and B are often purchased together is

represented using equation 2.1:
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(6,8} 2.1

The use of an item set, however, does not denote a more specific association if
the number of items in an item set are more than two. For example, among an
item set {A, B, Cand D}, there are seven possible associations involving item
sets {0,06,0} with another item set {D}. The use of an item set cannot pinpoint

a specific association that could be more interesting.

Apart from identifying a group of co-occurring items (which itself can be
large), MBA specifically identifies strongly-associated items. This identification is
expressed as association rulesThe process of discovering association rules from
a set of transaction records is called association rule mining-or example, the
association rule for the pattern ¢customers who purchase item A also tend to

buy item Btogether€ s répresented using equation 2.2:

(8} + {8) 2.2

The discovery of association rules is thus important in understanding the
underlying relationships between a large number of possible combinations of

items.

The discovery of association rules via MBA has a wide variety of
applications besides marketing. Ullman [UIO0] gives an example where a market
basket that contains a set of items can also be a document that contains words.
Words that appear frequently may represent linked concepts. This is useful in
intelligence gathering or in analysis of World-Wide Web pages. Brijs et al.
[BrSwVaWe99] used association rules for product assortment; Brossette et al.
[BrSpHaWaJoMo098] applied association rules in hospital infection control; Jones

[Jo98] used them in public health surveillance and Salleb and Vrain [SaVr00]
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extracted association rules for Geographic Information Systems in the field of
mineral exploration. Association rules are used in converting an image map
containing basic three colours into gray scale [DoPeDiZh00]. Association rules
are also used in Gene Expression Data analysis in biology [PaMaLi05], scoring
data for target selection in classification datasets [LiMaWoYu03], and cross-
selling with regard to profit [WoFuWa05]. Encheva and Tumin [EnTu06] used
I 3a20AFGA2Yy NHz S&a (2 SELX I AYy &idzRSyidaQ
and their ability to solve mathematics problems in education; Budi and Bressan
[BuBr07] utilised association rules in name entity recognition in the Indonesian
language; Song, Sun and Li [SoSuLiO7] used it in intrusion alert analysis for
security; Du, Zhao and Fan [DuzZhFa08] used it to speed up Question and
Answer systems, and Afify [AfO8] applied association rules in metal
manufacturing. Together with other data mining functions, the application of
association rules ranges across retail, banking, credit management, insurance,
telecommunications, telemarketing and human resource management

[0IShOT].

Given the wide range of sectors, the usefulness of association rules and
their broad applicability, and their potential impact on both societal and
individual well being, it is worthwhile to ensure that the association rules
discovered are of the highest possibly quality. This ensures that the information

resulting from their use is accurate, relevant, reliable and complete.

2.2.1 Terminologies

In this section, the necessary terminologies are explained to facilitate

further discussion on association rule mining.
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() Item set

Item setis a non-empty set of items. The cardinality of an item set ranges from
one to any positive number. Each transaction record contains an item set of size
X. A collection of transaction records is a dataset. It follows therefore that a

dataset will contain a finite number of items called a superset.

An item set that can be observed regularly in a set of transaction records is
typically called a frequent item setlIf a threshold is set to distinguish the
frequency of occurrences, then item sets that are observed below this threshold
are called infrequent item sed Both frequent and infrequent item sets are
subsets of a superset. Since both frequent and infrequent item sets can be
observed over a set of transaction records, they indicate the presenceof item
sets. This distinguishes them from the absenceof item sets which is the same
item set being absent from the same set of transaction records. For example,
assume that there are three items in a database, items A, B and C. A transaction
record contains only item A. The item set {0} is the presence of item set. Items
B and C are said to be absent from this transaction. Consequently, the item sets
such as {6} and {0} are the absence of item sets. These are represented using

-{0} and = {0} respectively.
(i) Measure of interestingness

Various measurements have been devised to measure the interestingness
of a pattern (that is, an association rule or an item set) discovered. Supportis
perhaps the most commonly used measure of interestingness in association
rule mining. For a given association rule {3} + {&}, supportmeasures the total
number of transaction records that contain both item sets ®and win %

(percentage).

Confidencas taken as the number of transaction records that contain item

set @that also contain item set @in % (percentage). Confidenceimplies the
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probability that an association rule will repeat itself over future transaction
records. Together with support it denotes the strength of an association rule.
Fundamentally, all association rules meet a minimum support threshold that
defines a frequent item set. If these association rules further meet a minimum
confidence threshold, then they are called strong association rules [HaKa06, p.

230].
(i) Association Rules: Positive and Negative Association Rules

Association rulesare discovered from frequent item sets. Thus, the
discovery of a frequent item set affects the association rules that can be
discovered. To determine a frequent item set, a minimum support threshold
must be pre-set (by a user). Otherwise, it is typically not possible to identify

neither frequent item sets nor association rules from a dataset.

An association rule is represented using two sets of notations. For example,
let item set / hold a set of items such that /= "Q Q8 ,"Q and a database of
transactional records "Y= ¢,0,,8 ,Q, . A task-relevant transaction record, 6q
holds a subset of items such that 6oP "OAn association rule is a rule relating an
antecedent item set ®to another consequence item set wsuch that dt @,
where OE /, ®E /, and G A® = A [HaKa06, p. 230]. Assuming that the user
has defined a minimum support, & i, for &+ & all association rules found will

have support values of at least & i .

An association rule can be further distinguished as a type of positive or
negative association ruléll association rules are typically positive association
rules as defined in the beginning of this section. They relate the items that can
be observed in a dataset. On the other hand, any association rule involving the
absence of an item set @or @is called a negative association rule [WuzhzZh04].
For example, @t - @ -Gt G and-Ot - GKSNBE KRS REyFZadSH W

the absence of an item set in a set of transaction records. In addition, another
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type of negative association rule involves the absence of items within an item
set [CoYaZhCh06]; for example, e  Geawhere the item set Geer ceeontains an
absence of item within an item set, such as, *= {'Q Q@ -~"Q} and &= {'Q.
That is, the second type of negative association rule is defined as any

association rule containing at least an absence of an item.
(iv)  Support and confidence framework

A support and confidence framewonktroduced by Agrawal, Imielinski and
Swami [AgImSw93] utilises the measure of interestingness support and
confidenceto define and identify strong association rules from a dataset. The
algorithm oni "& "(PAgSro4] discovers all association rules that have strength

values with at least a minimum support and a minimum confidence threshold.
(V) Anti-monotone property

The discovery of association rules under a support and confidence
framework relies on the anti-monotone propertyof support to avoid finding all
possible association rules in transactional databases. If an item set does not
meet a minimum support threshold (that is, it is not a frequent item set) then
none of its supersets will meet the same threshold. By removing infrequent
item sets, the user avoids a large number of item sets and makes the task of

association rule mining feasible.

It is not feasible to discover all association rules using a minimum support
threshold equal to zero or some very small value because there are typically
very large numbers of possible item sets or association rules contained within
“Y Typically, the discovery of association rules using a support and confidence
framework requires a reasonably high minimum support threshold. All frequent
item sets are first identified, and later, association rules are generated from the

frequent item sets identified.
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2.3 Issues with a Preset Minimum Support

Threshold

In classic association rule mining using a support and confidence
framework, association rules are only derived from frequent patterns. A
minimum support threshold is required to distinguish the frequent item set
from the infrequent item set. The number of association rules discovered is
affected by a userQ decision concerning the minimum support threshold. The
use of a minimum support threshold during mining may result in losing
association above or below the minimum threshold (as will be discussed in
section 2.3.1 and section 2.3.2). The possibility of losing rules both above and
below the threshold is due to the fact that setting up a threshold accurately is
not straightforward. Association rules will be lost if a threshold is set
inaccurately. Assuming an ideal threshold exists, setting a minimum support
threshold higher than this ideal threshold will cause some infrequent items to
be discarded during the mining process. On the other hand, if a minimum
support threshold is set lower than this ideal threshold, then those infrequent
items that were not found earlier will be found. The fundamental issue is that of

identifying the ideal threshold. The current approach is to use trial and error.

Below, we discuss the loss of frequent association rules and approaches to
prevent their loss. This is followed by a discussion of the loss of infrequent

association rules and the associated countermeasures.
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2.3.1 Loss of Association Rules involving Frequent Items

in setting a Minimum Support Threshold

Some frequent association rules are lost due to the heuristics involved in
setting a minimum support threshold. Use of a minimum support threshold to
identify frequent patterns assumes that an ideal minimum support threshold
exists for frequent patterns, and that a user can identify this threshold
accurately. Assuming that an ideal minimum support exists, it is unclear how to
find this threshold [Wezh05]. This is largely due to the fact that there is no
universal standard to define the notion of frequent and interesting. The
strength value of association rules has been occasionally debated in statistics. In
one case, Babbie, Halley and Zaino [BaHaZaO3, p. 258] discuss the dispute
between the authors in [FrLe06] and the authors in [HeBaBo99]. The dispute
centres on the scales used during data analysis. The difference in the scales
used by the authors would lead to different levels of effective thresholds being
set should the situation be applied to data mining. If the scale in [FrLe06] is
adopted for mining, then the minimum support threshold set based on
[HeBaB099] would be lower. This case shows that one userQ anderstanding of
'y ARSIt a4aNBy3GdK @FtdzS YlI& 0S5
different minimum support thresholds would result in inconsistent mining
results, even when the mining process is performed on the same data set. That
is, @ lower minimum support threshold would result in more association rules
being found, and a higher minimum support threshold would result in fewer
association rules being found. Some users will find less association rules
compared to others who use a lower minimum support threshold. For the
latter, association rules associated with frequent items should be discovered
but are lost. We consider this situation as a case of losing association rules

involving frequent items. This situation is not resolved by simply lowering the
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threshold. In practice this would mean setting the threshold very low or close to
zero. With the threshold set close to zero, more association rules would be
found, but at the expense of processing time. It would take a long time to
complete the data mining process applied to a large dataset [SilnSrO8c]. In
addition, this situation also has the side effect of finding too many uninteresting
association rules. An increased number of association rules would quickly dilute
the more interesting ones discovered, and consequently prompt a new problem
of mining rules within rules. Fundamentally, if there is no universal standard in
determining an ideal minimum support threshold, then there is a risk of missing

some association rules.

The most common solution to this problem is to use an ad-hoc approach to
discovering a greater number of frequent item sets by using a lower minimum
support threshold. A user repetitively supplies different minimum support
thresholds to discover different volume of item sets. Often, the user chooses a
minimum support threshold that can find enough rules, or find association rules
with the highest strength value quantified through confidence. It is important to
note that the measure of confidence does not inherit the anti-monotone
property. While a user may not find any association rule having enough
confidence value at a minimum support threshold, say & " i on, it is still
possible that some association rules with very strong confidence can be found
using a minimum support threshold lower than & "@_i or). This ad-hoc practice
0Kdza dzaSa | ydzYoSNI 2F GOGNRIf NYzyé
lengthy execution time. A minimum support threshold is finally derived that is
able to segregate the infrequent from the frequent item sets. It is not known if
this threshold is accurate. A different user might use a different minimum
support threshold. As a result, association rules discovered will vary across

users and it may not be known if more interesting association rules are possible.
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The problem of losing frequent association rules may thus have no solution
to it apart from lifting the minimum support threshold. In the next section, we
discuss the loss of association rules below a minimum support threshold, and

how to discover association rules below a minimum support threshold.

2.3.2 Loss of Association Rules involving Infrequent Items

2.3.2.1 Association Rules Involving Rare Items

Typically, a dataset contains items that appear frequently while other items
rarely occur. For example, in a retail fruit business, fruits are frequently
observed but occasionally bread is also observed. Some items are rare in nature
or infrequently found in a dataset. These items are called rare items
[LiHsMa99], [Hu03], [KoRoOk06a]. If a single minimum support threshold is
used and is set high, those association rules involving rare items will not be
discovered. Use of a single and lower minimum support threshold, on the other
hand, would result in too many uninteresting association rules. This is called the
rare item problemdefined by Mannila [Ma98] according to Liu, Hsu and Ma
[LiHSMa99]. The latter pointed out that in maintaining the use of a minimum
support threshold to identify rare item sets, many users will typically group rare
items into an arbitrary item so that this arbitrary item becomes frequent.
Another practice is to split the dataset into two or several blocks according to
the frequencies of items, and mine each block using a different minimum
support threshold. Although some rare item sets can be discovered in this way,
some association rules involving both frequent and rare items across different

blocks will be lost.

Instead of pre-processing the transaction records, Liu, Hsu and Ma

[LiHsSMa99] proposed using multiple minimum thresholds called minimum item
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supports (MIS)A minimum support is set on each item in a dataset. Hence, we
have a finer granularity of a minimum support threshold compared to the
classic approach. Use of MIS results in association rules being found in which
item sets occur infrequently and below a minimum support threshold.
Nonetheless, a user needs to provide a minimum item support threshold for
each item. This is arguably difficult to do, especially when the process of
providing a minimum item support threshold is ad-hoc and requires multiple
revisions [HuCh06]. Hu and Chen [HuChO6] use a Frequent Pattern [HaPeYi00]
structure to facilitate minimum item supports (called a MIStree). Assuming the
lowest minimum item support allowed is called a least support(LS, the
frequency of an item is "@'Qand a parameterf ,0 T  1is defined by the
user, the MISfor each item i is generated by comparing LSwith a suggested

threshold 0 "Qaccording to the following considerations:

0 Q= | x'QQ
0'OrQ= 0 QD Q> Y 2.3
0"Y£SC0 600

Association rules that have supports of at least a LSand a MIScan be discovered.
At? = 0, LSis the same as the classic minimum support threshold [LiHsMa99, p.
340]. Yun et al. [YuHaHwWRyO03] and Koh, Rountree and O'Keefe [KORoOkO6a]
comment that the parameterf determines the actual discovery of frequent
item sets, and that the criteria forf cannot be known. It is assumed that a user
needs to provide this parameter value. The approach of [LiHSMa99] is Apriork
like in that association rules are discovered after item sets are discovered in a
second phase. But, unlike Apriori the use of multiple minimum support
thresholds require multiple scans for the support of each subset within an item
set before identifying association rules that pass a minimum confidence

threshold [Hu03, p. 6], [HUCh06].
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Because of the limitations involved in establishing threshold values,
techniques are required where a user does not have to provide any parameter
heuristically. Lin, Tseng and Su [LiTsSu02] devised an approach for finding the
minimum support threshold for each item by considering two criteria. First,
they considered items within an item set as not being negatively correlated to
one another (that is, the measure of interestingness lift is at least W j $2cond,
the confidence of these items requires at least a minimum confidence threshold.
This approach does not need a preset minimum support threshold. Thus, to
meet the first criterion, let item set 'O= {'Q'Q8 ,'Q}, ®° wbe a frequent item

set, ®, W=7, 0= A Qe ol ON(QY), and N @, such that:

0 "O(Gy R+ 1)

e 1 2.4
L Or ey, U 00y 1)

Where, i0n(wy) ion(Gyi),andl< x ¢ 1
To meet the second criterion, all association rules must have at least a

minimum confidence, i 6f &° &/ {6R(M) & "© & Qre-written as,

0 "Oray, = ion(ay).0 R e Q 2.5

Hence, the final minimum item support is,

0Oy,
(6N G .6 (G GEEQION(0 1)), W< xEE 1 2.6
ion a,, T@WEE

This approach does not incur heuristics in threshold setting, especially
when a user wants to find item sets that contain association rules with

& "© c§€"Q= 0. However the item set allowed via 0 "Orincludes those with
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0C% = 1, where the user knows that these items are statistically independent of
one another. In the case of & "© c&"Q> 0, it has been pointed out by Lin,
Tseng and Su [LiTsSu02] that interesting rules with confidence lower than a
& "© c&& "Qwhich meet the first criterion would not be discovered. In addition,
this approach will not find a large number of negative association rules that

have 6@ < 1 involving both the presence and absence of items.

Yun et al. [YuHaHwWRyO03] proposed a minimum support threshold called a
2" support to segregate item sets that occurred infrequently from co-
incidences. Use of a 2" supportis not attractive because, as we have discussed,
some items are rare and others common. In addition, some items have more
random coincidences than others, and there is no clear standard in setting a
support threshold. Consequently, setting this 2" support too high will miss
some item sets, and setting it too low will increase the number of item sets to
be considered. Using a single minimum support threshold is not effective.
Nonetheless, these authors also proposed another support called a minimum
relative supportAs the name implies, a relative suppor{RSupis the maximum
of the proportion of the support of an item set against the support of each item

within the item set, calculated as follows:

YON{RR8 ., Y= aab(ion(RR8,V/ion(Q,
ton ('R'R8 ,'Y/ion (Y,
8

ton('R'R8.,'Y/ion'Y)

2.7

A high RSupralue implies that the rate of a co-occurrence of an item set is high
in a dataset, implying that it is interesting. To search for infrequent and
interesting association rules, a user is required to pre-set a minimum support

threshold for a 2" supportand a minimum relative supportll infrequent item
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sets that meet both thresholds are then articulated. Assuming that a 2" support
is very low, even zero, this approach follows a two-phase generation of
association rules ¢ it finds all item sets and later association rules that are
generated from it. We highlight that arbitrary threshold values are required in

this approach.

Koh, Rountree and O'Keefe [KORoOkO6a] devised a -calculation to
determine a reasonable threshold for a minimum support called a minimum
absolute supporto identify an item set above co-incidences. In an O number of
transaction records, assume that item sets ¢ and & occur ¢ and @ times
respectively. The probability that both will occur together dtimes by chance can

be calculated as:

158

[oR! C:
E1E:x

Do og) , 0 = LB 9 2.8

g1c

The minimum absolute supports the least number of collisions above a
significance level (that is, 100% minus a confidence level ny),
Qd

AREioN 6,307 = min{d| 0,00 10 1} 2.9
Q0

For example, given that ) = 1000, = ®= 500, and fj = 0.0001, then the
& "©cxid { On) value is 274 [KoRoOk06a]. That is, there is 99.99% confidence that
any co-occurrence below 274 is a product that occurs by chance. This approach
accurately filters random co-incidences depending on the confidence level )
value. At low n values such as ] = 0.0001, it is possible that many uninteresting
rules will still pass through this filter. This multiple comparisongproblem is

mentioned in [We06]. In classical hypothesis testing, a null-hypothesis is
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rejected if the ) value is no greater than a predefined critical value such as
n = 0.0001. If, in many hypotheses, tests are performed between two item
sets wand &, then it is almost certain that some will be accepted in error.
Typically, the number of hypothesis tests required on a pre-selected item set &
with a reasonable size of dataset is large. Hence, to minimise random co-
incidences, the r) value must be set as very small. For example, Bay and Pazzani
[BaPa99] mentioned that r) is typically the required critical value over a total
number of hypothesis tests. As a result, & "©¢xi { 6n will also be very small.
Hence, the selection of the r) value is critical in creating an accurate
& "©cxi 0N, as otherwise, some heuristics will also be introduced into this

threshold.

The research by authors Liu, Hsu and Ma [LiHsMa99], Lin, Tseng and Su
[LiTsSu02], Yun et al. [YuHaHwWRy03] and Koh, Rountree and O'Keefe
[KoRoOkO6a] has been important in establishing a minimum item support
threshold with finer granularity although different criteria were injected for
identifying minimum item support values. The common aim, however, was to
offset heuristics when setting up a minimum support threshold. In all these
approaches, we see that state-of-art association rule mining has drifted from
the original idea of mining frequent patterns alone to considering other
patterns as well. These include patterns above a parameterf that signifies how
items should be valued [LiHsSMa99], patterns that are not negatively correlated
[LiTsSu02], patterns that are infrequent but with a relatively high occurrences
[YuHaHwWRy03] and patterns that are above coincidences [KoRoOk06a]. Finding
these item sets enriches the type of interesting associations that may be

discovered from item sets.
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2.3.2.2 Association Rules that are measured using other

Measures of Interestingness

A number of researchers have rightly pointed out that association rules are
not necessarily interesting even though they may have at least a minimum
support threshold and a minimum confidence threshold. Brin, Motwani and
Silverstein [BrMoSi97] show that association rules discovered using a support
and confidence framework may not be correlated in statistics. Webb [We03, p.
31] and Han and Kamber [HaKa06, p. 260] demonstrate that some association
rules are not interesting due to the high marginal probabilities in their
consequence item sets. Brin et al. [BrMoUITs97] argue that frequently co-
occurred association rules (even with high confidence values) may not be truly
related. These association rules show item sets co-occurring together, with no
implications among them. Scheffer [ScO5] highlights that, in many cases, users
who are interested in finding items that co-occur together are also interested in
finding items which are connected in reality. Having a minimum support
threshold does not guarantee the discovery of interesting association rules, as

such rules may need to be further processed and quantified for interestingness.

Numerous measures of interestingness have been studied, for example, in
[SiTu95], [LiHsChMaO00], [Me03], [VaLeLa04], [BIGuBrGr05] and [LeVaMeLa07].
Of the twenty-one measures studied, none was stronger or better than the
others [TaKuSr02]. Each of these measures provided support for a very specific
type of interesting association rule. Huynh, Guillet and Briand [HuGuBr05],
[HuGuBr06] studied thirty-four measures for their specific behaviour such that
the property of these measures was matched against the expectations of
application domain experts. Some new measures of interestingness were often
derived for identifying a specific knowledge needed. In general, any rule that

meets an objective measure or subjectivity of a user is called interestng (or
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potentially interesting or useful [Zhzh02], [WuZhZh04], [McCh07]). While
comparison between interesting rules in order to determine the most
interesting rules is meaningless due to the different metrics used, it is, however,
important to discover all the interesting rules that meet a metric. Finding

frequent rules is one of these.

Work presented in [BrMoSi97] proposed generalizing association rules to
correlations. The association rules discovered were correlated statistically
having considered both the presence and absence of item sets. The statistical
significance of these rules was then tested using the Chi-square test, with the
measure of interestingness proposed in [BrMoSi97] being called interest(a.k.a.
lift). The results produced were statistically significant correlation rules.
Although a minimum support threshold was used for pruning, this could be set
to a low value to also discover rare items. Unfortunately, the minimum support
threshold for both frequent and infrequent item sets could not be set too low
(that is, below six cases) because the Chi-square test requires at least 80% of
the cells in a contingency table between, say item sets ®wand @, to have
expected values greater than 5 [BrMoSi97, p. 269]. As a result, authors in
[BrMoSi97, p. 269] and [SiBrMo098] introduced a modified minimum support
threshold called a contingency table suppofCFsuppor) to find association
rules that are supported by at least n% of the cells in a contingency table that
held at least a minimum support value. In the real world, the condition on the
Chi-square test is often violated [BrMoSi97, p. 269]. Hence, not all interesting

rules may be discovered due to the requirement of the Chi-square test.

The usage of leverageand lift are good alternatives in mining association
rules without relying on pruning a minimum support threshold. The authors in
[Wezh05] mined arbitrarily top ‘Qnumber of rules using lift, leverage and
confidencewithout using a preset minimum support threshold. The authors in
[HuKrLiwu06] considered lift to identify interesting association rules, which
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were in turn, presented in a new structure called an association bundle. An
association bundle {'Q'Q 8 ,"Q} denotes any pair of items ('@ ‘@) in the
association bundle. For example, if item "Qis chosen by a customer, then item 'Q
is also chosen by customer, with confidenceand lift greater than the pre-set
thresholds, and vice versa. The use of leverageand lift is also fundamental in
designing a new measure of interestingness. Among such work, authors in
[Lizh03] considered lift as also one of the twelve interesting criteria to generate
interesting rules called an informative rule setAuthors in [WuzZhzZh04] devised a
conditional-probability-like measure of interestingness based on lift * called the
Conditional-Probability Increment Ratio (60°CY) and used this to discover

required interesting rules accordingly.

Apart from the use of lift, leverage and its derived measure of
Interestingness, measures of interestingness that consider a deviation from
independence have also been used. These include conviction proposed by Brin
et al. [BrMoUITs97], collectivestrengthas devised by Aggarwal and Yu [AgYu98],
andt S| NEdrelafign coefficienand convictionas report by Blanchard et al.
[BIGUBrGr05]. Collective strengthas domain ranges from 0 to 1 and to infinity.
An implication strength of 1 indicates that the strength of the rule is exactly as
expected under the assumption of statistical independence. Antonie and Zaiane
[AnZa04]Jusedt S NB 2y Qa O2 NNdseatchifdr Boyh paSitv&aRdF A OA Sy U
negative association rules that have a strong correlation. (By contrast, Lin,
Tseng and Su [LiTsSu02] remove the negative association rules.) The search
algorithm [AnZa04] found the strongest correlated rules, followed by rules with
moderate and small strength values. The ranges of threshold values on the
correlation coefficientwere pre-determined. The measure of conviction

[BrMoUITs97] was an improvement over lift, which only considers the marginal

! termed as dependence
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probability of the consequence item set. A major drawback of lift or leverageis
that they are not asymmetrical measures that measure the real implications of
a rule. They do not distinguish the difference between the direction &+ and
@t Qin aruleQstrength value. The measures of interestingness lift [BrMoSi97]
and leverage[Pi91] reflect more stringent co-occurrences because association
rules found have item sets wand @being statistically independent of one
another. Without the combined use of confidence, association rules discovered
will be non-directional. In fact, symmetrical measures of interestingness [Li83]
include collective strengtht S+ NR 2y Q& O2 NNBtishuarg and 02 ST T A
Chisquarel based measures such as Phiand/ NJ Y S WHara thetsource of a
directional relation is unknown. Association rules identified by these
interestingness measures in them, without the use of other measures of
interestingness, are not implicational because they do not describe the

asymmetry strength of a rule between two item sets.

Authors in [KoRo05], [KoRoOkO6b] and [KoRoOk08] proposed finding
association rules that meet a minimum confidence threshold (& "© ¢§¢"Q,
where any rule ®t+ @ must have its confidence on Wt @ meeting the

following requirement:

GETOE DT O > 6 a® GEQL  {onfél A 2.10

The argument is that if the confidence Wt is arbitrarily low, then &t is
interesting and most likely rule ¢xdt+  Gwhere & O Xy will not further improve
2y GKS SEAaAGAY3I NYz SQa O ydFdheRdyhédd 2 S NI o
to be discovered. Fundamentally, this approach is intended to discover
association rules with at least a minimum confidence. Authors [KoRo05] define
rules that are below a pre-set maximum support threshold and above a

minimum confidence threshold as sporadicrules, and rules in which at least one
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item has support above a maximum support threshold as imperfect sporadic

rules.

Omiecinski [OmO03] has another approach finding rules with high
confidence values. This author proposed measures of interestingness which are
called all-confidenceand bond which were shown to satisfy the anti-monotone
property. All-confidencameans that all association rules produced from an item
set would have the confidence of at least the all-confidencevalue whereas bond
Is a symmetrical measure and a special case within all-confidence By setting a
minimum threshold on bond one can discover association rules where their all-

confidencevalues are at least the bondvalues.

Scheffer [Sc05] proposed yet another approach by searching for € number
of rules that have the highest confidence index within a database. In finding
these rules, the author has discounted confidenceon rules whose supportis
arbitrarily less within a Bayesian framework. The argument is that rules having a
lesser minimum support would have less accurate confidencecompared to rules
having a higher minimum support. Hence, the author corrected these high
confidencevalues on rules with lower supportvalues. When searching for €,
most confidence rules ignore all rules with lower sugport values, thus making
the search feasible. This £€-most confidence approach and its similar concepts
are a proven approach to minimising the search time, and was also used in to
mine subgroups [Wr97], to find confident rules [WazhHe00], to mine frequent
closed patterns [HaWalLuTz02] and to find the k-optimal number of rules
[WeZh05]. One of the criticisms of the n-most or k-optimal approaches is that
they can lose some rules of the same strength [LiO6]. This is because only the
first found € number of rules can be extracted in a search, whereas many more
rules may exist with the same strength. As a result, some rules with equal
strength values are lost, and some of these rules may possibly have the
strongest strength value.
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Theoretically, searching for interesting association rules does not require a
minimum support threshold. Other measures of interest can be used to prune
the search space. In fact, the use of a minimum support threshold, if it is not set
accurately, limits the discovery of all the interesting association rules. Most of
the research discussed above uses an optional minimum support threshold that
can be set very low, even to zero. Interesting association rules, however, can be
discovered without fundamentally depending on the use of a minimum support

threshold to prune the search space.

Another challenge in mining all interesting (according to a measure of
interestingness) association rules is to consider the absence of item sets. We
show that even with a zero minimum support threshold, interesting rules
discovered using a new measure of interestingness other than supportare not
comprehensive. As a result, more interesting association rules are not
discovered. For example, if @+ with 40% confidence being reported as the
highest strength value (or any other measure of interestingness), it is possible
that =&+ with 75% confidence is not discovered. To report ®+ @instead
of =&t is misleading. In the next section, we discuss issues involved in

setting up a minimum support threshold for negative association rules.

2.3.2.3 Negative Association Rules

In much of association rule mining, data sets revolve around transaction
records. During the mining, the content of transaction record is observed. As
highlighted in the motivation section, observing the absence of items from a
transaction record will produce a more complete result. The absence of an item
is described in the following example. Assume there are three items in a
dataset, items A, B and C. A transaction contains only item A. Items B and C are

said to be absent from this transaction.
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To mine negative association rules, we need to keep the information of all
item sets regardless of their frequencies. Otherwise, we cannot discover the
relationships involving the absence of these item sets in a set of transaction
records. A minimum support threshold identifies item sets that are frequently
observed and discards those infrequently observed. If an infrequent item set @
is discarded, then it is not possible to further discover negative association rules
that involve the absence of this item set; for example, @t - ®and -t - Q@
Consequently, the opportunity to report a large number of negative association
rules involving the absence of item sets will be lost. Thus, avoidance of
infrequent patterns is a major hindrance in discovering negative association

rules.

We can analyse for the loss of negative association rules involving the same
item sets used by the positive association rules. Among two item sets ®wand ®
used by a positive association rule &+ &, there can exist three other negative
association rules @t - @ —®t+ @and -t - Assume that item set
represents the union of both item sets ®wand &, = {®,&}. The support for
item set @in a set of transaction records can be expressed using probability,
0(6). The support of not observing this same item set in the same transaction

records, also known as absence of an item set, is given by 0 -~ where:
0 -0 =1 0() 2.11

Since the probability of the absence of an item set is complementary to the
probability of the presence of an item set, we are interested in knowing the loss
of negative association rules below and above a minimum support threshold

(& "@i 6n) at 0.5:

(i) Assume that a minimum support threshold is set, at most, at 50%
of the total number of transaction records in a dataset; O
a'@ior  05. An association rule found involving item set cwill
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(ii)

have a probability of at least & "®i6f; 0 & & "®ién. Using a
support and confidence framework, if an item set dhas a support
value less than & "@i 6n), it will be discarded. By discarding this
infrequent item set, & we also lose the information concerning
the absence of this same item set (denoted using - ®); we
consequently lose negative association rules. The absence of item
set =& may be frequent or infrequent according to equation 2.11.
For example, assume that & "©i 6n = 0.3 and the probability of the
presence of an item set 0 & = 0.25. The item set G will be
discarded. Consequently, the negative association rules associated
with the absent (yet frequent) item set will be lost (0 = ¢ =
0.75). In another example, assume that the probability of the
presence of an item set in a dataset, 0 ¢ is set at 0.85. Thus, the
infrequently observed - is ignored because it has support values
lower than & "@ion (0 =& = 0.15). In either case, negative
association rules cannot be discovered.

On the other hand, assume that a minimum support threshold is
set above 50% of the total number of transaction records in a
dataset; 0.5 < & "@i 6ry 1. All association rules found involving
item set @will have a probability of at least & "®i 6n; 0 @

( "@i 6n). According to equation 2.11, it is not possible for the same
absent item set (that is, - &) to have a probability above 0.5. Thus,
no negative association rules such as @t =, ~®t © or

- ®t - ®involving the same item set can be reported.

In short, having a support threshold loses absent item sets and, consequently,
negative association rules. Not only does the classic support and confidence
framework not report negative rules; even when it is modified to report them,

having a minimum support threshold will lose the majority of negative
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association rules. The only negative association rules that may be discovered
typically have to meet the following two constraints:
Both the presence of the antecedent and consequence item sets are

2.12
frequent;™nN @ a'€ion, "N @ & '@ion, and

Both the absence of antecedent and consequence item sets are also
2.13
frequent;™nN =& A '@iorn,and YN ~® & "Qion

In practice, a large number of negative association rules are not necessarily
confined by these constraints. For example, the support on item set ccan be
less than a minimum support threshold while the support on the absence of the
same item set = Qis greater than the minimum support threshold. In addition,
in the case where these association rules are mined using G "®i 6y 0.5, as
discussed in (ii) above, then no negative association rules involving the same
item sets used by positive association rules will be reported. If the parameter
G "@i on is set less than 0.5, then both frequently and infrequently observed
negative association rules may be lost, as discussed in (i). This is a major

drawback of using a minimum support threshold.

Research into the mining of negative association rules (which started as
early as  [BrMoSi97]) has recently gained momentum: [WuzZhzh02],
[YuBuYuzh02], [AnZa04], [CoYaZzhCh06], [DaTa04], [DoSuHaH006], [GazhWa06],
[NeGuO07], [SilnSr07], [Thwe04], [Wuzhzh02], [WuZhZh04], [YaChCoDeKe04],
[YuBuYuzh02] and [ZhZh02, pp. 110-132]. An important reason for the mining
of negative association rules is that some positive association rules reported
have strength values much lower than the negative ones for the same
consequence item sets [SilnSr08a]. The authors in [BrMoSi97], for example,
used a Chi-squared test that showed that some negative association rules

correlate better than the positive rules.
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Wu, Zhang and Zhang [WuZzhzh02], [WuZhZh04] proposed mining negative
association rules in which item sets ®and ware frequent. This however,
inherits the problem of setting a minimum support threshold to filter all
infrequent item sets. Such a constraint prevents a large number of negative
rules from being discovered within infrequent patterns. As well, some negative
rules mined may have a strength value lower than those not discovered. The
authors in [Wuzhzh02] also proposed discovering negative association rules
that are above zero on the measure of interestingness leverage These are rules
that are above the statistical assumption of independence. Nonetheless, the
search algorithm using leverageas proposed above does not find all negative
association rules with leveragegreater than zero because it does not inherit the

anti-monotone property [CoYaZhCh06].

Yuan et al. [YuBuYuzh02], using information theory, adopted a measure
that reflects information entropy found by a positive association rule. If a
positive association rule (+ &) does not show much information gain, then its
negative association rule (@t -@) is true. The authors in [YuBuYuzh02],
however, were interested in identifying negative association rules above a
minimum support threshold where item sets & and wwere frequent. This
constraint therefore limits the number of negative rules that can be discovered

within infrequent patterns.

Antonie and Zaiane [AnZa04] used the Pearson correlation coefficient to
search and to measure association rules. If the correlation between item sets @
and @is negative, then negative association rules of either =@+ @or®t - ®
can be discovered when their confidence is also sufficiently high. If the support
of item sets wand @is not above a minimum support threshold, then a negative
rule such as=®+ - @may be considered interesting, if it meets both support

and confidence thresholds. However, the Pearson correlation coefficient does
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not inherit the anti-monotone property, and hence, any search using this

measure will not find all negative rules [CoYaZzhCh06]).

Cornelis et al. [CoYazhChO06] avoided using leverageto search for negative
association rules as leveragedoes not inherit anti-monotone property. Instead,
they developed a procedure to generate item sets for both positive and
negative association rules using a pre-set minimum support threshold. Their
algorithm is Aprioribased and generates association rules by finding all item
sets. However, their definition requires that any negative association rule must
have the support of item sets & and @ greater than a minimum support
threshold. This definition will lose some absent item sets (as discussed at the
start of this section 2.3.2.3); as a result, a large number of negative association

rules will be lost.

Dong et al. [DoSuHaHo06] used a Chisquaretest and lift to detect positive
and negative correlations between item sets dand @similar to Brin, Motwani
and Silverstein [BrMoSi97]. One major difference between them, however, is
that multiple minimum confidence thresholds are introduced. They pointed out
that the use of a single confidence threshold is not sufficient to identify
interesting negative association rules. For example, given a set of transaction
records that are sparse, the confidence of @t ®is either high or low, but the
confidence of =&t = dmust be very high. A single minimum confidence set
low will result in too many negative association rules =&+ =@ if it is set high,
it will result in fewer or no association rules of the form @t @& This approach
assumes mining of negative association rules within frequent item sets. The use
of a Chi-square test, however, does not discover all infrequent negative rules
because the Chi-square test requires at least 80% of the cells in a contingency
table between item sets @and ®wto have an expected value greater than 5
[BrMoSi97, p. 269]. It also requires the user to pre-set an-value for the
significance level. In addition to this, the use of confidence does not measure
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the real strength value of an association rule compared to measures such as

conviction [BrMoUITs97].

Fundamentally, the interestingness of an association rule does not depend
on the frequency of occurrences alone. Having a minimum support threshold
results in the loss of some interesting association rules concerning items
infrequently observed in a dataset. In addition, interesting association rules
concerning absence of items are also lost. As a result, existing research has
focused on three approaches to discover more association rules. First, the use
of a minimum support threshold has been improved by creating minimum item
support with finer granularity [LiHsMa99], [HuChO06], [LiTsSu02], [YuHaHwWRyO03],
[KoRoOkO6a]. As well, state-of-art association rule mining tends to have its
minimum support threshold set lower to identify other interesting item sets
besides frequent item sets. Second, many measures of interestingness have
been devised [SiTu95], [LiHsSChMa00], [Me03], [ValLelLaO4], [BIGuBrGr05],
[LeVaMeLa07]. The pruning opportunities within these measures are exploited
to mine interesting association rules without, or less dependent on, the pruning
property provided by presetting a minimum support threshold [BrMoSi97],
[Wezh05], [HuKrLiwu06], [Lizh03], [WuzhZh04], [BrMoUITs97], [AgYu98],
[AnZa04], [LiTsSu02], [KoRo05], [OmO03], [ScO05]. Third, there has been more
research in regards to mining negative association rules, which,
methodologically, are not discovered using a support and confidence
framework [BrMoSi97], [Wuzhzh02], [YuBuYuzh02], [AnZa04], [CoYaZhCh06],
[DoSuHaH006]. As part of this third approach, this thesis seeks to provide a
framework that indentifies both positive and negative association rules without
the use of a minimum support threshold. By not using a minimum support

threshold, we remove the risk of missing some association rules.
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2.4 A Potential Approach and the Measure of

Interestingness

In this section, we list two desirable properties in discovering association

rules without presetting a minimum support threshold. The two necessary

properties are:

(i)

(ii)

An approach that identifies interesting association rules without
being constrained by the accuracy required in pre-setting a
threshold value by a user. All association rules thus discovered
must, by definition, be interesting. In comparison, a measure of
interestingness such as that of supportis interesting only after a
user has specified a threshold value.

The association rules found are measured by a measure of
interestingness that is asymmetrical, in which the marginal
probability of item set @is considered, and its interestingness ("Q
quantified within the range of 0 and 1. This is because it is difficult
to appreciate the interestingness of a rule within a domain ranging
from zero to infinity. For example, the interestingness of an
association rule with strength value 'Q= 50, where0 "Q Hbis

difficult to interpret.

The first property can be met by using logical implications, where the discovery

of the logical implication does not require a minimum support threshold.

Instead, the implication considers all statements (that is, p and q) in logic, and if

each of them meets a truth table value, then this implication is valid, and is

reported. The second property can be met by referring to a classic statistical

measure for association, o XX [GoKr54]. O XX is an asymmetrical

measure, and it considers the knowledge of marginal probability. For positive
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values, association rules have strength values stronger than the marginal
probabilities. The fusion between the logical implications and measure of
interestingness & cXxocan discover association rules without a minimum
support threshold, thus avoiding many issues related to a preset minimum

support threshold.

2.4.1 Logical Implications

Implicatiors as defined in propositional logic are truth-functional. That is,
the validity of an implication involving propositions i and rj is known through
checking the operation on the truth-values of p and g [BrO8b]. Among many
modes of implications, a material implicationrelates the propositions together,

if the following truth table values in Table 2-1 are met.

Table2-1: Truth Table of a Material Implication

Proposition, | Proposition, | The operation Meaning
L f of - (7" 1)
T T T N © nisavalid implication
T F F N © =1 isnotavalid implication
F T T -1 © nisavalid implication
F F T =N 9 =nisavalid implication

If all j and 1) meet the requirements, with the implications r} © ) being valid,
N o -nnot being valid, =1 © 1 being valid, and =1 © =1 being valid then
proposition p materially (that is, significantly) implies proposition g. This is
written as ) 6 ). Another mode of implication includes the equivalencdthat is,

N k n), which is a special case of the former.

It is possible to discover association rules with reference to an implication,

material implication or equivalence. A true proposition of r} or j can be mapped
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to an item set that is observed in a single transaction record. A false proposition
of yorrjcan be mapped to an item set that is not observed in a single
transaction record. A material implication or equivalence can be mapped to an
association rule. In this way, an association rule found considers both the
presence and absence of item sets, and most importantly, does not require a

minimum support threshold.

A stream of research by Murai, Kudo and Sato [MuKuSa03] and Murai,
Nakata and Sato [MuNaSa01l], [MuNaSa02] has mapped association rules to
implication. The validity of an implication is determined in each transaction
record (that is, world) [MuNaSa02]. By contrast, an association rule depends on
the entire set of transactions; hence it is a model formed out of multiple worlds
Nonetheless, it is possible to map the observed set of items in multiple
transaction records to a single logical implication. Assuming all association rules
contribute to the formation of a valid implication, then the co-occurrences in
each world is evidence of an implication (without uncertainty) following the
Dempster-Shafer theory of evidence [MuNaSa0l], [MuKuSa03]. Authors in
[MuKuSa03], for example, mapped evidence obtained from co-occurrences to
logical implications by considering a weight on each piece of evidence. This
weight can be assigned in a priorior a posteriorimanner, and is used to make
better approximation to logical implications based on user knowledge.
wS3F NRf Saa 2F 6KSUKSNI 0KS dzaSNDa
Murai, Kudo and Sato [MuKuSa03], and Murai, Nakata and Sato [MuNaSa01],
[MuNaSa02] mapped association rules to logical implications, opening

opportunities to mine association rules that approximate logical implications.

Association rules mapped to logical implications do not, however, consider
logic properties such as the contrapositive which is an important property in
logic that can be used to countercheck the validity of an implication (and vice
versa), as follows [Re07]:
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(i) If an implication (4 © 1) is true, then its contrapositive (-1 © =n)
is always true (and vice versa), or
(i) If an implication (n © = n) is false, then its contrapositive (=1 ©

) is always false (and vice versa).

The first form involves propositions 1 and r}, and the second involves absences
of the same propositions. A falsity in either form could falsify another. An
implication that meets both the two contrapositives is an implication of
equivalence. This is a more stringent implication and is a special case in material
implication. We are interested in an association rule framework that maps to
the logical equivalences to find non-trivial association rules. Based on the logic
property of equivalence, we can consider both the presence and absence of
item sets in a set of transaction records, without this process requiring a

minimum support threshold to identify association rules.

Apart from not requiring @ minimum support threshold, an implication of
logical equivalence can avoid contradictions in reasoning with found rules. This

is highlighted in the following sub section.

2.4.1.1 Logical Implications to minimise Contradictions

Following our discussion about logical equivalence, to show (i K Ifj&and G
is an implication of equivalence, we need to show that (i) & %,®hen gg is true
([i)a A Fq fichiotpe A A& 6 NIESEI notddiskfalse) and (iv) & Adk p,
thengtAa FlLfasSao {AYAf Kol dotne isiad imglidatm of

equivalence, the same conditions must be met. It is obvious that the implication

0K G

Mandné -&idtwitha y fandnotné = | Y R Rexis\&ith ¢ and noO 2

Aé  VERYNgandné © Wandné & WMBand nothé A& F2dzy RS

implications &) and noti¢ ~ FayyRandne + NS y 20 @t AR

As a result, there is no contradiction among the found implications. For
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notné &
On the other hand, association rules cannot be reasoned as logical
implications because they typically do not consider an absent item set. Given
two item sets @ and @, an association rule @t @ is reported without
considering the possibility that other rules such as @+ -@and -t have
statistics stronger than the former. As a result, some association rules reported
may not be valid according to implications in propositional logic. Even though
state-of-art association rules consider both the presence and absence of item

aSiaz I FdzNIKSNJ |yl f &andvaliditesare teduited. Nzt S&4Q &

2.4.2 Measure of Interestingness ¢ Lambda

In statistics, an association has long been defined without using a cut-off
threshold. This classic metric of association between nominal or categorical
types of values is discussed in terms of the probability of misclassification or

lambda[GoKr54].

The general computation format for lambda can be expressed after

defining four elements [Kv81]:

() Prediction rule 1. A method for predicting item set con the basis
of knowledge about the distribution of observations on item set ¢,
For example, we can predict that an item set cowill occur in all
transaction records, assuming that item set c&occurs most of the
time (for example, 60% of the time) in a set of transaction records
~

(i) Prediction error Q committed using prediction rule 1.

(iii)  Prediction rule 2. A method for predicting item set ®on the basis

of knowledge about the distribution of observations on item sets &
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and . For example, we can predict item set @woccurs in all the
transaction records, if @ and @ frequently occur together. If
otherwise, we can predict item set @ will not occur having
observed item set Q.

(iv)  Prediction error Q, committed using prediction rule 2.

Lambdais computed as:

= — = 2.14

The magnitude of _ indicates the proportion of errors committed using
prediction rule 1 that are eliminated by switching to prediction rule 2. In other
words, prediction error ‘G should be lower than 'Q; otherwise, knowing item
set @is not useful in predicting item set & We can guess item set cusing
distributions of occurrences or the marginal probability of item set walone.
Hence, most likely, item set co will not be associated with item set ¢ That is, it is

not useful to know item set @ to predict item set .

To illustrate, consider a set of transaction records that contains ten records.
We make a prediction that all ten records will contain item set Y (by assuming
that they contain item set @) following prediction rule 1. Assume we make 2
errors; that is, 'Q = 2. This is the error caused by predicting an item set
without the additional knowledge of knowing about another item set. Assume
we find that item sets Xand Y occur together most of the time. We thus predict
that item set Yalso occurs whenever Xoccurs, making 1 error in our prediction;

that is, ‘G, = 1. The reduced error of predicting item set cwith knowing item
set @, is calculated as _ = 22—1 = 0.5 (using equation 2.14). This means item set

& can further reduce prediction errors on item set by another 50%.
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_Is between zero to one, and gives zero value for all association rules that
can be guessed by knowing the distributions of observations on item set (.
Otherwise, it returns a positive value. The distributions of observations are
related to the marginal probability of a consequence item set. We highlight
here that _is a measure that considers the marginal probability of a
O2yaSljdsSyoS AGSY aSio ¢KAa Aa +Fy AYLEZN
[BrMoUITs97]. In addition, the magnitude shown using _ does not require any
preset minimum support threshold because its meaning of association is not

based on a frequent (or large) pattern as defined in [AgImSw93].

Although the lambda metric identifies the association between variables
such as item sets without any threshold, it lacks a feasible search procedure for
identifying association rules between item sets in an exponential space. In
addition, lambdain statistics is a measure between variables. As well, a variable
typically contains many attributes. Specifically, which attribute(s) is associated
Is unknown. For example, lambdacan be used to find if there is an association
between religion and abortion in a social research study, where religion is a
plural term [BaHaZa03] and contains a number of categories [BI72]. By contrast,
an association rule is mostly established between item sets or attributes that
hold binary attribute values. Mapping is required to map the use of lambdato
association rules between item sets, along with a search procedure to discover
interesting association rules with positive lambdavalues which also meet logical

equivalence properties.

2.5 Conclusion

A typical support and confidence framework mines only frequently
observed patterns, and generates frequent association rules that meet
minimum support and minimum confidence thresholds. The number of
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association rules discovered depends on the minimum support threshold
supplied by a user. Due to the heuristics involved in setting a minimum support
threshold, some frequent association rules will be lost. Furthermore, the loss of
an infrequent pattern, by definition, results in the loss of many other
association rules. Among these, losses of the following kind will occur: (i)
association rules concerning rare items; (ii) infrequent association rules that are
interesting according to other measures of interestingness; and (iii) negative

association rules involving the absence of items.

Existing approaches to tackle the problem of rule loss include mining
association rules that use a minimum item support threshold that has finer
granularity, mining for association rules by exploiting the pruning property of
other measures of interestingness, and mining for negative association rules.
Such approaches minimise rule loss, but cannot discover all negative rules
because some form of a minimum support threshold is still required. This is
because discarding an infrequent item also involves discarding a frequently or
infrequently not observedtem used for negative association rules. Currently,
there is a dearth of approaches that can identify association rules without a
minimum support threshold; this lack can be overcome by considering the
fusion of logical implications with the classical statistical measure, lambda An
association rule discovery framework based on logic and lambdahas potential
because it considers negative association rules. In addition, it supplies a search
procedure for identifying the association rules measured using the statistics of
lambdaand inherits propositional logic properties. In sum, no minimum support

threshold needs to be specified by a user.

This chapter concluded with a potential approach to tackle the problem of
losing interesting association rules. In the next chapter, we use this approach to
develop a novel association rule framework that discovers interesting
association rules without a minimum support threshold.
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Chapter 3

A THRESHOLBFREE
RULE MINING FRAMEWORK

3.1 Introduction

In this chapter, we propose a novel association rule mining framework that
can discover association rules without the need for a minimum support
threshold. This enables the user, in theory, to discover knowledge from any
transactional record without the background knowledge of an application

domain usually necessary to establish a threshold prior to mining.

To introduce our framework, this chapter starts with the distinction
between an association rule and the different modes of an implication as

defined in propositional logic. The topic of implication from logic is raised

because our proposed mining model is based on an association ruleQ& F 6 Af A (&

be mapped to a mode of implication. If an association can be mapped to an
implication, then there is reason to report this relation as an association rule.
Otherwise, without a priori such as the minimum support threshold, many
association rules would be found, and we would need to report all of them. An
implication having a rule where the left-hand-side is connected to the right-

hand-side correlates two item sets together. This implication exists because it is
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true according to logical grounds, follows a specific truth table value and it does
not need to be judged to be true by a user. The rule is reported as an

interesting association rule if its corresponding implication is true.

This chapter explains the mapping of association rules to implications in the
simplest case, that of a single transaction record. For solving more realistic
problems (that is, extracting knowledge from multiple transaction records), we
extend the mapping concept. The extension takes into consideration the total
number of co-occurrences among item sets. That is, an association rule is
reported if it can be mapped to a mode of implication such as material
implication and equivalence with its current frequency of occurrences. Among
the many modes of an implication, an equivalence is a special case of
implication which relates the left-hand-side of a rule to the right-hand-side
when some special conditions have been met, and is stronger than other modes
of implication. The proposed framework in this research is based on this mode

of implication and provides a solid reason to report an association rule.

The rest of this chapter is organised as follows. Section 3.2 distinguishes
between a rule and an implication according to propositional logic. This is
followed in section 3.3 by a discussion on the mapping of association rules to
equivalence (a mode of implication), for single and multiple transaction records.
This mapping allows us to define the concept of coherent rules in section 3.4.
We also explain how to detect coherent rules in this section. The concept of
coherent rules is used to identify rules from datasets in section 3.5. The chapter

concludes with section 3.6.
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3.2 Association Rules and Implications

In this section, we highlight the distinctions between an association rule
(+ ) and implications (© ) as defined in propositional logic. Being a type of an if-
then condition rule, an association rule does not obey logical principles such as
truth preservation[Re07] as discussed in Chapter 2. As a result, it is not an
implication based on logic definitions. Its truth and falsity cannot be judged
based on logical grounds such as reading from a truth table. However, if
association rules can be mapped to implications, then there are at least two

perceived advantages:

() The process to find association rules does not require user
knowledge of a minimum support threshold because an
implication stays independent from user knowledge. The
implication is purely based on logical grounds.

(ii) Association rules mapped to implications can be judged as
interesting with their corresponding implications judged true using

truth table values.
An implication comes with many modes [BrO8a]. Among these are:
() A material implication § ), and
(i)  Anequivalencé(k ).

An equivalence is a special case of a material implication. It means two
propositions within a rule are related and necessaly true all the time. In
comparison, a material implication relates the propositions together only in

some cases, where they are true [BrO7c]. Hence, association rules, if mapped to

2 Also called equivalence of propositions [Br08a]
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an equivalence mode of implication, can be judged to be true more confidently

than a material implication.
The different relations are:

() A conditional, or a rule of4then conditiont ), which includes
(@) An association rule, and
(i) An implication or a compound propositioh(© ), which has two
implication modes:
(a) A material implication ), and

(b) An equivalencdk ).

We further explain these relations in the next section.

3.2.1 Differences in Relations

As discussed earlier, distinctions can be made between the four types of
relations (a rule, an implication, a material implication, and an equivalence). In
this section, we distinguish them more precisely before formally mapping an

association rule to an implication.

3.2.1.1 ARule

A conditionaf or a rule (+ ) is any statement that relates two principal
components, the ruleQ @ft-hand-side (antecedent A) and the ruleQ éght-hand-
side (consequencef) together. An antecedent states the condition at issue and

a consequence states the result held from the realisation of this condition

A compound propositiofis also a proposition. Analogously, from a composite
comes another composite.
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[Re07]. We reason that a conditional is any statement using the if-then
condition (At Q).

A conditional can also be formed between the absence of an antecedent
and a consequence, - Aand - C. To demonstrate, instead of relating an X (for

example, apples) to a Y (fruits), we can relate the absence of X (pears) to a

consequence Y. This necessitates four representationSto write the rule:

() A+ C
i) A+ -C
(i) -A+ C

(ivy -At+ -C

Each representation contains the same antecedent and consequence but the
content of these may be absent (missing) from the rule. We call rules with an
absence of content, negative rules to differentiate them from positive rules

(such as case (i) above).

An association rule is a type of conditional that relates a set of items (called
an item set) together in a Market Basket Analysis [AgimSw93]. Consider the
case where association rules mining is based on a single transaction record.
Suppose that /= "Q@'Q8 ,"Q is a set of items. A task-relevant transaction
record, &, holds a subset of items such that &, P "OLet ¢&and dbe two sets of
items (each is called an item se), where & O OO O "Qand &, ®= n. Both &

and &, are situated respectively at a ruleQ l&ft- and right-hand-side (association).

>Symbol W3 Q (G2 Y SIfyan ahtécéd&y di/dnd @ consequence is
involved.

® From each one representation we obtain implication forns that relate item
sets Xand Y. For example, whenever a rule with left-hand-side A holds an item
set @, and Cholds an item set &, we have an implication form of @+ ¢ Since A
and Ccan also hold absence of these item sets and &, there are also three
other implication forms: Ot =@ -®t @ and-®t - Q
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For each combination of items contained in item sets wand &, there are four
association rules:
(i) Wt ifandonlyif GO &, QMO ¢
(ii) Wt ~Qifandonlyif O 6, GEQOP &
(i) -t ®ifandonlyifOP &, QMO o
(iv) =&t —@ifandonlyif OP o, (EQOP ¢
We call item set ¢, an antecedentitem set because it is on the left-hand-side of
a rule. Item set wis called a consequencdtem set because it is on the right-
hand-side of a rule. Based on these terminologies, an association rule is defined
as a conditionalbetween antecedent item set and a consequence item set. The
adYo-Xf OYSAa FNRBY (KS F2N)Y earfler bMBAINE &Sy i |
FNRBY GKS AdGSY aSio Ly |aaz0AdzaSRy A Nz §
association rule is to show that the association rule is only supported by
transactions that do not contain the item set. Hence, association rules that
contain this symbol are called negative association rules. Without this symbol, it
can be assumed that the association rules are positive. Between two item sets,

there are always one positive and three negative association rules.

Suppose item set @ contains a set of items from the super item set /, such
that o= "QQR®d !-¢%E makes reference to transactions that do not contain
Q. These include transactions that contain only a subset of item set @, or else
none of the subsets @, 'Q, and "Q'Q. For simplicity, we map - "Q'Q to
-RY, QR and -QR-Q .
Association rules are not logical implications. Although the word
G A Y LI A4 béeh Bsgdéto mean an association rule, in the context of
LINR L2 AAGA2Y ] fA2%2 AACONNE BHLIIA ORAEFASNBY G Y
[BrMoUITs97], and Han and Kamber [HaKa06] explain that classic association

rules typically do not tell the real strength of implication between item sets.
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They are not logical implications [MuNaSa02], [MuKuSa03]. Association rules
are not created based on exploiting the property of logical implication, and they
do not always meet specific logical principles [Re07]. Nonetheless, users
typically interpret association rules as logical implications. Some association
rules may be incorrectly construed as a consequence, and users may arrive at a
wrong phenomenon. In this dissertation, we use the word implicationto mean
a logical implication. In the next section, we look at three implications in

propositional logic.

3.2.1.2 An Implication

In an argument, the truth and falsity of an implication (also known as a
compound proposition(© ) necessarily rely on logic [BrO7a]. Each implication,
having met specific logical principles, can be identified (for example, one may
be a material implicationwhile the other may be an equivalencg Each has a set
of different truth values. This will be explained later. We highlight here that an
implication is formed using two propositionsyj and r]. These propositions can
be either true or false for the A Y LIt A OyliASZNLOINS G | GA2y ® C2NJ SE
FNBE 20&aSNBBSR Ay | Odzad2YSN) YFNJSG oFais
been observed. From these propositions, we have four implications i) f} © 1, ii)
NO =n,iii)=N° n,andiv)-n©° =n. Each is formed using standard symbols
WO |yORP WKSO@QEX¥RE AYA GKS NBfFGA2Y Aa |
f 23AGR REK 2 %Sadposition. Weé givéias example for implication (i)

and (ii) below:
(i) AT Gl LILJX S& NS 20aSNBSR Ay | Odzadz2
is20 ASNISR Ay | Odza®P2YSNJ YI NJ SG ol aj
@ AF a4l LI Sa NBE 206aSNBSR Ay | O dza |
Gl oaSyOo&l is2®a8NBSR Ay | OdzaG2YSNI Y

no -
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¢KS GNHziK FyR FlLfaadge 2F-AlyARheddth A O (A 2
values held by propositions i and r). In a fruit retail business where no bread is
sold, then the implication that relates n and rj will be false based on the
operation between truth values; that is,1~ 0= 0. The second implication
based on the operation will be true because 1~ 1 = 1. Hence, we say the latter
implication N © =N is true but the first implication [ © n is false. Each

implication has its truth and falsity based on truth table values alone.

There are a number of modes of implication [Re07, p. 31-58]. We highlight

two modes of implication and their truth table values in the next two sections.

3.2.1.3 A Material Implication

A material implication (6 ) meets the logical principle of a contraposition A
contrapositive (to a material implication) is written as =11 © =r1). For example,
suppose, if customers buy apples, that they then buy oranges is true as an
implication. The contrapositive is that if customers do not buy oranges, then
they also do not buy apples. If an implication has the truth values of its

contrapositive, = (1]~ =), it is a material implication [Op71, p. 36]. That is,
CEECYURIED)
The truth table for a material implication is shown in Table 3-1.

Table3-1: Truth Table for a Material Implication

nlnAR| NndénR | Comment
T| T T
T|F F ("o —-n)
FIT T
FIF| T
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3.2.1.4 An Equivalence

An equivalence(k ) is another mode of implication. In particular, it is a
special case of a material implication. For any implication to qualify as an

equivalence, the following condition must be met [Qu51, p. 20]:
Nk @ (n ki n)
where truth table values can be constructed in Table 3-2.

Table3-2: Truth Table for a Equivalence

nininkn Comment

T T T

T|F F Same truth value with Table 3-1 (row 2)

FIT F The only difference truth value with Table 3-1 (row 3)
F|F T

An equivalence has an additional necessary condition [Br07b]. Due to this
condition, propositions ) are now deemed both necessary and sufficient relates
withRofiffigd = Ay aK2NI 0 d hy &@nequialentdisfashow | &8 & G 2
that the implications 1 © fpand = © =1 hold true together. The latter is also
named an inverse[Op71, p. 48]. Suppose, if customers buy apples, that they
then buy oranges is a true implication. The inverse is that if customers do not

buy apples, then they do not buy oranges.

We summarise in this section that a typical statement of the format
G A ¥ @ ® (i dorliyiohaloA arulel If this conditional also meets specific logical
principles with a truth table they are an implication Among many modes of

implications, a material implication relates propositions together. An

’ A proposition is said to be necessary if it holds (is true) in all logically possible
circumstances or conditions [Br07c].
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equivalencds a special case of the former, where propositions are necessarily
related together all the time and are independent of user knowledge. In other
words, equivalence is necessarily true all the time, and judged purely based on
logic. We are interested in finding association rules that map to this
equivalency. By mapping to this equivalency, we can expect to find association
rules that are necessarily related with true implication consistently based on
logic. These are the association rules deemed interesting. In addition, the
process of finding such association rules will be independent of user knowledge
because the truth and falsity of any implication is based purely on logical

grounds.

3.3 Mapping Association Rules to Equivalences

We have previously explained the distinctions between an association rule
and an implication. We have also highlighted the motivations to map an
association rule to an implication. This section explains how to map an

association rule to an equivalence.

A complete mapping between the two are realised in three progressive
steps. Each step depends on the success of a previous step. In the first step,
item sets are mapped to propositions in an implication. Item sets can be either
observed or not observed in an association rule. Similarly, a proposition can
either be true or false in an implication. Analogously, the presence of an item
set can be mapped to a true proposition because this item set can be observed

in transactional records.

Having mapped the item sets, an association rule can now be mapped to an
implication in a second step. An association rule has four different combinations

of presence and absence of item sets. Similarly, there are four different
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implications depending on the truth value held by its propositions. Hence, an
association rule can be mapped to an implication that has a truth value (either

true or false).

Finally, in a more specific implication, the association rule has a set of four
truth table values. Having mapped item sets and association rules, we can now
map association rules into specific modes of implication that have pre-defined
truth table values. We focus on equivalence. Based on a single transaction
record in association rule mining, we show the mapping from association rules

to equivalences below.

3.3.1 Mapping using a Single Transaction Record

An item set has two states. In a single transaction record, an item can
either be present or absent from the transaction record. It follows then, that a
proposition can either be true or false. If an item set is observed in a transaction
record, it is analogous to having a true proposition. In the same way, item sets

are mapped to propositions r and r) as follows:

(i) Item set wis mapped to r) = "Yif and only if Wis observed.

(ii) Absence of item set ¢, that is, = &is mapped to r) = "Qif and only
if @is not observed.

(iii)  Item set is mapped to 4 = "Yif and only if (is observed.

(iv)  Absence of item set @, that is, = @is mapped tor} = "Qif and only

if ®is not observed.

Each component of an association rule is now mapped to propositions. Using
the same mapping concept, an association rule can be mapped to a true or false
implication. An association rule consists of two item sets wand . Following (i)

above:
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(i) Item sets and ware mapped to 1 GE'Qr = "Yif and only if dand

® are observed.

That is, an association rule @+ is mapped to an implication and is deemed
interesting if, and only if, both item sets are observed from a single transaction
record. Similarly, all four mappings from the association rule to its implications

are given below:

(i) @t is mapped to implication ) © n, if and only if both ®and &
are observed.

(ii) @Ot - ®@is mapped to implication 1 © =1, if and only if @is
observed and is not observed.

(i) -t &is mapped to implication =1 © 1, if and only if is not
observed, and @is observed.

(iv) =@t - ®ismapped to implication =1 © -1, if and only if both &

and are not observed.

Having mapped association rules to implications®, we use the same
mapping concept to map association rules to equivalences based on specific
truth table values. An equivalence has truth table values (T,F,F,T) (see Table 3-2)
for implications n© n, N° =1, =N° N, and =N ° =N respectively. An
association rule is mapped to an equivalence if each implication is either true or

false.

®In the above mapping involving additional condition on logical principle, each
truth preservation condition is not stated because it can be clearly understood.
For example, in (i), there is an additional condition (&is observed and @is not
observed) that is not observed. But, since in a transaction both ®and ®are
observed, the above condition is not necessary. Similarly, in (ii), the additional
condition that has been omitted (®is observed and @is observed) is not
observed.
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For example,
(i)
a. Wt
b. &t
c. Mt

d. -t

®is true, and

- is true.

- Qis false, and

wis false, and

Association rule wt+ @is mapped ton k R, if and only if

Table3-3: Mapping of Association Rules tBquivalencs

We summarise all the mappings and the conditions required in Table 3-3.

Equivalences:

\

nk

A

n

nk -n

~nkn

=Nk -n

Association Rules:

Wt

o

Wt

)

St

o

St

)

True or _False on
Association Rules

Required Conditions (to map associations to
equivalences)

T Dt ® Dt ~® Ot ® | "0t ®
F Dt " ® Dt ® -t | 0Ot ©
F -t ©® | Ot ® Dt ® Dt "®
T -t Q| Ot ® Ot ~® Dt ®

In each mapping from an association rule to an equivalence, four conditions
need to be checked. The four conditions to be passed on Wt wand Wt - ®
are the same. This is highlighted in Table 3-3. The other four conditions on both
@t -wand-®t are also the same as shown in Table 3-3.

Generally, each condition testing requires at least one transaction record to
conclude as either true or false. However, because there are four conditions,
mapping from an association rule to an equivalence cannot be carried out on a
single transaction record. A mechanism is required to judge if the first
association rule from each group can be mapped to a true equivalence having

met all four conditions. This is because an association rule holds item sets that
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can be observed over a portion of transaction records. This leads us to perform

mapping on multiple transaction records (described in the next section).

3.3.2 Mapping using Multiple Transaction Records

Previously, item sets have been mapped to propositionsrand ) if each
item set is observed or not observed in a single transaction. In data containing
multiple transaction records, an item set wis observed over a portion of
transaction records. This total number of observations is given by the

cardinality of the transactions that contain ¢, known as support.

[OANEI0,"Y( = SQus 3.1

A support Y& denotes the number of times Gis observed in the entire data.
Similarly, support Y= & denotes the number of times Gis not observed in the
entire data. Based on this understanding, the interestingness of an item set is a
relative comparison between the total number of observations of its presence

and its absence:

(i) If"Y& has a greater value than "Y= @ , then item set &is mostly
observed in the entire data, and it is interesting.
(i) Conversely, item set (is mostly not observed in the entire data,

and it is not interesting; the absence of item set @ is interesting.

Based on a relative comparison between the presence and absence of an item
set, each item set can be mapped to propositions ) and rj within multiple

transaction records:

(i) if Y& > "Y-® , then
a. ltemset Wismappedton ="Y
b. Itemset-®is mappedtorn = "O
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(ii) ifY=Q0 > Y&, then
a. Iltemset is mappedton = "0

b. Itemset-®is mappedton ="Y

An item set having mapped to a proposition is said to be interesting. The above

mapping involves only a single item set.

To judge if a union of two item sets, such as (&,&)°, is comparatively
interesting, a multiple comparison over three other possible combinations are
necessary. This is to ensure that none of these combinations is more observed
than the initial combination. For example, to judge if the union of item set
(&, ) is mostly observed in transactions, the number of transactions that
contain (@,~ @), (@) or (=®-& must be lower than the portion of
transactions that contain item set (&, &). Otherwise, the item set (&, &) cannot
be judged as interesting. Extending this understanding, it can be seen that only
one item set is deemed interesting and the others deemed not interesting™ for
each combination of the presence and absence of item sets contained within

item sets (), Q).

Having discussed the interestingness of item sets, we extend the concept to
an association rule. In addition to the previous discussion, an association rule
always involves two item sets. These are ®O,0, W-®, "W Oof =W~ W.
An association rule @+ can be mapped to implication ) © 1 if, and only if,
item set @, is interesting. Otherwise, if item set (®,&) is not the most
observed set, then the association rule @+ cannot be judged as interesting.
For each combination of items contained within item sets (&,&), only one

association rule is deemed interesting and the other association rules are

°The union of item set & &is written as (6, 6. In association rule mining, it
refers to those transactions that contain both item sets cand .

19 An exception is if two or more combinations of item sets have the same
number of occurrences in transaction records.
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deemed not interesting. The interesting one is the most observed association

rule.

Following our discussion on judging the interestingness of the union of two
item sets, an association rule is judged interesting by having the support value
of two item sets. For example, Y@, ® is higher than the support values that
have one or none of the two item sets, such as "Y®,-® , "Y=-Q,® ,

and "Y-®,~ @ . Table 3-4 denotes the supports for each association rule.

Table3-4: Association Rules and Supports

Association Rule Support
Ot © Y,
Ot —® YO, D
-0t @ YA,
St oW Y- (I), -0

We now can map association rules to implications as follows:

(i) Wt ®is mapped to an implication i © 1, if and only if,
a. Yoo > "Y®-®,and
b. 'Y, > "Y-®,w, and
. YOO >"Y-®,-®
(i) @t - wismapped to animplicationn© =, if and only if,
a. "Y®-® > YOO, and
b. "Y®,-® > "Y=-@®,®, and
. YO-® >"Y-0,-®
(i) -t ismapped to animplication =1 © A, if and only if,
a Y=o > YOO, and
b. "Y=&®,0 > "Y@®-®,and

c. Yo >"Y-0-®
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(iv) =@t -@is mapped to an implication =1 © -1, if and only if,
a. Y-®,-® > "YQO,and
b. "Y=&,-&® > "Y&,-®,and

c. Y- (I),—' @ > YA (0,(0

We give the name pseudeimplicationto association rules that are mapped
to implications based on comparison between supports. By pseudo-implication,
we mean that the implication approximates a real implication (according to
propositional logic). It is not a real implication because there are fundamental
differences. Pseudo-implication is judged true or false based on a comparison of
supports, which has a range of integer values. In contrast, an implication is
based on binary values. The former depends on the frequencies of co-
occurrences between item sets (supports) in a dataset, whereas the latter does

not and is based on truth values.

Using the concept of pseudo-implication, we now can further map
association rules to specific modes of implications such as material implications
and equivalences. Each follows the same truth values of the respective relations
in logic. In a material implication relation, for example, the negation of an
implication is always false. That is, to map association rule &+ ©ton 6 fwe
need to check if the support on its negation @t - is lower than other
supports; that is:

YOO > YO0,

Va0 > YR, 3.2

and Y-®,-® > YO,-®
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We show the mapping from association rules to material implications as

follows:

(i) ©t is mapped ton 6 ryifand only if, equation 3.2 is met.

i)  ©+ -®ismappedton 6 -1 if and only if, equation 3.2 is met.
(i) -+ ®ismappedto-n 6 nifand only if, equation 3.2 is met.
(iv) -+ -®is mapped to-1) 6 —nif and only if, equation 3.2 is

met.

Each of these association rules is also a pseudo-implication using comparison of
supports. To distinguish this pseudo-implication from the earlier one, we name
this phenomena pseudeimplications of material implication Similarly,
association rules can be finally mapped to equivalences according to their truth

table values. That is, the following conditions must be met:

YOO > YO,-O,

oy N o S noon

Y(L),(L) Y" (D,(A) y 33
Ya0,-0 > YR,-®,

andY=0,-® > Y00

and are given below:

(i) Wt is mapped ton k nif and only if, equation 3.3 is met.

(i) @t -wismappedton k —nifandonly if, equation 3.3 is met.
(iii) —®t wismappedto -1k nifand only if, equation 3.3 is met.
(iv) -t -is mapped to-nk =nif and only if, equation 3.3 is

met.

Each of the rules, having mapped to equivalence from propositional logic, is
called a pseudeimplication of equivalence We have shown how pseudo-
implications can be created by mapping association rules to two modes of
implications, material implication and equivalence. We shall focus on pseudo-

implications of equivalences because equivalences are special cases in material
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implications according to propositional logic (see section 2.4.1). Being a special
case, a ruleQ &ft-hand-side and right-hand-side are deemed more related than
compared to material implication. In fact, both sides are so much related that
they are equivalence. As a result, an equivalence relation is also bidirectional.
That is, a ruleQ laft- and right-hand-side are interchangeable. Having exchanged
both sides, this new equivalence follows also the truth table values of
equivalence. This characteristic is not observed in material implications and
NEYFAYy&a & I WwY2NB NBftl ESRQ Y2RS

and without requiring background knowledge of a domain, we need a strong
reason to identify the existence of rules. Therefore, pseudo-implications of

equivalences are our primary focus in finding rules in the next section.

3.4 Concept of Coherent Rules

The pseudo-implications of equivalences can be further defined into a
concept called coherent rulesWe highlight that not all pseudo-implications of
equivalences can be created using item sets ®and . Nonetheless, if one
pseudo-implication of equivalence can be created, then another pseudo-
implication of equivalence also co-exists. Two pseudo-implications of
equivalences always exist as a pair because they are created based on the same
conditions as shown in equation 3.3. Since they share the same conditions, two

pseudo-implications of equivalences:

MOt ®and-Ot = ® 3.4

co-exist having mapped to two logical equivalencesfy k rfand -=n k =n. The

result is a coherent rulehat meets the same conditions of:
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YO,O > YO,-0,
YO, > Y-, 35
Ya®,-® > YRO,-®,

and Y= ®,7® > Y=a®®

Table 3-3 shows the same conditions required to map @+ @tonk A, and

-t ~®wto-Nk =n.

The inverse of a coherent rule in equation 3.4 gives @t - ®and -t .
This is also another type of coherent rule provided that it meets following

conditions:

YO,-® > YO0,
“Y(,b,_'(:) >“Y_|(1),_|(1), 36
Ym0 > YO,

and Y=-0,0 > Y0, ®

Since the inverse of coherent rules can be true coherent rules, we name them
negative coherent rules (hence, typical coherent rules are always positive

coherent rules). Negative coherent rules are denoted thus:

MOt —Wand-®Ot ®© 3.7

Within a negative coherent rule, implications exist between the presence and
absence of someitem sets, whereas, in a positive coherent rule, implications

exist between both the presence or absence of both item sets.

If positive coherent rules are discovered, then negative coherent rules
between the presence and/or absence of the same item sets will not occur and
vice-versa. This is because the conditions within a positive coherent rule exist

independent of the conditions within a negative coherent rule. A coherent rule
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requires all four conditions in equation 3.5 to be met. Meeting the first
condition, for example, will violate the first condition in equation 3.6.

Specifically,

(i) If"Y® O > Y&~ is met in (positive) coherent rules, then the
condition "Y@,~ @ > "Y,& for the negative coherent rules will

not be true.

Having highlighted the exclusive conditions of coherent rules on multiple
transactions, we can now formally define it. Suppose a set of association rules,
i = l4,ip,13,14 ,is mapped to a set of logical equivalences, Q= (Q,Q,Q,Q).
Consequently any element of i that is mapped to be true of Qusing the same
conditions is a pair of pseudo-implications of equivalences and is a coherent

rule.

Coherent rules meet the necessary and sufficient conditions and have the
truth table values of logical equivalence as shown in Table 3-2. By definition, a
coherent rule consists of a pair of pseudo-implications of equivalences that
have higher support values compared to another two pseudo-implications of
equivalences (see equation 3.5). Each pseudo-implication of equivalence is an
association rule with the additional property that it can be mapped to a logical
equivalence. Association rules decoupled from coherent rules have the

following strengths:

() Association rules decoupled from coherent rules can be reasoned
as logical implications, whereas association rules cannot. This is
because coherent rules inherit logic property such as
contrapositives having truth table values of logical equivalence. As
an example, an association rule @t @ does not imply that

@t = ®is false or has a weaker strength value compare to the
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first. On the contrary, a coherent rule of &bt @and -t - WE
implies that the strength value of 0t - Qis weaker than @t .

(i) Assaociation rules decoupled from coherent rules can be reasoned
in terms of proportional error reduction [Kv81]. All association
rules decoupled from coherent rules possess the ability to predict
a consequence item set better than the marginal probability.
However, not all association rules are decoupled from coherent
rules, and so some association rules lack this property. For
example, an association rule &t @with confidence 60% is weaker
than guessing that item set will be associated by any item set
because it occurs 100% of the time with marginal probability of 1
in a dataset. In contrast, association rules derived from coherent
rules will have confidence higher than the marginal probability of
item set 0. Otherwise, they are not coherent rules.

(i)~ The concept of coherent rules is independent from any
background knowledge such as a specific understanding of the
application domain. Therefore, coherent rules do not require a
user to preset an arbitrary minimum support threshold to define a
frequent pattern. Coherent rules can be identified via truth table
values. The discovery of coherent rules and their related
association rules thus avoid many of the problematic issues

discussed in Chapter 2.

In the next section, we explain how to identify coherent rules from datasets.

3.5 Finding Coherent Rules in Datasets

Two types of datasets exist in data mining: transaction records and
classification datasets. In the data mining literature, different notations are
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often used for association rules that are discovered from these two types of
datasets. Suppose “Yis a set of transaction records. Each record within “Ywill
contain a subset of items from the superset ‘Qwhere “Q@ontains all the unique
items contained in"Y The discovery of association rules from transaction
records type of dataset is called Market Basket Analysis. On the other hand,
assume Ois a set of classification datasets that contains attributes and class
attributes. Market Basket Analysis can be used to find the association between

the attribute values that are associated with a class.

The items in transaction records ("Y can be viewed as attributes that have
Boolean values. Association rules that are discovered from transaction records
(Yare GELIAOIEfTE OFfftSR a&. D2 th&othér hand, a2 OA | G A
attributes in the classification dataset will have richer attribute types [SrAg96].
If these attributes have continuous values, they are discretised into several
categories and the a2 OAl A2y NMz S& RAaO0O2O3SNBR
1 3a20A1GA2Yy wdz Saé o

3.5.1 Coherent Rules in Transaction Records

In this section, the concept of coherent rules is utilised to find coherent
rules from transaction records. Each coherent rule is decoupled into two
pseudo-implications of equivalences. Each pseudo-implication of equivalence is
an association rule, which can be further mapped to a logical equivalence. To

find coherent rules in transaction records, we adapt the following notations.

Assume /= Q'Q8 ,"Q, a set of items. Let "Ybe a table of transaction
records (relational table) such that "Y= §,0,,8 ,0y . A task-relevant
transaction record aqholds a subset of items such that &,P "OAssume that we
can predetermine the total number of items contained in two independent

supersets \ = {¢3,8 ,63} and E = {&,8 ,63} such that \ O Qe O "Oand
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N, E=D0. Lety be a power-set function. The power-sets on item set\ is
given by “Qsuch that Q= Y (\). Let ©be the power-set on item set E such
that ' ©= V (E). We are interested in coherent rules between the two item sets
wand @, that meet the conditions in equation 3.5 or equation 3.6, where

ON QON QO NM,andw N,

As an example, consider the set of transaction records listed in Table 3-5.
Following our notations used, the unique items contained in these transaction
records are given by / and /= "Q@QQ Q9 QR . We want to find coherent
rules, where consequence item set wholds only a single item, say "@ As a result,
\l hold arbitrarily any item other than item "Qsuch that\ = QQRQRQQ,

and e = Q. The power sets of ‘Qand Qare given as:

0 eoal, v
’p VQ ) v
|:v 'Q , ’p
Ly 8 , Ly

9= {g 3.8
| F e~ g
Y {Q' ,@}’ v
|:v {'g'@}, |:v
Ly 8 , Ly
URRLRYQLEYRT

and

‘0= 8992“' 3.9

A coherent rule is between two item sets ®and &, such that N "Q, N D

® N,andw n.
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Table3-5: Artificial Transaction Records

Transaction Content of Content of Content of
ID (tid) Yo tid Yo tid Yo
1 R 11 RYRRYR |21 |'RRYYY
2 §2) 12 |'RRQRQReRLR 22 RRQ
3 R 13 RYRLR | 23 29
4 Q 14 | 'RQ2QREYELR | 24| RQRQRER
5 Q 15 |'RRQRQREYLR 25 P
6 2Q 16 |'RRQQRLRR
7 2Q 17 | "RR92QeR
8 R2REeR |18 RRLRY
9 09000 19 0999
10 RRLRYLYR| 20 RLRLYLYE

For example, Table 3-6 contains the contingency table for "‘Qand "Q as follows:

Table3-6: Contingency Tabléor: and:

Frequency of co-occurrences Coherent Rule Antecedent, +
O={g | -~0=-{g
Coherent Rule o= {g 8 5
Antecedent, N
-w=-{Q 3 9

From Table 3-6, the higher values of support are for {'@" {'&} and
-{'@" -{'@; consequently:

&+ {9 3.10
-{gt {2

The above two rules can be mapped to logical equivalences since 01 >

02,01> 03,04 > 02and 04 > 03in relate to equation 3.5, where:
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0 01="Y{R{)
(i) 02="Y{Q,~{D)

(i)  03="Y-{Q.,{'D) and

(V) 04="Y={Q~{)

The pair of rules in equation 3.10 is a coherent rule that consists of two pseudo-

implications of equivalences.

Drawn from the same dataset, we can also give an example that is not a

coherent rule based on a contingency table shown in Table 3-7:

Table3-7: Contingency Tabléor: and:

Frequency of co-occurrences

Coherent Rule Antecedent, +~

&= {Q

0= {9

Coherent Rule
Antecedent, N

o= (D

7

9

0= - (g

4

5

From Table 3-7, the support of {'@}° {'Q} and -{'Q}" -{'@} is not the highest

to support the rules:

{1
{1

~{'

3.11

Instead, the support of {'Q}" —{'@} is the highest. Equation 3.11 cannot be

mapped to logical equivalences since 01 mM02,01mM03,04mM02, and

04 > 03, where:
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0 01="Y{Q.{Q)

(i)  02="Y{Q,~{Q)

(i)  03="Y-{Q,{D) and
(V) 04="Y~{Q,~{Q)

Hence, the pair of rules in equation 3.11 is not a coherent rule.

We list five coherent rules manually found from Table 3-5 in Table 3-8 for

completeness.

Table3-8: Hve Coherent Rules Found

No. | Coherent Rules

1| {agt+ {&
{3+ -{&

2 et {&,
-2+ {9

3 | {at {e,
{29+ {9

4 1 {g+ {&
-{@t {2

5 et {1,
- 9ReRt -{'&

The interestingness of the coherent rules shown in Table 3-8, however, cannot
be tested because we do not have any background knowledge on the nature of

items in this artificial dataset.

3.5.2 Finding Coherent Rules in Classification Datasets ¢
Attributes and Class Analysis
Similar to the previous section on transaction records, we can also find

coherent rules in classification datasets. Instead of discovering the associations

between items, we discover the associations between attribute values, where

73



0KS | GGONAOGdzi S @Harfd el is @pjCallythe Nadzivafid [ thiNA 3 K {
case, each attribute within a dataset holds a binary value of being observed or
not observed. Consequently, we can then also discover the associations

between attribute values and their class values.

Suppose' = QQ8 ,R,a set of attribute values. Let Obe a table of
instances such that O= 'Q,Q,8 ,'Q . An instance, (3, holds a subset of
attribute values such that GoP ' . Suppose! holds attribute values such that

!

= {63,8 ,63} and i holds class values such thati = {G3,8 ,63}, where
''O',i O'and' i =n.Lety be apower-set function. Let the projection
B_'O onatable (O) yield records that contain attribute values —Let Q) be the
union of all power-sets on attribute values contained in' such that'O =
Z_wy! B_0O . Similarly, let @be the union of all power-sets on ©=
Z_yi B_0O . We are interested in coherent rules between two sets of

attribute values ®and &, where N O, ON 'O, ® nN,and® 1.

We create a very small artificial classification dataset derived from the Zoo
dataset (see Appendix C) to illustrate the type of coherent rules that can be
discovered. The dataset is created by writing the common attributes for five
types of animal ¢ lion, gorilla, bear, dolphin and bass fish ¢ in Table 3-9. We use
the attribute value 1 to denote observation of an attribute; a non-observation is
denoted using 0. The attribute leg contains multiple attribute values, indicating

the number of legs.
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Table3-9: Small Classificatioataset

Animal Type | Hair | Tail | Fins | Aquatic | Milk | Leg | Animal Class
Lion 1 1 0 0 1 4 mammal
Gorilla 1 0 0 0 1 2 mammal
Bear 1 0 0 0 1 4 mammal
Dolphin 0 1 1 1 1 0 mammal
Bass fish 0 1 1 1 0 0 fish

Based on Table 3-9, we consider six attributes ¢ hair, tail, fins, aquatic, milk, and
leg ¢ to describe an animal class. Among these six attributes, there are eight
unique attribute values to be considered, as shown in o

P01 ,a5Ql Bl 1 ,Mod1

adQ 1 ,60Q0 ,60Q2 ,&0Q4 3.12

GKSNE Ftyeée FGadNRO6dzGS @It dzS KFEGAy3a | ydzYSN
the attribute value can be observed on an animal. Otherwise, it is not observed.
Attribute @+ f dzS G KIF G KIF&a | ydzYSNAO @I fdzS 3ANBI
attribute value is observed in a certain quantity value. For example, 6QC§2)

indicates that a pair of legs can be observed on an animal.

Based on Table 3-9, there are two unique class values as shownin i :

= Gadaal Q1 3.13
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The power sets on the attribute values 'are given as:

, o, ,
Lower,
|:v oy 1 , I:P
Ly e 1, Ly
D= . 8, - 3.14
A o oY NN
cr @R 1,051 e
a1 e 1Y
Vi 8, Vi
and the power set on class values i :
o,
D= dayl) , 3.15
"(AIq1)

We are interested in coherent rules between two sets of attribute values ®and

@ where N O, ON O, N,and® n. We show a contingency Table 3-10
between the attribute values & ‘G@1) and & GQO0 , and class values
G i & Gi(1) and & ¢ G ¢(0) . Where & "dQ0 and & i G cix0  denotes
absence of & "@@1) and & ¢ & (1) respectively, we write each single

attribute value without the set (for example, & "G 1) instead of {& "G 1)}).

Table3-10: A Contingency Table for Milk and Mammal

Supports Class attribute, mammal
a o G (1) & 6 a ¢X(0)
Attribute, milk | & "G1) 4 0
G 'dqo) 0 1
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Based on the theory of coherent rules and Table 3-10, equation 3.16 shows a

coherent rule that consists of two pseudo-implications of equivalences:

Ga@) + G ae(l), 316
G 'd®0) + G i & G 0)

We can conveniently identify coherent rules from a contingency table such as in
Table 3-10, where the frequency of co-occurrences in quadrants 01 and 0 4 has
support values greater than quadrants 02 and 04. We highlight that the
knowledge found using the concept of coherent rules is independent of any
user inputs. It was discovered based on mapping to logical equivalences. If
decoupled, there are two association rules with the extra property that can be
mapped to logical equivalences (that is, the mammalian property of lactation).

This is supported by general knowledge [Ra08].

The discovery of coherent rules is useful in application domains where the
domain knowledge is not known to a user or is difficult to grasp. In the retail
domain, the reasons for associations between items are not obvious. Customers
have various reasons to buy different items together. Using mapping to logical
equivalences, we can discover coherent rules and its association rules without
the need to survey on customers. As a result, we know some items are

associated together based on logical grounds.

3.6 Conclusion

In this chapter, we introduced a framework for coherent rules mining in
datasets. Coherent rules are always discovered in pairs. Coherent rules can be
further decoupled into association rules with the properties that each
association rule can be further mapped to a logical equivalence, and that each
association rule can be supported by the inverse of the association rule. This
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framework for coherent rules mining in datasets is important because it finds
association rules without requiring a minimum support threshold. It also allows
association rules to be reasoned as logical implications. In the next chapter, we
shall propose an algorithm to automate the search for coherent rules in

datasets.
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Chapter 4

MINING COHERENT
RULES

4.1 Introduction

This chapter proposes a means to measure and an algorithm for the
generation of coherent rules based on the theory discussed in Chapter 3. The
measure provides coherent rules with a quantified strength value for their
interestingness. Then, prior to generating coherent rules, we devise a strategy
to identify the most effectual set of coherent rules. The effectual set of
coherent rules are those coherent rules that have the strongest strength value
and contain the least number of items in the rule. Action can be easily
implemented by users based on the most effectual coherent rules where short

rules are more actionable than long rules.

To find the shortest and strongest rules, an algorithm was devised.
Although the aim of the algorithm was to find the shortest and strongest rule,
the algorithm was also designed to be flexible enough to find weaker and longer
rules if these are desired by the user. In this situation, the user needs to specify
parameter values to the algorithm. However, these parameter values do not
require users to have background knowledge (in terms of minimum support

79



thresholds, strength values or the size of rules in a given dataset) in order to set
the values. Hence our algorithm does not pose the problem typically associated
with the 01)i "@i "tbased algorithms in theory. The design of our algorithm also
considers the efficiency of its data processing. Furthermore, the design
minimises the amount of memory usage during the rule generation process by

exploiting the anti-monotone property of coherent rules.

The chapter is set out as follows. In section 4.2, we introduce the
terminologies followed by the search space that needs to be explored to
discover coherent rules and the useful constraints that can be imposed on
coherent rules mining. Section 4.3 provides an analysis of the properties 2 ¥,
coherent rulea feasure of interestingness ‘O and considerations on how to
devise < intoQ In section 4.4, a procedure to systematically generate all
candidate coherent rules is described. Section 4.5 describes the generation of
coherent rules using constraints. The algorithm to generate a complete set of

coherent rules is given in section 4.6. The chapter concludes in section 4.7.

4.2 Terminology and Considerations

In this section, we explain the terminologies and useful constraints
necessary to generate coherent rules. The search space for coherent rules is

also explained.

4.2.1 Candidate Coherent Rules

Using the notations originally presented in section 3.5.1 on transaction
records, the following argument describes candidate coherent rules. Let
/= Q@Q8 ,Q, aset of items. Let "Ybe a table of transaction records such

that"Y= ¢,,0,8 ,Q, . A task-relevant transaction record, &, holds a subset of
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items such that &,P "O Assume item set\ = {¢3},8 ,63} and E = {@,8 , 03}
suchthat\ O"0e O Qand\. E = n.LetV be the power-set function. We are
interested in coherent rules between two item sets and &, where N Y (\),
ON V(E),® N,and® I. We can pair any ®and ®together to denote a
possible coherent rule, which is termed a candidate coherent rulend is

denoted by:

Given transaction records Y some of “Ymay contain ®wand &, and some of Y
may not contain wand & We write to denote the observed item set wover a
set of some records in "Yand = @to denote the absence of the item set & over
some transaction records. The sum of all transaction records that contains ¢ or

- is &, which is the total number of transaction records.

Assume that item setN = (&,—~ @) and item set + = (®,- @), candidate

coherent rules can be generalised as:

n..+ 4.2

Candidate coherent rules that meet the conditions of coherent rules specified in

equations 3.5 or 3.6 are coherent rules.
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4.2.2 Coherent Rules

If candidate coherent rule &..meets the conditions of coherent rules in
equations 3.5 or 3.6, it is a coherent rule. We use the following representation

to represent coherent rules:

The tests that need to be performed to discover the candidate coherent
rules involve scanning the transaction records for multiple support values.
Coherent rules are discovered from the set of candidate coherent rules. This
process can be costly in terms of time. A coherent rule & C @implies that item
sets wand always occurred or non-occurred together. If &..meets & C &
conditions, then we can also decouple a coherent rule into two pseudo-

implications of equivalences following equation 3.4:

Ot wand-Ot - ® 4.4

From-&OC-4& we can derive the same association rules in equation 4.4
because coherent rules are a pair of association rules mapped to logical

equivalences.

Similarly, if .. & meets conditions of G C-&, or if .. meets
conditions of =& C &, then we can also decompose them into two pseudo-

implications of equivalences following equation 3.7, thus:

Mt —Wand-®Ot ®© 4.5

Since W C®and -~ C-®will give the same pseudo-implications of

equivalences in equation 4.5, it is sufficient to discover only & C &. We call this
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form of coherent rules positive coherent rulesSimilarly between & C - ®and
- CAQ it is also sufficient to discover only @ C— ¢ Rules of this form are
called negative coherent rule$n general, given any two item setsN = (&, @)
and + = (- ®), if the candidate coherent rule N ..+ meets the conditions of
coherent rules, then it is a coherent rule N C+. In conclusion, given two item
sets wand &, we only need to verify whether candidate coherent rules .. or

..~ wmeet the conditions of coherent rules.

4.2.3 Search Space for Coherent Rules

This section explains the naive search space to generate all coherent rules
over item sets ®and . The search for coherent rules depends on finding the
candidate coherent rules from a given set of transaction records. The number of
candidate coherent rules increases exponentially in proportion to the total

number of unique items contained in the transaction records.

Suppose transaction records “Ycontains a total € number of unique items
and that item set E consists of a single item. Let the item set \l contain
0=¢ 1litems. Itis necessary to find all combination of items in \l, which is

given by equation 4.6:

.. =20 4.6

where the value ‘Qranges from 1 to 6.

The item set E is predetermined. Assume it contains U number of items. As
a result, item set\l contains6 = ¢ 0 number of items or attribute values.
Typically, 0 = 1in transaction records of sparse item sets, and U takes the total

number of class values in the classification dataset where the item set E is the
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class value. Those items incurred in item set e will not appear on item set \
because ' E = N by definition. Our algorithm finds coherent rules with a
NHzt S QRand-bide EbRtdining a single item or a class value where 8= 1.
Referring to equation 4.6, it is not computationally feasible to test all possible
®..&for O C®in a set of transaction records that contains large number of

items O due to the exponential search space.

4.2.4 Constraints in Coherent Rules Discovery

Assume a user need only find coherent rules in which & contains, at most,
& 6w i & number of items. It is not necessary to search for all the coherent rules
within the exponential search space as in equation 4.6. By knowing the
properties of the coherent rules that need to be discovered, we can impose
constraints that avoid certain search spaces. The new search space is smaller
than the entire search space:

G oo a

0] .
o < 2° 4.7
. Q

x1

This search space will be less than 29, because typically & ¢x i & is less than the
total number of items 6 contained in item set\l. By constraining the size of

item set @ required, we can reduce the search space.

In another scenario, assume that coherent rules ¢ C ¢can be measured for
their interestingness according to some pre-defined measure and yield a

strength value "Q

® C @, interestingness = h 4.8
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Again, assume the strength value "Qinherits the anti-monotone property and
GKFG Fff O2KSNBYy(d NYz S&a KIF @S Q=102 aA0A QS
the rule is not a coherent rule. The search space can be reduced by exploiting
the following properties. Let .. and &O..be two candidate coherent rules
such that & P &O. If ¢.. (has the strength value "Q= 0, or has a strength value
less than O per cent from the strongest coherent rule (that is, found through an
algorithm and not specified by a user), then following the anti-monotone
property, O..Qis either not a coherent rule GO C wor will not have strength
above 0. In the case that a user wants to discover coherent rules with a
strength of at least 0 per cent from the strongest coherent rule, then we can
avoid considering WO..wwhere &..Whas the strength value Q= 0, or has a
strength value less than 0. In an extreme case, item set tcontains a single
item, say "@ and this is removed from item set \l. As a result, all &O.. will not
contain g and the new search space is halved. This strength value constraint
allows us to extract only a subset of coherent rules of at least 0 per cent from

the strongest coherent rules.

4.3 Coherent Rule Measure of Interestingness and

Its Relevant Properties

In this section, we define interestingness of coherent rules and derive a
measure to quantify the strength value for each coherent rule discovered. The
measure of interestingness is augmented based on the traditional measure of
association in statistics called lambda(<) [GoKr54]. The augmented < quantifies
the coherent rulesCability to predict based on a pre-selected item set . We call
the augmented < Y=eThis measure of interestingness, 'Q is derived from <

which has the property of an interval level of measurement. 'Q is arbitrarily set
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at zero; it is based on a different scale depending on the statistics of item set .
Based on this property, it is important to highlight that during the discovery

process, we should only compare coherent rules with the same item set .

4.3.1 Properties of the Measure of Interestingness ¢

060 GXxd

The measure of interestingness, lambda_, contains two properties that
make it suitable for use as a measure of coherent rules. The first property
relates to its characteristic as an asymmetrical measure, while the second
property enables the statistics on the distributions of observations of the

variable to be taken into account.

First, lambda_ is an asymmetrical measure [GoKr54] that considers the position
of item sets and the direction of a rule. The quantified strength value denotes
the interestingness of knowing that item set wcan be used to predict item set
Q. This is distinguished from the converse ¢ using item set (to predict item set
Q. In contrast, other measures such as support [AgimSw93], 6'Q (YND[Pi91]
and ¢ (also called interes) [BrMoUITs97] are symmetrical measures where
the position of items and the direction of association are not considered. Other
symmetrical measures of interest include coverageand bond (mentioned in
[OmO03]), collective strength[AgYu98], Chisquare and Chisquarel-based
measures such as Phiand / NJ Y S [\iBBh Association rules identified by
these interestingness measures without the use of other measures of
interestingness are not implicational because they do not describe the
asymmetry strength of a rule between two item sets. Being a type of rule,
coherent rules have an association direction (from item sets wto &). Coherent
rules have their item sets wand wdrawn from two independent power-sets of

items, sets\l and E, separately. Thus, an 8@ YYSGNA OF f YSI adzNB &
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better suited to measure the interestingness of coherent rules than

symmetrical measures.

The second property of G KS <  ‘esabled doNslleration of the
statistics of the distributions of observations of the variable being measured
(for example, the total number of occurrences of the item set ). Other
asymmetrical measures of interestingness, including conditional probability
(which is called confidence [AgimSw93]), lack this property. Authors
[BrMoUITs97], [We03, p. 31], [HaKa06, p. 260] argue that without the
consideration of marginal statistics, a measure of interestingness could report a
high strength value on rules that have a high marginal probability. Item set ®
could have occurred frequently in a set of transaction records with or without
the presence of item set (. As a result, the interestingness quantified is often
not interesting due to the already high marginal occurrences of item set (.
Finding @t cwith a confidence value lower than the marginal probability of &
for example, is not interesting. They are likely to be associated because item set
whas occurred most of the time in the dataset. The < Y S I odlectoivd8s this
weakness by quantifying the number of interactions between item sets and &

above the marginal statistics.

In addition, the marginal occurrence or non-occurrence of item set &can
be established by a user without any prior knowledge because item set @
represents the minimum prediction accuracy that can be attained without
employing any data mining technique. Hence, tK S <  Y'iS & gbalzdse
from which to develop an interestingness measure of coherent rules because it

indicates the strength of the rules in describing:

(i) the extent to which item set @is associated to item set above

the statistics of marginal occurrences (or non-occurrence), or
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(i) the strength of this association beyond that which can be guessed

by a user.

The measure of lambda proposed by Goodman and Kruskal [GoKr54] is

expressed in equation 4.9:

]l = —— = 4.9

where Q is the prediction error committed using prediction rule 1 and ‘G; is the
prediction error committed using prediction rule 2 (as explained in section
2.4.2). Suppose we want to make a prediction concerning item set @ We
employ a strategy that sets the lowest prediction error allowed on guessing
item set cwgiven by Q. That is, if we know item set & occurs most of the time in
a set of transaction records, then we can guess each transaction record to
contain item set &y otherwise we guess that each transaction record does not
contain item set &. Hence, the minimum error in using prediction rule 1 to
predict item set @is the minimum value between two marginal statistics ¢ the
total number of occurrences or non-occurrences of item set @in a set of
transaction records. The total number of occurrences of item set win a set of
transaction records is the summation of supports on association rules involving
item set . Referring to Table 3-4, these are the summation of Y, and
"Y- @, . Similarly, the total number of non-occurrences of item set @in a set
of transaction records is the summation of supports on association rules
involving item set = &b With reference to Table 3-4, these are the summation of
"Y@,-® and "Y=@,~® . As a result, the minimum error in using prediction
rule 1 to predict item set wis the minimum value between "Y®,® + Y= ®,®

and "Y®,-® + Y0, Q:
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Q = min Y0 + Y200, YO0 + Y-0-0 4.10

The minimum prediction error in knowing item set @ to predict item set ,
is the minimum of support between @ and ®, and & and - @ that occurs
together. Referring to Table 3-4, this is& "® "Y®, & ,"Y®,~ & . Similarly, the
minimum prediction error in knowing item set - @to predict item set ®wor =&
iSA @Y=M, Y-®-® ). The summation of both prediction errors yields
the minimum prediction errors of knowing item set & or - & to predict item set

Q= min YOO, YO0 + min(Y-0,0, Y00 4.11

Thus, the measure _ in equation 4.9 is written using equation 4.12:

min “Y(I),(I) + “Y—| (I),(I) ,“Y(I),—I(:) + “Yﬂ (:),ﬂ(:)
min “Y(I)’(I) ,“Y(I)’_Id) + min (“Y—l (I),(I) ,“Y—l (I),—l(I)) 4,12
min 'Y(l),(l) + Y~ (,L),(b ,“Y(,b,_l(b + "Y= (I),—ld)

where “Ydenotes the frequency of co-occurrence.

Let "@odenote the choice between two marginal statistics for the lowest
prediction error made, which is a fixed value in a given set transaction record

(using min function) "@ = 'q:

W= YO, + Y00, YR, + Y0 4.13

Equation 4.12 can be written as:
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@ a8 YO, YO0 +a@(Y-0,0,Y-0-0) 414
=" "o )

The measure of lambdahas a zero value that depends on the marginal statistics

of item set ™. Given the scenario, where rule ®+ has_ = 0.1, this would

meanWnom 2dzi 2F mMenQ 2N mx: Y@NSthax y § SNBa i
is, prediction rule 2) compared to just knowing the marginal cases that & + @

(that is, prediction rule 1) where item set & is any random item set such that

¢ ®=n.The strength value of the < Y S| & dzNa& orlyaf, kmewing F

the item set & completely specifies the item set & [GoKr54].

4.3.2 Augmenting Measure Lambdaas Measure of

Interestingness 'O

In this section, we define the interestingness of coherent rules and
augment the < Y SF &adzNB G2 ljdzZ yaATFe GKA@ AyidSNE
interestingness can be denoted by the degree of usefulness in knowing item set
Wto predict itemsetxd ¢ KS aGNBy3IdK QI f oeSatiskich, IAOSY
GKS < YSI &adzNB A& (&LA Ol f {%Goks8]} whateNBE R 0 S (i
each variable contains many categories. Informally, each category can be
mapped to an attribute or an item set in association rule mining. The value
givenbythe< YSI &dzNB Aa dzylF FFSOGSR o6& GKS LIS
categories. 2 S KA IKE A IKG { Kyldéfault) iKrdt measuih thed dzNBS
strength of association between two item sets. Rather, we are augmenting the <

measure to determine the interestingness of two item sets for the coherent

1 since the total number of = ¢is also a function of the total number of &,
12 A place holder for terms and names [Br08c]
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rues®Cad C2NJ SEF YL SZ GKS 2NRIAAY e
interestingness between two variables © and 6. Let 0 be an independent
variable that has two categories and let 6 be a dependent variable with three
categories. The statistics of an observation on variables © and 6 are presented

in the contingency table depicted in Table 4-1,

Table4-1: A Contingency Tabléor VariablesA and B

0, 05 Total
6, | 300 | 600 900
6, | 600 100 700
05 300 100 400

Total | 1,200 | 800 2,000

Applying the formula given in [GoKr54], <A a OF f Odz | 4 SR
however, that < provides the strength of the connection between the two
variables 0 and 6. The strength of the relationship of the categories (or item

sets) for examples 6, + 04 and 04t 0, are not known.

In our approach, we need to measure the strength of the relationship
between the categories rather than variables. In addition, we also need to
consider the state of presence and absence of items. Hence, we need to break
the categories further into sub-categories of existence and absence of
categories. The statistical value of these categories when applied to rule mining
can be based on the support values. Based on the data in Table 4-1, a
contingency table of all possible support values of 64, =04, 6; and = 64, can be

created as depicted in Table 4-2:
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Table4-2: A Contingency Tabléor Categories= and ||

0, -0, | Total
0, 300 600 900
-0, | 900 200 1,100
Total | 1,200 | 800 2,000

The value of =04 for category 0, is calculated as total of 0, (or the coverage
value of 04) minus the support of 8, for category 0, (that is, 1,200 ¢ 300 = 900).
Based on this procedure, we can construct many more contingency tables for
each possible sub category. TK S < Y &t ndwiddIBsed to quantify the

categories between 0, and 0.

Let \l and E be two item sets such that I O "Gand e O "OFor each element
of the power-set of item set \l such that &N v (\), its binary states are given
by —such that @ = {—,—g}. — is the item set ®observed and —g; is the item
set @ not observed. Similarly, ©®= {—,—a}, where — is the item set @
observed and — is the item set (not observed. The augmented < lj dzI YU A FA S a
the interestingness of the two item sets @wand . Hence, we can use the

FdzZAYSYGSR < YSI &dzNB (i 2theljotereyt ftulesE&E A Yy G S NB & U
It is interesting to observe that the measure of interestingness< Y I & KI @85

value greater than zero even for those candidate rules that do not meet the

conditions of coherent rules. (See Appendix A for conditions of <) Hence, we

needtoapply i KS O2KSNBy(d NHz Sa O2yRAGAZ2Yya&a (2

call this augmented measure "Q The definition of "Ois given in equation 4.15:

YOO > "YO-®,

g YOO > Y00,
VRO = = Yai -6 > Y& -6 and 4.15

e Ya® A0 > YAR,0
(0, £6C0 0 "6
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All four conditions need to be met to give a positive value to "Q The value of _

can be calculated based on the support values:

4.16

@ min (YRR ,YDAG)  min (Y06 ,"Y-0-0)
_ G

where:

@=min YOO +YR-®, Y00 + Y00 4.17

The same principle is applicable to any combination of observed and non-
observed item sets such as (wand = &), (-&and &) and (- ®and - &). That is,
given item setsN = (&, @) and item set+ = (- &), if the measure of
interestingness ON ..~ > 0, then coherent rulesn C+ are found, and its
interestingness is equal to_. This situation suggests that knowing n will be

useful in predicting + .

Givenn C+, where + = ¢ the coherent rule with its interestingness can

be written as:

Ot and-®t+ - interestingness ="Q 4.18

Similarly, a negative coherent rule having + = xdcan be written as:

Dt —®and -t ) interestingness ="Q 4.19
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4.3.3 The Effect of "Oin the Design of the Mining

Algorithm

We highlight an important property of the coherent rules measure of
interestingness "'Othat pertains to the discovery of coherent rules. Coherent
rules measure of interestingness 02 NA&A 3 A y I (wBidR prddde®s Yalueas a
ratio. Each ratio value is an interval level of measurement with an arbitrary
zero. For example, the positive value given by the measure QN ..+) is a ratio
over the statistics of the total number of item set +. A different denominator
@t dzS ¢2dzZ R NBadzZ G A yherkforeRitisTrieaSingBsytd
compare the same strength value across coherent rules having a different item
set wbecause they are of a different scale. Analogously, it is similar to the
measure of temperature. We do not compare across the scale of Celsius and

Fahrenheit; Wn Q /is8dt thesatzdasWn Q CF KNBY KSA (G @

Due to this above property, it is unnecessary to find all the coherent rules
with a strength value above zero but with a different item set +. Hence, once
an item set whas been selected from +, the complexity of generating candidate
coherent rules is only bounded by the complexity of generating power-sets on
item set \l and checking the suitability of the elements in this power-set as an

antecedenttotherulen +

Finding negative coherent rules is similar to finding positive coherent rules
with the difference of consequence being = & Hence, we can use the measure
of interestingness 'Oto quantify and to identify both positive and negative
coherent rules. However, since whas a different statistic compared to = &, the
algorithm to find all coherent rulesn C+ must be a two-phase algorithm. In
this first phase, the algorithm finds positive coherent rules withn = @and
+ = @ and negative coherent rules withn = ®wand+ = = ®in the second

phase. Such an algorithm also allows easier separation and identification of
94
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positive and negative coherent rules and has the advantage of omitting the
second phase when negative coherent rules are not required. In some
application domains, it may not be necessary to identify negative associations.
For example, in a retail situation, it would be unusual to want to know if apples
are associated with dnot pears¢, or if onot applese are associated with pears.
The two-phase generation of positive and negative coherent rules thus provides
a means to generate either type of coherent rules, although both can also be

generated.

4.4 Generating Candidate Coherent Rules

In this section, we propose an approach to systematically enumerate
elements of power-set \l to avoid repetition. Recall that in transaction records,
we fix the member of item sete to be a single item, and in classification
datasets, we allow the member of item set e to be the class attribute value.
Assume item set \l contains a total of 6 number of items {Q®8 ,®}. All
elements of power-set \l are given by item set ygwhere @ 2°. Assume each
item set Ggs indexed using a binary system. For example, the first item set null

~ A N A

oritemsetg; A4 AYRSESR dzaAy 3 0 AdkbiNiBdexsddzY 6 SNI ¢

oA N A~

We systematically generate item set (cand pair it with a pre-selected item
set to form a specific candidate coherent rule &g., wherel "Q 29,
Generation of candidate coherent rules using the above order results in no
repetition. Given item set\ = {Q Q&' and = {Q, we show all possible
candidate coherent rules (q. &, where ' 24 starting from £6&1.'Q in Figure

4.1:
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= (null)..e

Figure4.l: Fixedstructure torepresentall Candidate Coherent Rule(s,=|=| )

Let &..and &3O..Mbe any two coherent rules such that & O &O. Employing

the order previously described enables:

() focus on the use of the anti-monotone [HaKa06, p. 235] property
to avoid generating and testing all 2° candidate coherent rules,
and

(i) generation of candidate coherent rules WO..without the need to

store all coherent rules . . (.

Following (i), candidate coherent rules @WO..are only generated after
Q..Q. If a candidate coherent rule @..wdoes not meet the anti-monotone
property, then further generation of candidate coherent rules &WO..wis not
necessary (which in turn will save scanning time by not performing the tests on

coherent rules WO..®). Consider the example depicted in Figure 4.1. If
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candidate coherent rule Q. Qdoes not meet the anti-monotone property, then

6X2.'Q Q2. 'Qand G . Qneed not to be generated nor tested for coherent rules.

Following (ii), to generate a (current) candidate coherent rule, we only
need to know the last generated candidate coherent rule. This is because by
FRRAY 3 | 0AlyQ NB2 yOKD SO2 NNBALRYRAY3I O0AYIl I
3SYSN} 4GSR OFYRARFIGS O2KSNByd NHzZ SQa | yi
current candidate coherent rule. Hence, the memory requirement to generate a
candidate coherent rule is low. In contrast, a typical association rule mining
using the Apriorialgorithm requires that all the candidates of a previous level
be kept in memory before generating all the item sets for a current level. As the
total number of item sets grows exponentially, the memory storage required
also increases. In contrast, our generation technique eliminates the need to

keep exponentially large candidate coherent rules in memory.
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4.5 Selectively Generating the Most Effectual

Coherent Rules

The potential search space for coherent rules is large. Consequently, it is
not feasible to generate and test all the candidate coherent rules to determine
the length and strength of each. In this section, we describe a strategy to
generate the shortest coherent rules with the strongest strength values. We call
these rules the most effectual coherent rules. The algorithm we name
Generalised Shortest and Strongest Goherent Rules ("'OYYQ'Y) can be used to
discover the shortest and strongest coherent rules without generating and

testing every possible combination of items.

The strategy to identify the most effectual coherent rules relies on four
constraints. These constraints inherit the anti-monotone property, and are
based on our proposed order to systematically enumerate elements of power-
set \l described in section 4.4. The process of finding the most effectual
coherent rules is conducted as an iterative process over a number of item sets.
A superset will not be generated if an item set fails to meet the conditions
posed by the constraints. In this way, generation of non-interesting candidate

coherent rules is avoided.

Among the four constraints, the constraint that is constructed based on the
properties of coherent rules in equation 3.5 is the most fundamental one. In
each iteration over a number of item sets, the four constraints are tested in a
sequential manner. The constraint in equation 3.5 is the third constraint in this
sequence. It is preceded by the first and second constraints that detect non-
interesting coherent rules based on strength values. If a candidate coherent
rule is forecast to have a strength value less than the strongest coherent rule

then this candidate coherent rule and the candidate coherent rules that have
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associated supersets are not put forward for further consideration. The fourth
constraint ensures that the future generation of candidate coherent rules are
shorter, in term of the number of items, or at most contain the same number of
items compared to the strongest coherent rules articulated. Together, these

four constraints generate the most effectual coherent rules.

4.5.1 Finding Valid Coherent Rules

A fundamental concept of coherent rules is that the coherent rule meets all
of the conditions listed in equation 3.5 (or equation 3.6 for negative coherent
rules). In this section, we identify that some coherent rules binary conditions
inherit anti-monotone properties. These anti-monotone conditions can be
exploited to selectively test candidate coherent rules to avoid generating all

candidate coherent rules.

4.5.1.1 Changes in Support Values

In this section, we analyse the relation of the support value of ..&and
&O.. dwhere & O &O. If support value of GOis equal or less than the support

of &, the support value is considered to possess the anti-monotone property.

Based on Table 3-4, in coherent rules mining, four support values need to
be considered for a given candidate rule &.. ¢ Assume a function ™0 @ (.. ),
where Z = (1,2,3,4), we have four support values of a candidate coherent rule
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0 "YIR.0) = YOO
() "02(0..0) = Y&, ®
(1 "O3(..0) = Y-O,®

4.20

(V) "04(R..0) = YR, R

Also, let a coverage function, i (&), give the frequency of occurrences of item
set in this transaction record. Because ®O @Oand & O= n, the total
number of items contained in item set G will be less than those contained in

item set WO

F0s< WO 421

The coverage value of item set &, on the other hand, is larger or equal to this

coverage value of its superset wOin a set of transaction records:

Q) 8(O) 4.22

Hence the coverage value has the anti-monotone property.

Recall from the contingency table shown in Table 4-2 that the coverage
value 6(&) is a summation of two support value functions ™1 &..& and
"Y)2 &..0 . Based on the same principle, other coverage values, i (=), 1 (&),

and i (=), can be derived from these functions and depicted in Table 4-3:
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Table4-3: A Contingency Tabléor Candidate Coherent Rusg=..-)

) -0 Total
@O | ™MLO.0 | N2 ®.Q A
= YO,® =YO-®
=0 ["Y3 0.0 | D4 Q.0 A
=Y00,0 | =Y w-W®
Total () i S a

Since item set Wis pre-determined and remains unchanged throughout the
data mining process, the values given by coverage i (&), and i (=) will also
not change throughout the process. On the other hand, the value of 6 & will
change because item set @ may change during the mining process. The support
value of a static item set &, Y, @ , is equivalent to the support value of the

union of item set ¢y and a null (static) item set, plus a constant value, { &

Y@, = YRE00 +i® 4.23

Since the union of item set ®and null is also item set @, the support value

"Y@,£000 is the coverage of G

W =Yk eo0 4.24

It is therefore safe to state that the support function "Y®, & with an unchanged
item set @can be mapped to coverage, and also inherits the anti-monotone

property following the property in equation 4.22:

Yoo YOO, 4.25
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Similarly, we can reason that another support function, "Y,— @ , with a
pre-determined item set - @also inherits the anti-monotone property. Unlike
Y&, and "Y@,- @, the other two functions: "Y=®,& and Y-~ @ are

mappedtoi -® .1 -, the additive inverse of i @ :

Ph=a a0 4.26

where & is a fixed number of transaction records. If the coveragei & inherits

the anti-monotone property, theni - & shows the monotone property:

(=) 6(~&0) 4.27

As a result, the support values "Y=@,® and "Y-@,—~ @ are also monotone.

Because the support value function ™Y1 &..( gives the support value
Y@, , and the support value function ™2 &..% = "Y®,-~® , as in equation
4.20, we can re-write the relation between function ™1 in ¢&..&and &O.. &

thus:

"1 D0 N1 N0.0 4.28
and:

"2 D.0 N2 &O.0 4.29

Since™3 M. = Y=, and "4 0.0 = "Y-O, -0, we write:

"3 N.0 N3 0.0 4.30
and:

"4 D..0 N4 NO.0 4.31
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Following equations 4.28 - 4.31, based on the anti-monotone and monotone

properties, the changes in support value functions between @O..®wand @..®

are given by:
W10 ="Vl h.o 11 4.32
2 BO.O = V2 0.0 T2 4.33
"3 W@O.O = "V3 O.0 +13 4.34
"4 GO0 = V4 D0 +] 4 4.35

Among the four support value differences,| 1 and| 2 are reduced from
functions ") 1(..¢) and ™) 2(.. &) separately due to their anti-monotone
properties. Furthermore,] 3 and] 4 are added to the functions ™ 3(..) and
"Y) 4(%.. () due to their monotone properties. We summarise the change in

support values using function| [&):
1T O=SY® ®.0 "MWO.M)swhere®= 1,234 4.36

Based on the changes in support values as denoted by function| &, we
relate each support value function between candidate coherent rules @O..®

and @..®in Table 4-4.
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Table4-4: A Contingency Tabléor Candidate Coherent Rules(. .11

@ - Total
@O | "1 G0.G = "2 BO.¢ = i @O =
1.0 11 "2 OO 12 i (1+12)
~@O| "3 @O. = b4 0.0 = i ~G0 =
N3 0.0 +13 N4 0.0 +14 i a® +(3+74)
Total i Q= i a0 = a
i 11+13 i 12+714

The support value functions ™0 @& (&3O..®) and ™ & (&..(), where Z =

(1,2,3,4), are defined as:
W1 BO.0 + 2 GO.0 + M3 GO.H + V4 BO.H =
"B1 .6+ B2 0.0+ D3 DD+ D4 RO 4.37
+ 11 12+13+14

That is, we have an important relationship between the changes in the support

values (| ) between &O..wand Q.. Wviz:
11+72=173+74 4.38

The reduction of support values in support functions "Y1 é.. and

"2 &..0 are injected into the support functions ") 3 .. and "Y)4 &..O .

In summary, any coherent rule @WO..®has a reduced (or at least) support
values on "W1 GO.® and "YH2 &O.® compared to "Y1 &.® and
"Y)2 &..0 respectively. In addition, the magnitude of the support values
reduced from "MW1 &..& and "Y2 &..&% are increased on "Y3 .. and

N4 ...
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4.5.1.2 An Anti-monotone Condition of Coherent Rules

Based on the understanding on the changes of support values, in this
section, we determine whether any of the four conditions of coherent rules in

equation 3.5 inherit the anti-monotone property.

The anti-monotone property [HaKa06, p. 235] states if a set cannot pass a
condition test, then all of its supersets will also not pass this test. In our
proposed order to generate candidate coherent rules in section 4.4, candidate
coherent rules WO.. Wware only generated after @..wwhere Ois superset of .
The anti-monotone property will thus be useful for pruning both ineligible

candidate coherent rules and their associated supersets.

We start with the second condition and re-write the second condition on

candidate coherent rule &..using support functions:
"H1 .0 > "3 W.0 4.39
We re-write the condition as a ratio:

"1 Q.0

"3 0.0

With reference to Table 4-4, the same coherent rules condition on candidate

coherent rules @WO.. ware:

"1 0.0

N3 0.0
) 4.41
M1o.6 11
b3 oo +1 3

1

Depending on the value] 1, the numerator is always smaller or equal to

"Y)1 .. . Depending on the value] 3, the denominator is larger or equal to
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"Y)3 &..% . As a result, the ratio of the support values of candidate coherent
rules WO..wis smaller or the same as candidate coherent rules .. Thus, the

second condition of coherent rules in equation 4.40 inherits the anti-monotone

property.
"1 h.0 Yl H0.e
~ 5 P AP Tr— 4.42
Y3 .0 03 Wo.w

If n C+ does not satisfy the anti-monotone constraint (that is, —2; 22 is

IANBF G§SNI (KL ¢+ WiMaRonat méektise onstraint. Thus, we can
avoid generating N. €+ . (A similar approach can be used to show that neither
will the first, third and fourth conditions of coherent rules inherit the anti-
monotone property. For a summary, see details in Appendix B.) By avoiding

n. C+,we may selectively generate the needed coherent rules.

4.5.1.3 Generalising the Anti-monotone Conditions of

Coherent Rules

In this section, we extend our discussion of anti-monotone conditions over
any two pairs of two item sets regardless of their absence or presence. The
generalised anti-monotone condition is used to test all candidate coherent rules

if they are coherent rules.

LetN..+ be candidate coherent rules such that item setn = (&,~ &) and
item set+ = (&),— ). Item set and ware both elements of the power-sets,
such that N Y (N), N V(E),® n,and® 1. The function™ & (N..+)

finds all the support values given by ™ ¢ (.. ) in equation 4.20.
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To find coherent rulesn C+, wheren = dand + = @, the function
"Y) & (N..+) finds all the support values given by ™ & (.. in equation

4.20:

0  "BIN..t) ="YO0

i)  "P2M..t) ="Y&,-d
(i)  "P3M..+) = "Y-&,0
V)  "DAMN..x) = "Y=d,-0

4.43

To find coherent rulesn €+, wheren = Gand+ = =) the same function

" & (N..+) finds all the support values:

0 "B1M..+) = Y-
(i) "D2(N..+) = YO0

, 4.44
(i) "P3(MN..+) = Y-

iv)  "D4MN..+)="Y-N,0

The anti-monotone constraint in equation 4.39 can be generalised over item

setsN and + (in either the absence or presence of item sets). That is:

~ ~

"W1ln..+ >"™M3N..+ 4.45

The conditions "Y®,® > Y=, and "Y®,—-® > Y- @~ ® have the anti-
monotone property following the generalised constraint ™d1 n..~ >

"Y)3 N..+ inequation 4.45.
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4.5.2 Finding the Strongest Coherent Rules

In section 4.5.1, we demonstrated the application of a generalised, anti-
monotone condition in order to selectively generate coherent rules. To
generate coherent rules with the strongest strength values, we imposed anti-
monotone constraints on the measure of interestingness 'Q This technique
enabled us to avoid generating large numbers of coherent rules and then
filtering them for the strongest coherent rules. Instead, we only generated

coherent rules that possessed the desired characteristics.

4.5.2.1 Anti-monotone Property Absence and the Measure of

Interestingness

In this section, we show that a coherent rule with strength value "Qdoes not
inherit the anti-monotone property. That is, the strength value measured using
the measure of interestingness "'OonN. C+ can be higher or lower than when
measured on N C+. In this situation, we suggest that an approximation of 'O

be used. The approximation should possess the anti-monotone property.

First, we will show that "'Odoes not have the anti-monotone property. The
measure of interestingness ‘Ostated in 4.15 can be generalised over any two
item setsN and + such that item setn = (®,— @) and item set+ = (Q, - ).
Item set ®wand dware both elements of the power-sets such that w™ v (\),
ON V(E), & Dn,and 0. It follows that ' C+ must have positive strength

value; otherwise, it is not a coherent rule:

Y1 n,s >"2n,+
ceo n,- >"H3n,+ ,
On ¢+ = = 77¥v4n,s >"92n,+ 4.46
v Y4 N,+ >"Y3N,-
0,600 0 "0Q
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The _value in"Ocan be calculated based on the support value functions that

give the support values in equation 4.14:

min "Y1 n,+ ,;"H2 n,r +

_ min ("H3 N,+ ;"4 n,+ ) 441
= COL)
where:
W= G “\Z’l n,+ .|_“\{':,2 n,+ "“63 n,+ +"‘64 n,+ 4.48

"@vis a fixed value throughout the generation of coherent rules based on pre-

selected item set .

The strength value of any coherent rules:

on C+ =
min "Y1 n,+ Y2 n,r + 4.49
min ("V3 N,+ ,"0H4 n,+ )
@

The measure of interestingness "Ofor item setsn. C+, wheren ONn. has

support values based on item set N.. is:
On. C+ =
min "Y1 n ,+ ,"Y2n ,+ + 4.50

min (B3 n. ,+ b4 n. ,+ )
&
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We can re-write the function of support values between item setsn. ,+ in

equation 4.50 using function of support values between item sets n,+ based

on Table 4-4;
"W1nN ,+ ="91n,+ 91 4.51
"2 N ,+ ="92nNn,+ 12 4.52
"3 N ,t ="0U3N,t +93 453
"Y4N.,+ ="V4Nn,rt +14 4.54
That is;
On. C+ =
min "W1n,+ 11,92 nNn,+ (2 + 4.55
min ("V3 N,+ +13,"04 N,+ +94)
&

Comparing™On. C+ inequation4.55t0"ON C+ inequation 4.49:

The minimum value of min "Y1 n,~ 11,°%Y2 Nn,+~ 12 can be higher
or lower than the minimum value of min ("Y3 N,+ +913,"04 N,+ +1 4)
in equation 4.55. As a result, the strength value given by the measure of
interestingness ON. C+ can be higher or lower than the measure of
interestingness 'ON C+ . Thus, there is no anti-monotone property

associated with the measure of interestingness "O
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4.5.2.2 Measure of Interestingness 'Ge

We show in this section how to create the measure "Gaas an approximation
of 'O The measure "Gaalways gives a higher strength value compared to "Q and
inherits the anti-monotone property. We use ‘Gbas a means to prune away
undesirable candidate coherent rules. It is important that the approximation
suggested by "‘Gbbe at least equal or more strict than the constraint provided by
"Q Apart from being more strict than "0, "Gbneeds to be designed in such a way

that it possesses the anti-monotone property.

The measure "Gas developed based on finding a maximum over three
functions, denoted by "G% "Q% "QF Each mimics equation 4.49 with a difference

that is explained as follows:

Let V denote the support value given by the function™2 n,+ . The first
function, @& mimics "Oexcept that it transfers all its support value V from

)2 N,+ into™1 N,+ suchthat:

W ="v2n,+
)2 n,+ = 0and, 4.56
"lan,t ="VY1N,t +O

The new ™1 n,+ Tt denoted using™1ad,~ T has support values both
from the original support function ™)1 N ,+ plus @which is the support value
of the function ™)2 N ,+ , thus:

min "W1nN,+ +0™W2N,+ o+

] _ min "3 Nn,+ ,"H4 n,+
"(Q'fn CJ. - n@)

4.57

‘@  min "3 n,+ Y4 n,-
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The second "QPtransfers all its support values from "2 N,+~ into™3 N ,+

such that:
® =02 n,+ ,
Y2 n,+ = 0and, 4.58
"W3an,t ="v3nNn,:r +"°H2n,+

The new ™3 Nn,+ T denoted using™3ad,~ T has support values both
from the original support function "¥3 n,+ plus w®which is the support value

of the function ™2 n,+ :

min "Y1 Nn,t ,"Y2n,+ o +
min “Y3 N,+ + V4 n,+

‘@ncs = o

4.59

‘@ min Y3 N, +®"04n,.

Finally, the third "GZtransfers all its support values from "Y)2 N,+ into

"4 n,+ such that:

®w ="V2n,+ ,
Y2 n,+ =0and, 4.60
Y4Nn,+ ="YH4n,- +"H2n,+
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Thus:

min "Y1 N, ,"HY2nNn,+ o +
min "Y3 N,t ,;"Y4N,+ +®
‘@n C+ @

4.61

‘@  min "Y3 N, Y4n,t +0

We now show that each of the output functions @@n C+ ,"Q®n C+
and '@2n C+ isatleast'ON C+ .Asa consequence, the maximum function
"Coaver ‘G Q5 and "Ghwill also be at least 'O From equation 4.57, we know

that’On C+ s, at most, the support value of G2n C+ :

.. ™3n,+ . 4ae"win,~ v2n,+ +
@ ae . @ . .
Y4 n,+ a® ™3 n,+ ,;’v4 n,+
n@ )\@

N C 'On ¢+

From equation 4.59, we also know that"'On C+ s, at most, the support value

of @n C+ :

@ 6 "W3n,: +, @ 4@ W1n,+ "H2n,+ +
b4 n,+ 493N, Y4 n,-
& =

"‘En 'On G+
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Lastly, from equation 4.61, we also know that ' On C+ is, at most, the

support value of 'Gn C+ :

o . W3 n,+ | . aew1in,s Y2 n,+ +
@ min : @ s o
V4N, +w 4@ "3 n,+ ,;"Hv4 n,+
@ @ 4.64

@n ¢+ 'On G+

Since 0N C+ is the maximum function over all’@@n C+ ,"@n C+ and

@n C+

O°NnC+ =adm @Pn C+ Fn C+ [Gn C+ 4.65

Hence, we can summarise that the interestingness measure '0*n C+ is, at

least,’ONn C+ :

G C+ on C+ 4.66

We write the measure of interestingness "C*on candidate coherent rules thus:

"(Xﬂ 4 |'v“Y§ln'J- >“\€)2n’-‘- ’
O T "IN, >3 N,
(e I I V2 P I PR Y
@n.. Y4 n,+ >"H3n,+
vy 0,£5CM 0 NQ

We continue to show the anti-monotone property on the interestingness

measure "G¥in the next section.
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4.5.2.3 The Anti-monotone Property of the Measure of

Interestingness Ce

In this section, we show the measure of interestingness ‘Gagnheriting the
anti-monotone property. To show this, we need to show that each of the

functions "G% "G, and "GFinherits the anti-monotone property.
We compare ‘G N..+ based on equation 4.57 to "G¥ N. ..+ in equation
4.68, wheren O n. following Table 4-4 (or equations 4.53 & 4.54):

@ QW3 n ,+ ,"04n -

oEn. ..+ =
@ @

4.68
@ 4@ YW3nNn,t +13,°%4n,- +74
@

‘°n. ..+ is, at most, the support value of G n..+  because
G@"W3Nn,+ +13°Y4Nn,+ +14 in equation 4.68 will be greater

than a'©("Y3 Nn,+ ,"Y4 Nn,+ inequation 4.57:

v s D3TLE L "D3 N, +93
@ 48 ggyns @ 48 gan . 14
@ @ 4.69

‘@n..+ .-

IfN..+ cannot meet the constraint "G¥nN..+ A c'Q where & cw Qs a
fixed value, then N. ..+ will also not meet the constraint. The function

‘@ n. ..+ inherits the anti-monotone property.
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Similarly, we compare ¥ N.. ..~ and G n..+ :

e Lo Y3 N+, e o 03N, +13+ M
@ 4a@e B4 n, - @ 4ae B4+ +14
"@ @® 4.70

@Fn..+ @Fn. ..

We also compare @& N. ..+ and G*n..+ :

R <X T P i avm D3N, 473,
@ 4 yans v P TR yan s 41440
@ @ 4.71

Having shown that each function G®n..+ ,"G*n..~ and @nN..+ has
strength values at least the strength values given by functions Gn. ..+ ,

‘@n. ..+ and'GFn. ..+ respectively, we conclude that:
C*n..+ O n. ..+ 4.72

where "CFis a maximum function over '@ "GFand "G¥

Assume that & ¢ "Qis a fixed value. If N..+ does not meet the constraint

such that:
c°n..+ aaw'Q 4.73

then n. ..+ will also not meet the constraint. This constraint is imposed using
the measure of interestingness "C*o find coherent rules with strength values of,
at least, @ cxd"Q consequently, it meets the anti-monotone property. This
constraint compliments the constraint based on the condition (in contrast to

the strength value) of coherent rules in equation 4.45.
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4.5.2.4 Another Refinement of the Measure of Interestingness

Qe

"G) even though it has the anti-monotone property, requires users to scan
for two support values*in order to calculate the strength value of coherent
rules. To calculate @n..+ ,"@n..+ and G‘N..+ , we need to scan for
support value functions™3 N ,+ and "4 N,+ . In this section, we show a
procedure to calculate strength value "GBuSing coverage values instead of
support values. A support scan requires scanning for the co-occurrence of two
item sets in a set of transaction records. In contrast, we use coverage values
that scan for the occurrence of an item set, which is less expensive in terms of
processing power hence faster. This calculation procedure produces the
measure of interestingness "G5. 6The measure of interestingness "Ceeleas a
strength value higher than "Ggeand "Gabas a strength value higher than "Q Both
the measure of interestingness ‘Ceessed ‘Cabiave anti-monotone properties and

can be used to avoid generating and testing all coherent rules.

The calculation of "G*% ..+ s given by the procedure below. The support
values given by the functions ™3 N ,+ and"Y)4 Nn,+ are replaced by values
involving coverage values without scanning for the supports from transaction

records.

() Scan for the coverage values for the item setsn and +;i (N) and
i(+)

(i) let"™ W1 N,+ = i(n)and“‘f)z n+ =0

(i)  Ifi (N) > &(+), then the support value ™3 N,+ is replaced by

Zero

13 Alternatively, we can scan for the support value of the function ™0 1(n,+)
and two coverage values onitemsetn and +.
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(iv)

v)

(vi)

Ifi (N) < 6(+), then the support value ™3 N ,+ is replaced by
t) )

Let the value of Y4 N ,+ be the remaining support values such
that™ W4 n,~ =a (M) "H3n,~

Calculate the strength value "Geewssing the equation of Oin

equation 4.46.

The value of "C*%akes one of the values calculated using two functions "G¢&nd

"QF3he choice of the function depends on the statistics; whether i (N) > 6(+)

as described in procedure (iii) and (iv). Following procedure (i) ¢ (ii):

W= "2 n,+ 4.74
"y2n,r =0 4.75
"H1n,+ =iMn) 4.76

In the first scenario, if i (+) > 0(N), according to procedure (iii):

"W3n,+ =0 4.77

W4an,r =a iMn) 4.78

The measure of interestingness ‘G ..+ s given by equation 4.79:

"G a@ein 0+
Q..+ a'® 0,a i(n)
@ 4.79
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In the second scenario, according to procedure (iv), ifi (+) < 6(N):

Y3 n,~ =i(+) iMm) 4.80
Yan,~ =4 iMm) (=) iMm))
=4 () 4.81
:i(n)

The measure of interestingness ‘G¢%h ..+ is given by equation 4.82:

"G a@in 0+
FH.- aQi(+) T(Mm).a T(+)
&

4.82

@ @Rl (+) i(n)i M)
=

The measure of interestingness of candidate coherent rules "‘Geere..+ is given

by equation 4.83:

Cemp..+ =4 @EH..+ [GHh..+ 4.83

We now show that 'O*® at least 'O The measure of interestingness 'C**
consists of two functions, and the measure of interestingness ‘C*consists of

three other functions. The first function in "G®&ver candidate coherent rules is:

(i) "QEN ..+ = 1(see equation 4.79) and thus is always higher or

the same as 'CO*n ..~ .
The second function in 'G®%h ..+~ is:

(i) ‘@ ..+ , which is a function over the coverage values given by
functionsi (+) 1 (nN),andi (N) (see equation 4.82).
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Conversely:

() ‘@ n..+ isafunction over the support values given by functions
"Y¥3 n,+ ,and"Y4 Nn,+ (seeequation 4.57)

(i) ‘@ n..+ isafunction over the support values given by functions
"3 Nn,+ + wand™4 N,+ (seeequation 4.59)

(i)  "@n..+ isafunction over the support values given by functions

"3 Nn,+ ,and"Y¥4 Nn,+ + wsee equation 4.61)

From Table 4-3 and under the second condition i (+) < 6(N):

i+ ="1n,+ +°H3nNn,+
4.84

Also:

4.85

The net value of the equation a™®(i (+) i (n),i (N) in equation 4.82 is,
at most,i + , which in turn must be at least ™3 Nn,+ and Y4 n,+

according to equations 4.84 and 4.85. Hence:

a@( -+ in,in) ae )3 n,+ "4 Nn,t 4.86
a®i + Tn,in) 4a@°w3In+ +0"W4n,- 4.87
ae( -+ in,in) 4@ "3 N,+ ;"4 N+ +© 4.88
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Thus:

F®Hh.+ Fn.s
‘@®hH..+ Fn..- 4.89
(0% e 3 W

Since "G¥&nd "G¥ &re higher or at least 'Q% "G and 'GF

C°Hh ..+ c°n..+ 4.90

That is, the measure of interestingness "C*% always, at least, the measure of
interestingness "C® If a coherent rule has a measure of interestingness "C®fss
than an expected value (say & ¢xQ), then the measure of interestingness "Cbor
"Owill also not have a strength value greater than & ¢ "Obased on equation

4.90 and equation 4.66.

4.5.2.5 The Anti-monotone Property of the Measure of

Interestingness Ceee

We now show the anti-monotone property of the measure of
interestingness 'O**Equation 4.79 shows that the function 'GF% ..~ and
GEF. ..+ give a O £ dzS  Z%ed oW eduabion 4.82, the function
‘@FH. ..+ iswritten as:

‘@ ael(+) T(),i(n))

" L Lt = - 491
G @

According to equation 4.22:

i(n.) i) 4.92
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Comparing equation 4.82 and 4.91, the equation, & "@(i (+)

i(M.),i N. ),islessoratmost& @(i + i N ,i n);hence:

EH..+ FR - 4.93

The function "% ..+ thus inherits anti-monotone properties. If N ..+ does
not meet the constraint such as "G ..+ & ¢ "Q where & ¢w Qs a fixed

value, then N. ..+ will also not meet the constraint:

(0.5 (BIUR R AYo) 4.94

This implies that any constraint imposed by "C*# equation 4.94 is less stringent

than "C¥in equation 4.73.

4.5.2.6 Finding the Strongest Strength Value

In this section, we show how to use constraints imposed using ‘Ceand "Cedge

equations 4.73 and 4.94 to find the strongest possible coherent rules.

Given a set of transaction records “Y assume that item set \l contains a
total of 0 items {'Q Q8 ,"}. All elements of power-set \l are given by item set
Wowhere 1 "Q 2°. For each item sets N and + , N = (&,-&) and
+ = (0~ ). Let the measure of interestingness ON..+ produce strength
value ‘@wherel "Q 2°. The strongest coherent rulesCstrength value can be
found in coherent rules with strength value ", For some coherent rules ", we
find the highest strength value so far is & ¢x "Q We articulate all coherent rules

that meet the constraints "‘Cee a2t ¢ "Qand 'Ce & (w'Q
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Over ongoing generation of candidate coherent rules, more coherent rules
can be articulated. The strongest strength value of coherent rules, & wQ
therefore increases. Coherent rules based on any value lower than this strength
value & ¢xo "Qare discarded. New coherent rules meeting the constraints are
subsequently articulated. We do not need to generate all candidate coherent
rules; rather, we selectively generate them according to the anti-monotone
properties of constraints imposed using ‘Geand "Gee @9l possible combinations
are covered without the necessity of examining all of them. As a consequence,
the coherent rules articulated will be complete while their number will depend

on the number of coherent rules available in transaction records ”Y

4.5.3 Finding the Shortest Coherent Rules

In this section, we formulate another constraint to find the shortest
coherent rules within transaction records. Let i & denote the number of items
contained by candidate coherent rules N ..+ such thatia= |N|. The shortest
coherent rules can be found over coherent rules with size i &g For these
coherent rules, we find the smallest size so far, & '@ i ¢. We thus articulate all

candidate coherent rules that meet the constraint;
fan..+ a@ia 4.95

This constraint is useful to selectively generate only the shortest coherent rules.
Over a number of generations of candidate coherent rules, more coherent rules
are articulated; consequently the smallest size of candidate coherent rules,
& "@ i ¢, reduces. Coherent rules articulated based on sizes larger than & @ i &
are discarded. New coherent rules meeting the above constraints are
articulated. The order in which the candidate coherent rules are generated

contributes to the pruning effect of using this constraint. Candidate coherent
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rulesn ..+ are typically generated in an increasing size manner. If rulesn ..+
do not meet the constraint, then we can avoid generating candidate coherent
rules N. ..+ because these also will not meet the constraint. As a result, we do
not need to generate all candidate coherent rules. Instead we selectively
generate the rules according to the anti-monotone property of constraints
imposed using the size of coherent rules. As a consequence, the coherent rules

articulated will be complete while their number will depend on the number of

coherent rules available in transaction records Y

4.5.3.1 Strategy to Discover the Most Effectual Coherent Rules

In this section we describe a strategy to mine the shortest and strongest
coherent rules. The strategy is fundamentally based on the anti-monotone
property. Four constraints are formulated to selectively generate the specific
coherent rules needed. We summarise the constraints and the support values

scan required in Table 4-5.

Table4-5: Summary of Methods td>eneratethe Shortest and Strongest

Coherent Rules

Anti-monotone Constraints| Number of Support References
N Values Scan
0. :
Required

1 ‘% ..+ aamwQ 0; need only 2 Section 4.5.2.5
coverage values Equations 4.94
2 O°N..+ 4’0 1;"01(n..~)and2 | Section4.5.2.3
coverage value Equations 4.73
3| ™M1ln..+ >"Y3n..+ | 1:"0WI(N..+)and2 | Section4.5.1.3
coverage value Equation 4.45

4 fan..+ a@ia 0; not applicable Section 4.5.3
Equations 4.95
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In this strategy, we arrange the iterative use of these constraints on each

generated candidate coherent rules as:

(i)

(i)

(iii)

(iv)

We emphasise the use of the constraints imposed on the strength
value of coherent rules in equations 4.73 and 4.94 before the use
of other constraints. They are the least expensive constraints,
especially the constraint imposed using ‘Cegaahich uses only the
coverage values on item sets N and +.

It follows that any candidate coherent rule that passes the
strength value constraints is checked if it also meets the condition
constraints to become a coherent rule (see equation 4.45). At this
point, any candidate coherent rule that meets all three constraints
may not be coherent rules because some may not meet the other
conditions of coherent rules.

Subsequently, a calculation of the measure of interestingness "Ois
performed. If a candidate coherent rule is quantified with a
positive strength value, then it is a coherent rule. During this
calculation for real strength values, a maximum strength value
(daw’Q is also maintained. Those coherent rules previously
incurred below the new & ¢x "Qare removed, and

For all coherent rules with positive values discovered, we can now
articulate and maintain the minimum size of coherent rules
(& "@ i q) available in the transaction records. We use the anti-
monotone constraint to prevent any future generation of
candidate coherent rules that exceed this maintained minimum

size.
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To find the shortest coherent rules with the strongest strength value, two

variables are maintained, & ¢x»"Qand & '@ i &. For each candidate coherent

rules generated that meet the anti-monotone constraints, their strength value

"Qand size i & of N is recorded. Over a number of candidate coherent rules, the

strongest strength value "Qis recorded in & ¢ "Qand the shortest N is recorded

in& "@ i a. Both these variables value will increase during mining. Assume a

coherent rule number i with size i ¢ is generated:

()

(i)

(i)

If ig is lower than & @ ida discovered so far, then

4 '@ i atakes the former value, and & cx "Qtakes the

strength value ",

Ifi ¢ is equal to & "@ i & discovered so far, then & ¢ 'Q

takes the strength value "Q if it is stronger, and %0
If i & is higher than & "@ i & discovered so far, then this

candidate coherent rule is not tested for its strength

value "Q and is pruned.

For example, five coherent rules can be discovered from a set of transaction

records:
(i)
(ii)
(iii)
(iv)
v)

Q ¢{Q, Q= 05
"QC{Q, Q= 05

aad C{Q, 0= 09
AQQ ¢{Q, Q= 0.7 and
GALQ ¢{Q Q= 06

Following our systematic enumeration of candidate coherent rules, the

candidate coherent rules are generated in a following sequence:
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(i) G 6..{Q, Q= 09
i)y QQQ..{9, Q=07
(i)  QAQQQ..{Q, Q= 06
vy Q..{Q Q= 05,and
V)  Q.{9Q Q= 05

From the first candidate coherent rule, the maximum strength value & & 'Q=
0.9. Based on this value, the following two candidate coherent rules having the
strength values given by measure of interestingness ‘Gaand ‘Ceeleaver than
& ¢ "Q are pruned. In the case that "Ceeased "Ceare greater than 0.9, (iii) is still
pruned by the fourth constraint because these have sizes of N greater than the
minimum size of 3. (Note that 'Gea'Ce "Oas in equations 4.66 and 4.90). The
minimum size of N is recorded as & '@ i &= 3 over the first coherent rule
found. Finally, coherent rule ‘Q..{"Qis among the shortest coherent rule.
Following the conditions set in equation 4.96, thead ™ ®@iaA & aSid G2 wYmQx |
G c’Q= 0.5. The most effectual coherent rules found are two, Q C{"Q,

Q= 05,and "QC{Q, Q= 05.

Following the anti-monotone property, if candidate coherent rulesn..+
do not meet the anti-monotone property, the candidate coherent rulesn.. ..+

are pruned in two ways:

() First, if 0s= 1, then we remove this item set from item set \l. As
a result, no coherent rules will contain the removed item set as its
solution. The entire search space is halved. This is the most
effective way to avoid generating N.. ..+

(i) Second, if s> 1, then the algorithm avoids generating n.. ..+,

wheren On. ,andn = GOgvherel "Q 2% and 6 = s

The strategy prunes the search space based on the anti-monotone property and

selectively generates the most effectual coherent rules.
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4.5.3.2 Coherent Rules Generation Algorithm ("OYY(Q'Y)

In this section, we present the internal details of the algorithm ¢

Generalised Shortest and Srongest Goherent Rules ("'OYYQ'Y) ¢ to generate the

shortest and the strongest coherent rules from a set of transaction records. The

algorithm requires neither a minimum support threshold nor any parameters

from a user. The algorithm ("OYYQ'Y), as presented in Figure 4.2, is a recursive

algorithm that is invoked after initially setting:

(i)
(ii)

(iii)

(iv)

v)

(vi)

(vii)

(viii)

(ix)

(x)

(xi)
(xii)

Candidate coherent rules “Y'to null.

Item set\l to the complete item set “Gexcept those contained in
item setE.

Item set+ to contain item set or =&, where Wis a single item
set selected from the power set of item setE.

Coverage of item set +, i (+) to the total number of occurrences
onitemset +.

Minimum number of items on item set @, " @ id to the
cardinality of item set \l..

Maximum strength value on coherent rules, & ¢ "Qto zero.
Indices used to identify item set ¢, Dy, and DGy, to zero.

Index used to identify item set +, D to the index of the item set
Index used to identify the last item set &, 06y ¢, to the cardinality
of item set \l.

Transaction records “VYis pointed to a set of transaction records.
Element of power-set of item set \l, "YO to null, and

Set of coherent rules found 6°Y to null.
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With reference to the algorithm in Figure 4.2, without the four constraints
in line 12, line 19, line 22, and line 23, the algorithm "OYYGO'Y will generate all
possible coherent rules. Line 24 will calculate the strength value of candidate

coherent rules. This finds all coherent rules in an exhaustive manner.

The introduction of line 19 is the first defence against generating candidate
coherent rules that do not have the strongest strength value. This approach
utilises the measure of interestingness "Gse &his is followed by a second defence
in line 22 utilising the measure of interestingness "CeeTo use the latter measure
of interestingness, a scan for support values is required in line 20. Candidate
coherent rules that pass the measure of interestingness in line 19 and line 22
are further checked using the anti-monotone conditions of coherent rules,
"W1n,+ >"H3n,+ inline23.I1fN..+ does not pass this third defence to
avoid generating all coherent rules, then further generations on N.. ..+ are not
required where N O N. . Coherent rules that have passed all three defences
are then calculated for their strength value using the measure of
interestingness "Q The variable of & ¢ "Qis updated based on the maximum
strength value. A filter is performed to discard coherent rules that have been
articulated based on the lower value of & axQin line 29. Eventually, all
coherent rules discovered are also constrained by the shortest number of items
found in n. This fourth constraint, performed in line 12, ensures the coherent
rules found are the shortest. Although line 12 is executed prior to other three
constraints in line 19, line 22 and line 23, it is initialised by the cardinality of
item set \l. All sizes of coherent rules are allowed until a coherent rule is found.
The sequence of anti-monotone constraints starts from line 19, followed by line

22, line 23 and finally line 12 (see Table 4-5).
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Algorithm 1/ _r ( candidateCoherentRules, items\|, CoverageValua (™ ),
minimumCardinalityd is _w, maX|mumStrengthVaIu@=|=o |

itemindex | , itemindex | , itemindex [l , itemindex |bp L,
subltems 4|, orderedSet<index> =, RuleSetr )

1 //. Initial ..//

2 If0gy>1

3 6(;&)2:: 6(12:)1,6(12:)1:: 1

4  Else

) OGp:= 0Gy ¢

6 Endif

7 //..generating N ..+ by enumerating item set N, where N can be either Gor x &/

8  While (DG, < 0Gyp)

9 If (0! = DG1) AND (& "©.i &- size of 'YO) > 0)

10 A= 0

11 End

12 If (0o ! = D) AND (size of YO & "®.i ) [ Constraint 4, See Table 4-5]

13 Yo & concatenate(Dayy,, Y0)

14 na{Qon~N Yo}

15 Let 'Y be the set of N ..+, where user has determined + to be or x®

16 //START of Conditions for Efficient Generations//

17 Scani n

18 Compute "C*¢h ,+ ) based on coverage valuesi N andi + [Seesection4.5.2.4]

19 If (O*(h,+) &’ Q[ Constraint 1, See Table 4-5]

20 Scan"Y¥)1 Nn,+~ [See equation 4.20 ]

21 Compute ™2 N,+ ,"VW3 N,+ ,"Y4 n,+ ,"OfN,+) [See section 4.5.2.2]

22 If (Ofn,+) & cw Q[ SeeConstraint 2, Table 4-5]

23 If (Y1 n,~ >"03n,+ )[SeeConstraint 3, Table 4-5]

24 I'1 N "Ycompute "Q based on 'Q(N,+ ), compute i & and store it

25 Update & "@ i & over the shortest i ¢ found

26 Update & ¢ "Qbased on the strongest 'Q found

27 If("Q & Q[ Store and Filter unnecessary CRs ]

28 oY=0Y" Y

29 EOBA={: N dYand'Q < & dw'Qandidg > & Qi ¢}

30 0Y=0Y &G

31 End

32 If Oy, > 1)

33 Yo & concatenate(D ey, Y0)

34 (YN,i + [ a"@.16,6 0 Q06,060,060 ,006) g, Y0,0) =
OYYSY (YN, + a"©.10,d6 QUG , 06, 061,06 ¢, Y0,8'Y)

35 Yo & (YO 0ayy,)//remove an item from the buffer of item set N //

36 End

37 Else

38 OB Y €0Q={X: Xis the item set of some i N "Yand S0s= 1}

39 N =\ "G "EYGHELQ

40 End

41 Else

42 OH EY £0Q= {X: Xis the item set of some i N "Yand os= 1}

43 N =\ "G "EYQhENQ
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44 End

45

46 "OCH YN £0Q= {X: Xis the item set of somei N "Yand gus= 1}
47 N =\  "&h"EYDELQ

48

49 //End of Conditions for Efficient Generations//

50 End

51 0y h 0oy + 1 //increase the item index//

52 End

Figure4.2: Shortestand Strongest Coherent Rules Generation Algorithm

(iH-A)

Following the anti-monotone property, if candidate coherent rulesn..+

do not meet the anti-monotone property, algorithm "OYYO'Y avoids generating

coherent rules N. ..+ in two ways:

()

(i)

First, if 1 s= 1, then we remove this item set from item set \l in
line 37, line 41 and line 45. As a result, no coherent rule will
contain the removed item set as its solution. The entire search
space is halved.

Second, if 1 s> 1, then the algorithm avoids generating N. ..+
by not entering into a recursion in line 34 (for example, if a
condition in any of the line 12, line 19, line 22 and line 23 is not
met, line 34 is skipped). Hence, all N. ..+ are not generated after

Nn..+, wheren ON. , and N = &where 1  "Q 2%, and

0= s

The entire algorithm terminates when all elements of power-set in item set \

are considered. 0ay, will increase value due to line 51 and dayy, equals Day,. As

a result, the program terminates due to the condition in line 8.
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4.6 An Extended Coherent Rules Generation

Algorithm

In business, there will be cases where longer coherent rules with arbitrarily
strength values are sought [SilnSr08a]. In this section, we extend algorithm
"OYYO'Yto also generate these coherent rules. The new algorithm, called the
Extended Shortest and Srongest herent Rules (OYYQ'Y), is able to generate
all coherent rules generated by the algorithm "OYYQ'Y. In addition, it allows the

discovery of coherent rules:

() all available sizes, and

(i) all available strength values.

The algorithm ‘OYY3'Y allows users to communicate their requirements via two
parameters 0 and w , where the constraints imposed on the number of items,
and the strength values allowed in coherent rules, are relaxed. The generation
of coherent rules with relaxed constraints often results in many more coherent
rules. These will include coherent rules that have weaker strength values and a
lengthy item set Nn. Nonetheless, the choice ¢ longer or shorter, stronger or
weaker ¢ belongs to the user. The salient features of the original algorithm
"OYYO'Yare kept in that the extended algorithm does not require the user to

specify a minimum strength value or the number of items needed.

4.6.1 Strength Value Window (w)

In this section, we show how to find coherent rules other than those with

the strongest strength value.

Given a set of transaction records Y assume that item set\l contains a

total of 0 items {'Q 9,8 ,"E}. All elements of power-set \l are given by item set
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Wgvherel 1 29. For each item setsN and +, wheren = (&)~ &) and
+ = (&, xw), let the measure of interestingness O N ..+ produce strength
value'Q wherel 1  29. The strongest coherent rules strength value can be
found over coherent rules with strength value "Q. Let & ¢xo "Qbe the strongest
strength value that can be discovered in"Y and let & '@ "Qbe the lowest
strength value allowed to be discovered. Depending on the strongest strength
value available in"Y & "® "Q is a function over & ax Qand strength value

window (w ):

G0 admx (1 w) 4.97

In the case that a user needs all the strongest coherent rules, then  is left at its
RSTlLdzZ G WYnQod Ly GKS OFrasS GKFG |

strength value, then w is set at 1. By setting w = 1, the generation of coherent
rules is free from the constraints imposed using "‘Gee and "GeeThe algorithm will
generate coherent rules based on the anti-monotone condition of coherent
rules in equation 4.45. The use of the parameter w can be differentiated from
the use of a minimum support threshold because the user does not need to

know the lowest strength value & " "Onor the value of & ¢ Q

4.6.2 Length Window (0)

In this section, we show how to find coherent rules other than the shortest
rules. Let & "@ i d denote the minimum number of items found over coherent
rulesn C+. Let & ¢xvi & denote the maximum number of items allowed to be
discovered. The user specifies the parameter 0 to increase the size of coherent

rules found, such that:;
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Gégoia= a'@ia+ D 4.98

A user does not need to know the shortest or the longest coherent rules that
can be found from a set of transaction records. In the case that a user needs all
the shortest coherent rules, thenO0A & € STG 4 AG&A RSTFlrdzA G W
user needs all sizes of coherent rules, then 0 is set to its maximum of \'s This
inclusion of O relaxes and generalises the use of constraint that would
otherwise use @ " ® i to find only the minimum sizes of coherent rules

discovered through "OYYQ'Y.

4.6.3 The Algorithm OYYQ'Y

The algorithm OYYO'Y generalises the results produced using algorithm
"OYYQ'Y, and is able to produce a greater number of coherent rules. It uses two
additional parameters to control and allow the generation of more relaxed

coherent rules.

An additional number of items (0) is added to the minimum number of
items found, & '@ i &. All coherent rules, which are 91 sat most or below
a'@ia+ 0, are now considered as & awia. The parameter w (specified by
the user) further lowers the maximum strength value (& ¢xo "Q discovered. This
new variable is called & "® "Q These adjustment are made into the algorithm
"OYYO'Y. Fundamentally, the changes are in line 25 and 26 in Figure 4.3. Both
parameters 0 and w are considered for the new variables & awi & and
G '@ "Qas stated in equations 4.97 and 4.98. The use of these new variables

causes the following alteration:

(i) All variables & "@ i aare replaced by & i &in lines 9, 12, 25, 29,

and 34.
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(i) All variables & ¢xo "Qare replaced by & '@ "Qin lines 10, 19, 22, 26,
27,29 and 34.

It is also important to set & "® "Qto zero in line 10 if the difference between the
current size N and the & cwi & is greater than the allowed additional size 0. By
setting the & '@ "Qto zero, OYYO'Y searches for the strongest strength values
among shorter coherent rules without being entrapped into longer coherent
rules with stronger strength. That is, within the allowed sizes between & "@ i &
and & cwi ¢, the optimal strength value is sought on & ¢ "Q Based on this
optimal strength value and the window strength value w, the minimum
allowed strength value is calculated as @ "® "Q For candidate coherent rules
with sizes below & "€ i &, a new positive strength value is recorded via setting
& "® "Q= 0. Otherwise, candidate coherent rules with sizes above & ¢x i ¢are

pruned.
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Algorithm H_H ( candidateCoherentRule$, items\, CoverageValua(” ),
extraCardinalityAllowed extraStrengthValueAllowegr ,
maX|mumCard|naI|ty:|={=o W, minimumStrengthValue : -_I

itemindex | , itemindex | , itemindex [ , itemindex | 4,
subltems 4|, orderedSet<index> =, RuleSetr )

1 //.Initial ..//

2 If U%l >1

3 OGp:= DGy, DGy = 1

4 Else

5 0Gp:= DGy g

6 Endif

7 //..generating N ..+ by enumerating item set N, where N can be either ®wor x&y//

8 While (6(1201 < 6(1202)

9 If (Duyy! = VG ) AND ((G i & -size of YO ) > 0)

10 ae0=0

11 End

12 If (06! = DGL) AND (size of YO & ci d)

13 YO & concatenate( ey, Y0)

14 na{gon~ Yo}

15 Let Y be the set of N ..+, where user has determined + to be or x®

16 //START of Conditions for Efficient Generations//

17 Scani n

18 Compute "C*¢h ,+ ) based on coverage valuesi N andi =+

19 If (C*¢h,+) a'@Q

20 Scan"™V1 n,~+

21 Compute ™2 n,+ ,"VW3 N,+ ,"Y4 n,+~ ,OfN,+)

22 If (Gfn,+) &"@’QTable4-5.

23 If "Y1 n,~ >"YW3 n,+ )Table4-5.

24 11 N "Ycompute "Q based on 'Q(N,+ ), compute i ¢ and store it

25 Update & ¢ i & based on the shortest i ¢ found and O [ see equation 4.98 ]

26 Update & "© "Qover the strongest 'Q found and w [ see equation 4.97 ]

27 f(R a@’Q

28 OY=0Y 'Y

29 EOBA ={: @ N 6Yand'Q < a"© "Qandiodg > & cwia}

30 0Y=0Y ¢&'0aQ

31 End

32 If (D6, > 1)

33 Yo a concatenate(f)dgol,'Y'c‘))

34 (Y N,i + dawigda® Qu%l,u%z va, U%m,Y'o oY) =
OYYO'Y(Y, N, + | &cmwidd"® Q06y, 06, 06,006y g, Y0,0')

35 Yo & (YO Uay,)//remove an item from the buffer of item set 1 //

36 End

37 Else

38 "OCh 'Y €0Q={X: Xis the item set of somei M "Yand Sus= 1}

39 N =\ Q) "¢V EUQ

40 End

41 Else

42 O YA €0Q={X: Xis the item set of some i N "Yand S0s= 1}
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43 N =\ OO "E'YQ £0Q

44 End

45 Else

46 O Y £0Q= {X: Xis the item set of some i N "Yand gs= 1}
47 N\ =\ "G "EYHEDQ

48 End

49 //End of Conditions for Efficient Generations//

50 End

51 Oay h 0wy + 1//increase the item index//

52 End

Figure4.3: ExtendedShortestand Strongest Coherent Rules Generation
Algorithm ({{_H)

At any value of 0 and @ , the algorithm ‘OYYQ'Y generates the complete set
of required coherent rules. In the first phase, the item set + is per-determined
to contain an item set @ and = @in the second phase, where @is an item
chosen from all items contained in the transaction records. Positive coherent

rules are discovered from the first phase:

MOt wand -+ - ® 4.99

Negative coherent rules are discovered from the second phase:

Mt "and-®Ot ®© 4.100

By repeating the coherent rules algorithm OYYQ'Y twice using different +, we

can find both positive and negative coherent rules.

4.7 Conclusion

In this chapter, we have devised a measure for coherent rules based on the
classic statistics of lambda The measure provides coherent rules with a

quantified strength value for their interestingness. A positive strength value on
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coherent rules indicates that each coherent rule has a prediction ability

stronger than the marginal probability on the consequence item set.

We devised a strategy to find the most effectual set of coherent rules.
WOFFSOGdz t Q NBFSNAR (2 (K2a$sS O2KSNBy G N
and contain the least number of items in the rule. We consider that the shortest
rules with the strongest strength values are more actionable than long rules.
We then devised an algorithm (called Generalised Shortest and Srongest
(oherent Rules ("OYYQ'Y)) for the generation of coherent rules. This algorithm
does not take any parameter values. However, the algorithm is flexible; it can
find rules that are weaker and longer if these are desired by the user. In this
situation, the user needs to supply Las an additional number of items on top of
the shortest coherent rules that can be discovered, and W%, which is a
tolerance percentage from the strongest strength value that can be found in a
given set of transaction records. This extended algorithm is called Extended
Shortest and Srongest Goherent Rules (OYYQ'Y). The parameter values L and
W% do not require the user to have background knowledge of minimum
support thresholds, strength values or the size of rules in a given dataset.
Hence, our algorithm does not pose the problem associated with the 61i " "Q
algorithm. In addition, the design of our algorithm minimises the amount of
memory usage during the rule generation process, and selectively generates
coherent rules by exploiting the anti-monotone property of coherent rules, the
measure of interestingness and the size of coherent rules. Furthermore,

coherent rules found can be decoupled to obtain association rules.

In this chapter we have demonstrated how the algorithm ‘OYYQ'Y
discovers the complete set of coherent rules needed by a user. The next

chapter presents an evaluation of this extended algorithm.
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Chapter 5

ANALYSIS OF
PERFORMANCE

5.1 Introduction

In Chapter 3, we presented a coherentrules (CR) mining framework. This
framework identifies the associations between item sets without the need to
specify a minimum support threshold. The rules identified were pseudo-
implications of equivalences. That is, they can be mapped to logical
equivalences of propositional logic. The implementation of the CR mining
framework requires handling the exponential large search space. In Chapter 4,
we devised a strategy to find the complete set of coherent rules from a set of
transaction records. The strategy identified four constraints based on the anti-
monotone property. We realised and generalised the strategy with the
algorithm OYYO'Yto discover coherent rules of arbitrary minimum sizes and
strength values. The algorithm, when it has default parameter values of b = 0

and w = 0, selectively generates the shortest and strongest coherent rules.

In this chapter, we perform a series of experiments on a standard dataset
used by researchers known as Zoo [F090]. We also use a number of basket

datasets (BMSViewl, BMSView2 BMSPos [KoBrFrMazh00] and Retall
139



[BrSwVaWe99]) supplied by various retail supermarket stores. Four facets of
the algorithm OYYO'Y are tested. First, we test the effectiveness of each
constraint in OYYO'Yin limiting the search space. An effective constraint will
preclude generation of non-interesting rules at an early stage of pruning and
thus prevent the resource wastage incurred where more than one constraint
may be applied. Any non-interesting rule that is not avoided will be considered

residual.

Second, we test the quality of rules mined by this proposed algorithm.
Coherent rules mined using OYYQO'Y are decoupled into association rules. These
rules are compared with association rules discovered using the classic
association rule mining algorithm, oni " "(PAgSro4]. oni "@ (s based on the
support and confidence framework, and is known to represent a number of
other algorithms that are based on the same mining framework
[WuKuQuGhYaMoMcNgLiYuzhStHaSt07]. By comparing the association rules
discovered via'OYYO'Yand oni '@ "Qwe expect to conclude that OYYQ'Y can
discover association rules with (i) low support, (ii) high support and (iii) absence
of items. On the other hand, oni "& "Ainds association rules above a minimum

support threshold.

Third, we test the efficiency of ‘OYYO'Y with respect to increasing
parameter values of 0 and w and a unique number of attribute values available
in a dataset. Theoretically, as the parameter values of 0 and w increase, longer
rules with lower strength values will be discovered. Lastly, we test OYYQ'Y for
its efficiency in discovering coherent rules in real-world and large retail

transactional datasets to determine the practicality of the proposed algorithm.

This chapter is divided into five sections. In section 5.2, we introduce the
Zoo dataset, which we used for performance evaluation. In section 5.3, we test

the goodness of constraints used in the algorithm OYYQ'Y. The quality of rules
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in terms of finding interesting association rules with low and high support
values, and absence of items, is tested in section 5.4. This section concludes
with a list of distinct features observed in the algorithm ‘OYYQ'Y. In section 5.5,
we test the performance of OYYO'Yunder gradually relaxed constraints. The
number of coherent rules, discovery time as the parameter values 0, @ and the
number of attribute values (in dataset) increase are all recorded. In section 5.6,
using four real-world and large retail transactional datasets, we investigate the
number and size of rules that can be discovered. We conclude this chapter in

section 5.7.

5.2 Preliminaries

5.2.1 Zo0 Dataset

We use the Zoo dataset [F090] to perform a series of experiments before
using real-world transaction records to test the usability of OYYO'Y for Market
Basket Analysis. A detailed description of the Zoo dataset can be found in
Appendix C. The Zoo dataset contains a collection of animal characteristics and
their classes in a Zoo. This dataset was chosen because the characteristics of
animals are well understood. The small size of this dataset facilitates the
interpretation of findings. As a result, the interestingness of found rules can be
compared and contrasted based on general understanding. We summarise the

statistics on this Zoo dataset in Table 5-1.
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Table5-1: Summary of the Statistickr the Zoo Dataset

Total Number of Attributes

23

(16 attributes and 7 class attributes)

Total Attribute Values

21

(15 binary values and 1 multi-value attribute)

per Instance

Total Class Values 7
(7 binary values)
Total Instances 101
Number of Attribute Values 16

The Zoo dataset has seven classes of animals. It has a spectrum of

frequency of occurrences in the transaction records. We show the frequencies

of each class in Table 5-2. If the frequency of occurrence is below 5%, we

consider the class of animal to be rare. Otherwise, the class is identified as

frequent (that is, incurring at least 5% of support values).

Table5-2: Total Frequency of Clagstribute s

No. Class Frequency of | Percentage Type of
Attributes Occurrence (%) Association
1 reptile 5/101 4.95 Infrequent
2 mammal 41/101 40.59 Frequent
3 invertebrate 10/101 9.90 Frequent
4 insect 8/101 7.92 Frequent
5 fish 13/101 12.87 Frequent
6 bird 20/101 19.80 Frequent
7 amphibian 4/101 3.96 Infrequent

From Table 5-2, five class attributes have a frequency of occurrence of at least

more than 5%. These are mammal invertebrate insect fish, and bird. The class
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mammalis most frequently observed, followed by bird and fish. On the other
hand, the class amphibianand class reptile are the least observed at 3.96% and

4.95% respectively.

5.3 Goodness of Constraints

5.3.1 Evaluation Measures

In this section, we investigate the usefulness of constraints introduced in
section 4.5.1.3, 4.5.2.3, 45.2.5 and 4.5.3 (summarised in Table 4-5 in section
4.5.3.1) that can be used to limit the search space by precluding the generation
of candidate coherent rules that cannot lead to coherent rules. The residual of a
constraint is defined as the total number of candidate coherent rules allowed
by a constraint less the actual number of coherent rules found for a class.
Letting 96'Ysbe the total number of candidate coherent rules allowed, and
letting "Ysbe the number of coherent rules discovered, then the residual (SY9

is given by:

SYs= DOYs DYs 5.1

The residual can be expressed as a percentage:

POYs DYS

T 5.2
DO'YS

$Yg%) =

The lower the value of Yo%, the more the goodness of having the constraint
increases. Nonetheless, the D0Yson each constraint cannot be measured

directly by embedding a counter after each constraint. This is because each
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generated candidate coherent rule is tested using all four constraints. The effect
of one constraint flows onto others in both current and following iterations. The
‘OYYO'Y algorithm uses four constraints (refer to Table 4-5) in a sequential

manner for each generated candidate coherent rule, as follows:

(i) 01: Ceeed @ 'Q

(i) 02: G2 G'©Q

(i) 63:"Y1n..+ >"Y3nN..+

(iv) o4 ian..+ acwia

In this chapter, we demonstrate the cumulative effect of each individual
constraint. That is, the number of candidate coherent rules recorded after using
the second constraint is not only affected by the first constraint in a current
iteration but also affected by the third in a previous iteration. For example,
assume coherent rules are discovered from a set of transaction records that
contains the item set {a,b,c,d. The generation of a candidate coherent rule pair
{63 ¢}. .{} at strength value "Cegismnly possible if {¢}..{} has been allowed by
the third constraint in a previous iteration. As a result, {3 &}..{Q} is allowed

through constraints as a cumulative effect.

Fundamentally, OYYO'Y must use the constraint 63 on each candidate
coherent rule pair generated. This will prevent the number of tested candidate
coherent rules from increasing. The additional effect from a constraint, beyond
the effect of constraint 03, is obtained by offsetting the effect of the other

O2yaidiNIXAyldGaod 2SS ALISOATeEe o0St2g SIFOK O2ya

others. Assume that:

() 90'Yg3 denotes the number of candidate coherent rules that
passes constraint 63 without considering other constraints 01, 62,

and 04.
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(i) D06V g3 denotes the number of candidate coherent rules that
passes both constraint 61 and 63 (under the cumulative effect
FNRY SIOK 20KSNEQ O2yaidNIAyiliaoo

(i)  DO'Yg1 43 denotes the clean (additional) number of candidate
coherent rules that passes constraint 61 having used both
constraint 61 and 63 together.

(iv)  90'Yg2 53 denotes the clean (additional) number of candidate
coherent rules that passes constraint 62 having used both

constraint 62 and 63 together.

We test the pruning capability of 1, 62 and 64 by varying the parameters w
and 0 where both 61 and 62 are voided when @ is set to 1, and 64 can be
voided if O is set to 16. In the Zoo dataset, 16 is the maximum total number of
attribute values per instance. (See Table 5-1 and refer to the list of 16 attribute

values in Appendix C.)

The difference between the number of candidate coherent rules passed
through 63, and the number of candidate coherent rules passed through other
combinations of constraints such as 01 and 03, gives the additional effect of
using constraint 01. The additional pruning capability in using constraint 61 on

top of constraint 03 can be calculated as:

DO VY163 = DOVYgz DO VY153 5.3

If equation 5.3 gives zero, then the use of 1 does not provide additional
pruning capability further to 63. The additional pruning capability in percentage

terms is given thus:
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0'XXNUNi 6" QA % 6i "© QDO Y163
= (V0Ygs DOYH1s3) DOYss3

Similarly, we can calculate 90'YS2 53. All pruning capability is relative to 63.
The pruning capability of 63 without 01, 62, and 64, is compared against the
number of coherent rules found, and result in a residual (SY9 as defined in

equation equation 5.1.

In comparison, the classic algorithm oni '@ "Quses two constraints: a
minimum support and a minimum confidence threshold. The first constraint,
using support, inherits the anti-monotone property and hence reduces the
search space. The second constraint does not further reduce the search space
because it does not inherit the anti-monotone property. Instead, the second
constraint is used to filter out the generation of weaker association rules that
do not meet the confidence threshold after all frequent item sets have been
found. Therefore, it is not necessary to calculate the effect of using a second
constraint after the first in equation 5.3. They are used in a two independent

phases.

In contrast to oni "& "QOYYS'Y uses four constraints, one after another, to
prune the search space. The constraint 03 is analogous to a minimum support
threshold, except that it does not require a preset threshold. The constraints 61
and 62, based on strength value 'O are analogous to a minimum confidence
threshold, with a difference that the anti-monotone property is exploited to
reduce the search space. The final constraint, 64, which is based on the size of
the rule, further maximises search space reduction. All constraints are used

within the same phase of coherent rules generation.

The use of constraint 83 eliminates the need for a preset threshold to be

set by a user and thus avoids the many drawbacks associated with the use of a
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minimum support threshold (discussed in section 2.3 in Chapter 2). All the
constraints used in‘OYYO'Yare determined from the data itself, and thus

pruning opportunities are exploited to expedite rule generation.

‘OYYO'Y differs fundamentally from 6ni & "Qin terms of association rules
discovery. The former discovers rules without the need to generate item sets,
while the latter requires it. We postulate that discovering rules from item sets is
less effective because not all combination of items within an item set will
produce interesting rules. On the other hand, all items contained by an
association rule can form an interesting item set; however, OYYO'Yis not
confined by the concept of frequent item sets and so it is not necessary to
generate association rules via discovering item sets. Instead, OYYO'Y finds all
interesting association rules by finding coherent rules. By decoupling these

coherent rules, we can then find individual association rules.

The last constraint, 64, allows OYYO'Yto generate the shortest coherent
rules without the need to generate all association rules and then filter for the
shortest ones. 01i "€ "@loes not utilise a similar constraint based on size to
generate all association rules. Although improved versions of 61)i '@ "(such as
[Bo08]) allow a user to specify the size of association rules to be found, it is
different from using constraint 04 that is based on size. The constraint 64 used
by OYYO'Ydoes not require a user to have a knowledge of the shortest
association rules (or coherent rules) that can be discovered from a dataset but
the former, used by variances of onji @ "Qtypically assumes it. For example, a
user may specify to find association rules in an improved oni "& "Qsuch that an
antecedent item set must not contain more than two items. It is possible that
no association rules will be found if the shortest association rules have
antecedent item sets containing seven items. In contrast, a user, without
specifying any parameter values, can find the shortest association rules (in the
above example, rules containing seven items) using OYYO'Y. In cases where a
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user wants to discover longer association rules with an extra O number of items,
‘OYYO'Yis guaranteed to discover them without generating all the association
rules and filters for the rules needed. In this case, a user supplies the additional
length (0) without needing to know the shortest size of association rules

contained in a dataset.

Where the 0ni "@ "Qlgorithm discovers association rules through item set
generation, OYYO'Y is based on a different principle to discover association
rules, such that it discovers association rules using mapping to logical
equivalences. OYYO'Y searches for coherent rules that consist of association
rules by using constraint 03, together with constraints 61, 62 and 64, within a
single phase, to reduce the search space. In the next section, we analyse the
effect of constraint 63, together with the cumulative effect of using 61, 62 and

04 together with 63.

5.3.2 Effect of Constraints

5.3.2.1 Effect of 03

The third constraint is the most fundamental constraint used to check for
the condition of coherent rules. Candidate coherent rules that meet the first,
second and fourth constraints will not be considered as coherent rules unless
they meet the condition imposed by the third constraint. In all our experiments,
the third constraint fundamentally limited the search space. In this section, we
first show the effect of constraint 63 on the Zoo dataset [F090] at parameter
values of w = 1 and 0 = 16. By setting a maximum value to these parameters,
we offset the effect of the constraints 01, 02, and 04. The Zoo dataset has

approximately two million possible combinations (that is, 22> combinations
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according to Equation 4.6) of the 21 attribute values that can be associated with

a class value in either the first or second phase of the algorithm ‘OYYQ'Y.

We run the experiments with OYYQ'Y possessing only the constraint 63
alone. For each class value, we find the number of candidate coherent rules
allowed by this constraint as reported by 90'Yg;3. This is compared to the total
number of coherent rules that are found as reported by 9'Ys If the comparison
yields a high value on 'Y(%), then the use of the constraint 63 is perhaps not
effective to find coherent rules. A low value on 90'Yg;3 denotes the constraint
03 is effective in removing most of the candidate coherent rules and almost all
of the remainder are likely to be coherent rules. SYJ %) expresses the residual
as a percentage; however sY%) could produce a high value when the
remaining candidate coherent rules are mostly not coherent rules even though
the constraint 03 is effective in removing most of the candidate coherent rules.
This happens because, according to equation 5.2, 'Y(%) is a comparison
between 9053 and H'Ysthat does not take into consideration the total
number of possible candidate coherent rules. We list the results in Table 5-3 for

each of the class values of the Zoo dataset.
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Table5-3: Number of Candidate Coherent Rules allowed after

No. Class Values A;-s%pc?a(t)ifo . D03 D'Ys Y(%)
1 1'Qoay1) Infrequent 79 75 4 (5%)
2 G G & (1) Frequent 271 6 265 (98%)
3 | "@UQ 6 A1) | Frequent 7 7 0 (0%)
4 O Q1) Frequent 15 7 8 (53%)
5 "(AIC1) Frequent 255 35 220 (86%)
6 (1) Frequent 127 9 118 (93%)
7 G OCE (1) | Infrequent 127 76 51 (40%)
Average 126 31 95.0(76.0%)
Average (Frequent) 135 13 122.2(90.5%)
Average (Infrequent) 103 76 27.5(26.7%)

Based on Table 5-3, considering that two million candidate coherent rules
are possible, the average number of candidate coherent rules allowed by the
constraint 63 is very small at 126 (or 0.01%). The residual SYSis also low at an
average of 95. Its percentage, SYJ%), is rather high at 76% due to the
differences between 0'Y%3 and VYS. That is, the average number of
coherent rules needed is 31, and the residual of 95.0 (or 76%) of uninteresting
coherent rules allowed by 63 is small compared to the two million coherent
rules avoided. This shows that the use of 63 is effective in minimising the

potential search space.

When comparing the frequent and infrequent cases, on average the Y% of
the infrequent classes is lower at 27.5 (26.7%) compared to 122.2 (90.5%) for
the frequent classes. The former is also lower than the average percentage at
95 (76%). We can conclude that 63 is more effective for infrequent cases (in
this case, amphibianand reptile) compared to the frequent cases (mammal

bird, fish, invertebrateand insec).
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5.3.2.2 Effect of 01

The additional pruning carried by the first constraint 61 is measured in
relation to 63. We disable the second constraint in the algorithm, and set
0 = 16 to relax the fourth constraint 64 in order to find the combined effect in
using 61 and 63. The added effect of 01, given by 996'Ys; 53 can be found by

using equation 5.3. The experimental results are shown in Table 5-4.

Table5-4: Number of Candidate Coherent Rules allowed aftgr at5f =

No. Class Values | 90'Y%1 53 DO'Yg3 DOYS11 63
1 I 'Hoan1) 79 79 0
2 G G G G 1) 271 271 0
3 | "@UQ o6 @i 1) 7 7 0
4 "1 1) 15 15 0
5 Q1) 255 255 0
6 GS0(1) 127 127 0
7 | o OBCE (1) 127 127 0

Based on Table 5-4, 90'Ys;1, 53 has a value of zero. In other words, 61 is not
better than 63 in finding coherent rules in any class value at w = 1.

Nonetheless, 81 may still be useful at smaller values of w .

To explore this supposition, the above experiment is repeated by
increasing the parameter value of w from zero. The experimental results are

plotted in Figure 5.1 for increasing values of @ .
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Figure 5.1 shows the use of 01 is effective only at smaller values of w . For
example, when w is less than or equal to 0.4 on class mammal is less than or
equal to 0.2 on class fish, equal to 0 on class bird, or less than or equal to 0.2 on
class amphibian then 61 is effective. The positive effect of 01 is observed in
the three most-observed animal classes, and the one most rarely-observed
animal class, in the Zoo dataset. The percentage of additional pruning is
relatively small at 5% for the infrequent animal class. In contrast, the rate of
additional pruning is high at 92% for the mammalclass at w = 0. This suggests

that constraint 01 is effective for frequent cases at small values of w .

By reducing the size of the potential search space, the use of constraint 61
in OYYQ'Y, together with the necessary constraint 03, accelerates the rule
generation process. The experiments demonstrate that the combination of
constraint 61 and constraint 03 reduces the number of uninteresting rules that
elude the constraints for the mammalclass (compared to using 63 alone by 248

(92%)). While the use of 61 accelerates the generation of coherent rules, in
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contrast, the use of the strength value constraint using a confidence measure in

oni "& "@loes not improve the efficiency of discovering item sets.

5.3.2.3 Effect of 02

The additional pruning carried by the second constraint 62 is measured in
relation to 63. We remove the first constraint in the algorithm, and set 0 = 16
to relax the fourth constraint 64 to find ©6'Yg, 53. The above experiment is
repeated by increasing the parameter value of w . The experimental results are

plotted in Figure 5.2.
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02 is effective at smaller values of w . For example, when w is less than or
equal to 0.4 for class mammal is less than or equal to 0.2 for both classes fish
and amphibian or when w is equal to zero for class bird, then it is effective.
Similar to the constraint 01, the positive effect of 62 is observed in the three
most-observed animals, and one least-observed animal (such as the class

amphibiar) in the Zoo dataset. The rate of additional pruning is high at 97% in
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class mammalat w = 0, and lower at 22% in class amphibianat @ = 0.2. This
suggests that 62 is a constraint that is effective for both frequent and
infrequent cases at small values of w, but tends to greater effectiveness for

frequent cases.

Use of constraint 62 produced a lower residual than constraint 61. The
residual using 63 for class amphibianwas 127. With the use of 61, the residual
was reduced by 7 units to 120. The use of 62 would have reduced it by 28 to 99.
It appears that the use of both 61 and 62, will always substantially reduce a
residual. On class mammal the residual is 271 using 63, and is reduced by 248
using 61 and reduced by 263 using 02. The effect of deploying 62 can be
appreciated because it reduces more candidate coherent rules than using 63

alone or a combination of 63 and 01.

Theoretically, both constraints 61 and 62 are based on "Ceand "Cesg awhich
are approximate values of the measure of interestingness ‘Oof coherent rules.
While the measure of interestingness ‘Odoes not possess the anti-monotone
property, pruning opportunities can be exploited by using the approximates "Ce
and Geeas a result, OYYO'Ycan identify coherent rules with the required
strength value without needing to generate all coherent rules. The constraint
01 requires less processing time because it finds the occurrences of a single
item set using coverage (see section 4.5.2.4). The constraint 62 is more
expensive in terms of processes time because it finds the co-occurrences of two
item sets together using support values (see section 4.5.2.2). From the
experiments, we conclude that the extra processing time needed to find the
supports and compare these to the highest strength value in 62, is offset by the

reduction of residuals in both frequent and infrequent cases.
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5.3.2.4 Effect of 04

In this section, we analyse the effect of using the fourth constraint 64, and
identify the conditions under which it is most effective. We remove the first and
second constraint by setting @ = 1. The experiment is repeated with increasing
parameter values of 0. This isolates the effect of the fourth constraint 64 in

relation to 63. The experimental results are plotted in Figure 5.3.
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The use of 04 is effective only at smaller values of 0. For example, when 0 is
less than or equal to 4 on both class mammaland class fish, is less than or
equal to 2 on both class bird and class amphibian or less than or equal to 2 on

class insectand class reptile, then it is effective.

The positive effect of 04 is observed on the four most-observed animals
and the two least-observed animals (that is, amphibianand reptile) in the Zoo
dataset. It affects more classes of animals then 61 and 62. The use of 04
without a user-specified parameter (that is, at 0 = 0) results in substantial

pruning. For example, the rate of additional pruning is high at 97% in class
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mammal and lower at 57% in class amphibian compared to using 63 alone.
This suggests that 64 is an effective constraint for both frequent and infrequent

cases at small values of 0, but has a higher effectiveness for frequent cases.

The effect of constraint 64 is weaker when the additional number of items
0 on top of the shortest coherent rules increases. As shown in Figure 5.3, the
additional number of candidate coherent rules removed due to constraint 64
reduces as O increases. In all cases, both constraints 63 and 64 are used
together. The constraint 64 has no positive effect when it reaches zero at 0 =
6. Should a user want to find longer rules, the additional number of items 0 on
top of the shortest coherent rules must be low. In the case of the Zoo dataset, it
must not be more than or equal to six items. Otherwise, use of 0 does not
further improves the use of the fundamental constraint 63 to find all

appropriate coherent rules.

Summarising the experiments, the effect of 62 is stronger than 61. In the
frequent class mammal 62 improved the pruning by 9% at @ = 0.2 and 5% at
@ = 0. In the infrequent class amphibian 62 made an additional pruning of
22% atw = 0.2and w = 0. In constrast, 81 did not improve the amphibian
class. When using the constraints, any parameter values given by a user must
be low (for example, w is preferably not more than or equal to 0.6 for class
mamma). Otherwise, the constraints will serve little purpose. In the default
case, atw = 0and 0 = 0, the effect of 61, 62, and 04 in relation to 63 is at
their strongest. In the following Table 5-5, we list and compare the effects of

01, 02, and 04 in relation to 03 for this Zoo dataset.
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Table5-5: Percentage of Additional CandidateoBerent Rules allowed in

Additonto g ats = ,d =

No. Class Values Additional pruning%
C1 C2 C4
1 1'oay1) 0% 0% 8%*
(Infrequent)
2 G ol (1) 92% 97%* 96.7%
3 "©UQ B Y1) 0% 0% 0%
4 "©f Q1) 13% 13% A7%*
5 "(ICG1) 30% 42% 93%*
6 oD 1) 47% 50% 949>
7 G NODEE (1) 5% 22% 57%*
(Infrequent)
Average 3% 14% 38%*
(Infrequent)
Average 57% 65% 93%*
(Frequent)

* - highest among 61, 62, and 64.

In Table 5-5, the average of infrequent class filtered by 61 is calculated as the
summation of the further reduction in residuals using the constraint 61 divided
by the summation of residuals using 63. The other averages are calculated

similarly.

Table 5-5 shows that 04 often attains the highest performance of 61, 62
and 64. Also, it is suitable for use in both frequent and infrequent classes with
average additional pruning percentages of 93% and 38% respectively. We
highlight that, on average, 02 further improves 11% over 01 in infrequent
cases, and 8% in frequent classes. 01, in turn, improves 57% over 03 in

frequent classes and only 3% in infrequent classes. This shows that the use of
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constraints in addition to 63 further minimises the search space required to

identify coherent rules that can be decoupled into association rules.

To re-emphasize, the rules discovery approach using OYYO'Y requires
neither a preset minimum support threshold nor identification of all item sets,
unlike the classic mining association rules approach. Instead, OYYQ'Y uses four
constraints to selectively identify coherent rules. Constraints are imposed
sequentially within an iteration to generate coherent rules. The sequence is 63-
01-62-64. The constraint 63, which identifies coherent rules, is fundamental.
Deployment of constraints 01, 02, and 64 acts to further reduce the potential
search space. By using the anti-monotone property of each constraint, OYYO'Y
selectively covers the entire space without missing any interesting association

rules or coherent rules.
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5.4 Quality of Coherent Rules

In this section we compare the coherent rules found using OYY®'Y with
association rules found using 0Ri "@ "QExperiments are carried out using the
Zoo dataset. We use the program on)i '@ "Quritten by Borgelt [Bo08] to find
association rules. on)i "& "Qequires the user to pre-select a minimum support
and a minimum confidence threshold. In the following experiments, we need to

assume two reasonable and hypothetical thresholds:

() The minimum support threshold is set at 5% [YeLe02],[DaBhKa03],
[ChLiCh03].

(ii) The minimum confidence threshold is set at 50% [AgimSw93],
[BrMoSi97].

As a result of these assumptions, all association rules not supported by at least
5% of transaction records are considered infrequent; otherwise they are

considered frequent. We group association rules into three categories:

() Infrequent association rula$at contain less observed classes (for
example, reptileand amphibiar).

(i) Frequent associen rulesthat have frequently observed classes
(for example, mammal).

(i)  Negative association ruldsat contain at least one absence of an

attribute value.

5.4.1 Infrequent Rules

Classes reptile and amphibian according to Table 5-2, are infrequent
because both have support values below our hypothetical 5% of minimum
support threshold. Specifically, the observation of these class attributes,

denoted using class values i ' QY6'@Y 1) and ¢ 'COFEE (1), are infrequent. As a
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result, any association rule found concerning these class values will also be
infrequent. Otherwise, they are frequent association rules (that is, involving at
least 5% of support values). We execute the algorithm ‘OYYO'Yon the latter
two class values and report the shortest coherent rules in Table 5-6. For
comparative purposes we execute the algorithm Apriori [Bo08] with the
minimum support set at 5% and minimum confidence set at 50% for the reptile

and amphibianclasses.

Table5-6: Shortest Infrequent Rulefound on Pyt and =] wl

No. Coherent Riles Found without Association Rules Found with
Pre-selected Threshold Settingse{{_H) minsup= 5%, and
minconf= 50%(Apriori [Bo08))
1 Qo 1 ,¢¢e0n 1, ...
G o (1), 051 ' hoaLL)
and, None Found
QX 1 ,¢e6000 1, C s
T Gawa(y),asgy) | oA,
"O=04
2 | MOT®1 6004
boH NOBEE (1) None Found

and,
- (MOT® 1,004
bSO OGE 1 ,70= 0.25

A complete list of attribute values can be found in Appendix D. These are
formatted as QO (1), EEGAXY1), a3 QWAL (1) and &FG 1), which mean
observation of the attributes eggs, toothed, breathes and tail respectively. On
the other hand, the attribute values i (Y6'&@J0) and ¢¥x i)’ COFEE (0) means the
attributes reptile and amphibianl NE y 2 G 20 a S NS RYWSheyKsES B & Y

absence of an item set in a set of transaction records. The absence of an

160



attribute (for example, reptile) with a binary value, =1 Q)01 1) is the same as
1)o@ 0 .On the other hand, the absence of a set of attribute values is
mapped to a number of possible combinations. For example,
- QX 1,601 is mapped to either of QOO 0 ,EECAN 1
QD 1 ,6e6AN0 ,and QR 0 ,6£0AN 0 . The mapping is explained
in section 3.2.1.1. For simplicity, we denote a set that contains only a single
attribute value by using its attribute value because association rules are always
between two item sets. For example, we write i Q)0QY1) instead of
1'QH0aqx1) .

Referring to Table 5-6, OYY(O'Y found two sets of coherent rules. If each is
decoupled into two association rules, then a total of four association rules are
found. We calculate also the support and confidence of these rules for analysis

purposes:

Q00 1,650 1,6 QU (1), 1) + | HEAL1)

5.5
support = 3.0% and confidence 75.0%
- 000 1 ,EE6TIN 1,0 QU (1), 0561) + 1'QoaI0) -
support = 94.1% and confidence 97.9% '
(OB 1,004 }+ b WOHGE (1) .
support = 4.0% and confidence 57.1% '
- (MOGBD 1 ,60Q4 + i NODEE (0) £ g

support = 93.1% and confidence 100.0%

Association rules in equation 5.5 and 5.7 are positive association rules while
equations 5.6 and 5.8 are negative association rules. 01)i '@ "(ks incapable of

finding these association rules because they involve absence of items. Clearly,
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association rules in equation 5.5 and 5.7 will also not be found using 61i '@ Q
due to support values lower than our hypothetical minimum support threshold
set at 5%. The ability to find association rules below a minimum support
threshold is unique to OYYO'Y. In contrast, the classic rule mining algorithm

oni "@ "Qequires a support and confidence framework.

Within the Zoo dataset, we observe that the shortest association rule that
describe a reptile has four items in its antecedent item set. This is contrary to
our thinking that the antecedent of a rule contains only a single attribute value.
If we lower the minimum support threshold to 3%, using on)i '@ "Qwe will find
too many association rules. The shortest pseudo-implication in equation 5.5 will
be concealed among many other association rules which lack implication with
their antecedents contain a larger number of attribute values. As a result, we
lose an opportunity to identify the shortest association rules that are
implicational according to propositional logic. The practicality and advantage in

using OYYO'Y to find association rules becomes immediately apparent.

Should a user want to discover longer rules, OYYQ'Y can discover a total of
55 coherent rules for both attribute values of i QYA 1) and cxx i)’ CBCE (1).
Longer rules are more difficult to interpret than short rules, but the longer rules
discovered through ‘OYYO'Y can be mapped to logical implications of
propositional logic with a support value below 5%. In contrast, Apriori cannot
discover any of these infrequent association rules. Through this experiment, we
show that a discovery process based on the classical framework may ignore

association rules needed for infrequently observed attributes.
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5.4.2 Frequent and Interesting Rules

We repeat the experiment settings in section 5.4.1 on the most observed

class, mammal We list their results in Table 5-7. We also list the rules found by

the 0ni " "Qalgorithm. Rules not found by either algorithm are highlighted (in

amber). For simplicity, we write a set that contains only a single attribute value

dza A v 3

Ada

FGONROdzl S dI b &D| dzioh Kilesdrd 2 OK 5 G a &

always between two item sets. For example, we write & ¢ & (1) instead of

G b G a(l) .

Table5-7: Shortest Frequent Rulg®und for Classd 010 4.

No. Coherent Rules Found withouRre- Association Rules Found with
selected Threshold Settings minsup= 5%,
(Sort by strength valueé ) and minconf= 50%
(Sort by confidence value )

1 GaqL) + o acyl), G 'd@1) + &b adl)

and, [Sup.=40.6%, Conf.=100%)]
G 'd®0) + & ¢d & a(0),0= 1.0

2 @1+ ok dayl), @1 + o ac(l)

and, [Sup.=38.6%, Conf.=90.7%]
"@S(0) + & axh a cxX(0), O= 0.85366

3 QR (4)+ Goacyl), QA (4) + & aa(l)

and, [Sup.=30.7%, Conf.=81.6%]
=R (4) + & aax0), 0= 058537

4 B A1) + &G G G(1), oo A1) + GG G G(l)

and, [Sup.=31.7%, Conf.=72.7%]
Guxi "9Q0) + G G & GX(0), 'O= 0.48780

5 CECAXAL) + GG d(1), CEECAXY1) + & i & (1)

and, [Sup.=39.6%, Conf.=65.6%]
Ce0XY0) + & i a cxX(0), O= 046341
6 CEA'QOH1) + & 6 & cxX(1)
[Sup.=7.9%, Conf.=61.5%]
7 QU (1) + GGG G(l)

[Sup.=40.6%, Conf.=51.2%]
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Based on the Table 5-7, the algorithm ‘OYYQ'Y finds five coherent rules for
mammal(or ten association rules, because each coherent rule consist of a pair
of association rules) but or)i '@ "Ginds seven association rules. Of these seven
association rules, association rules 6 and 7 in Table 5-7 are not reported by
‘OYYO'Y. We detail the contingency tables (Table 5-8 and Table 5-9 respectively)

for these two association rules, and explain why these rules are not interesting.

Table5-8: A Contingency Table for Attributesdomesticand mammal

Frequency of co- L
occurrences
G ot & a(1) | & i & a(0) Total
n | 'Gaasi1) 8 5 13
CEa'QH0) 33 55 88
Total 41 60 101

Table5-9: A Contingency Table for Attributedreathesand mammal

Frequency of co- +
occurrences
G o aa(l) | & o & a0) Total
G ‘U (1) 41 39 80
Gl 'QUCE (0) 0 21 21
Total 41 60 101

Based on the entries in Table 5-8, the association rule:

() EGASKL)+ & adl), has a support = 7.9% and

5.9
confidence = 61.5%
is not interesting because it is largely contradicted by the other association

rules causing it to be trivial. The other association rules with stronger statistics

are:
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(i) CEAASHK0)+ @B acdyl) , support = 80.5% and
5.10
confidence = 37.5%
and
(i) ‘EaASHO)+ G ad0) , support = 54.5% and
511

confidence = 62.5%

These above two association rules have support values higher than 7.9%.
Reporting association rules with weaker support (in equation 5.9) while
stronger association rules exist is misleading. In addition, the rules in equations
5.10 and 5.11 are contradictory if they are reasoned as logical implications. That
AdZ AT  WyRAQOH @ )VsSsiodidte® @ith ammals, then it cannot
be assoOA I 1 SR @manmimeQ Py 128y OS> (G KS&aS NYz Sa
‘OYYO'Y as implicational association rules.

oni "@ "Qhowever, reports that mammalis a domestic animal (Table 5-7,
row 6), and identifies this relationship as one of the strongest association rules
with a confidence of 61.5%. In fact, there are 41 sets of mammal (such as
buffalo, bear, elephant; refer to Appendix C) but only 8 of them are domestic
animals. Many more mammals (that is, 33 or 80.5%) are not domestic. The
latter is never highlighted; instead a weaker rule is reported. If this weaker rule
is used in a business application it could cause a wrong decision. OYYS'Y avoids

reporting this misleading association rule.

In another case, based on Table 5-9, the association rule:

G 'QUC (1) + 6 ¢B 6 Gi(1) , support = 40.6% and confidence =51.2%  5.12
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IS not interesting enough because this association rule exists on its own and
cannot be supported by any other association rules. Theoretically, association

rules in equation 5.12 are meaningfully supported by:

G'QUCA (0) + & GX & 6)(0) 5.13

CKFG A&dX AT AG0NBFGKS&a dzaAy3d fdzy3aé
then logically speaking, an animal that does not breathe using lungs is not a
mammal however, the association rule in 5.13 (with support 20.8%) does not
occur frequently enough. A detailed study shows the association rule in 5.13 is

contradicted by the following association rule with a stronger existence:
G'QU (1) + & &b & ¢)(0) , support = 38.6% and confidence = 48.8% 5.14

Hence the association rule in 5.13 is suppressed from complementing the
meaning on a positive association rule in equation 5.12. OYYQO'Y does not
report single positive association rules that cannot be supported by a negative
association rule because this indicates the positive association rule,
G 'QUC (1) + 6 ¢ & G(1), is not strong enough to be a pseudo-implication

of equivalence.

In addition, based on Table 5-9, while 41 sets of animals that breath using
lungs are associated to mammal this characteristic is also associated to 39 sets
of non-mammals (that is, all animals except fish). The use of this characteristic

(G QXA (1)) is too statistically weak to describe a mammal

The association rule in equation 5.14 is also not reported by OYYO'Y
because it contradicts the association rule in equation 5.12. Logically, if
mammals breathe using lungs, then they cannot be described as breathing
without lungs. Furthermore, the association rule in equation 5.14 is not

supported by any other association rule.
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In addition to the five shortest coherent rules found in Table 5-7, the
algorithm OYYQ'Y can discover coherent rules of all sizes. By setting 0 = 16 to
discover coherent rules of all sizes, the algorithm OYYQ'Y finds 25,442
coherent rules for mammal In comparison, the algorithm Onji "€ "dinds a

maximum of only 715 association rules (of all sizes).

5.4.3 Negative Rules

‘OYYO'Ycan discover negative rules in both its first and second phase.

Negative association rules can be found by:

() Decoupling the coherent rule pairs found from the first phase of
the algorithm ‘OYYQ'Y, where each positive rule is paired with a
negative rule.

(i) Decoupling the coherent rule pairs found from the second phase,

where each decoupled rule is a negative rule.

In contrast, Apriori cannot discover any negative rules. 01)i '@ "Ginds only the
association among items that are present in transaction records, or attributes

that can be observed in the classification dataset.

We decouple all the negative association rules from coherent rule pairs in
Table 5-7, and execute OYYO'Yin its second phase. The results are shown in

Table 5-10.

167



Table5-10: TheShortest Negative Coherent Rules found, whelkes

{@f00=p

No. Decoupled Negative Rules from Decoupled Negative Rules from
Goherent Rulegdiscovered via the Goherent Rulegdiscovered via the
First Phase of-|{_H Second Phase of{{_H
G "dq0) + & i & (0), QOA(1) + &b & ax0),

"0=10 "O= 0.92683
"@(0) + G ad & w0), QO (0) + G ol & a(l),
"O= 0.85366 "O= 0.92683

- 0QA(4) + o awy0),
"O= 0.58537

cexi "GCY0) + & 6 & 6x(0),
"O= 0.48780

CEESTAXY0) + & axx & (X 0),
"O= 046341

As shown in Table 5-10, OYYQ'Y discovered all seven shortest negative
association rules that cannot be discovered by Apriori These rules have high
coherent strength values denoting that this phenomenon happens logically and

strongly. Among these:

() Animals that do not lay eggs are usually mammals (O= 0.93).

(i) Animals that do not produce milk are not mammals (O= 1).
This knowledge cannot be discovered by using 61i "8 “®n the Zoo dataset.

We repeated the above procedure to find the shortest negative rules for
the infrequent classes reptile and amphibian The results are reported in Table

5-11.
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Table5-11: TheShortest Negative Coherent Rules found, whelkes
{omgperangiand L= (o) maf = &2

No. | Decoupled Negative Rules fro@oherent Rules Decoupled Negative Rules

discovered via the from Coherent Rules
First Phase of-{[_H discovered via the
Second Phase of{{_H
1 |- 00 1,%6600 1,65 1 ,a5a1 0££Q@6EQ
t 1'()0Q@10), 0= 10
2 - (OB 1,004 0€£QBOEQ

G OBEE (0), O= 0.85366

We conclude that OYYG'Y can discover negative association rules from both

frequent and infrequent classes.

It is possible to augment Or)i '@ Qo that it recognises the absence of items.
One of the approaches is to supply the absence of an attribute value in the
dataset [CoYaZzhCh06]. 61 "@i "Qwill recognise this negative value as an attribute
value; however, this approach will cause an increased number of association
rules to be found. An increase in the number of association rules found results
in contradictory association rules (such as those highlighted in Table 5-8 and in
equations 5.10 and 5.11). This large volume deteriorates the quality of the
overall rules set as more rules are not interesting. In another approach, a new
measure of interestingness, lift [GeHa06] can be used to augment 6r)i '@ Q
Each generated association rules is measured for its dC@value. If the value of
lift falls below the value of 1, then these rules are negatively correlated [Au04].
Instead of Wt @, negative association rules Wt - are reported. This
augmented approach, however, does not find all negative association rules such
as -t wand =@+ - ®. Because 0ni @ Tinds only positive association

rules, as a result, this augmented approach will only find part of the negative
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association rules. A third approach, based on the Chi-squared Test, was
proposed by Brin, Motwani and Silverstein [BrMoSi97] as a new mining
framework. Although this framework discovers both positive and negatively-
correlated rules, it is still limited by the availability of an approach to search for
correlated rules without a minimum support threshold. In addition, the Chi-
squared Test is constrained by a statistical requirement that at least 80% of the
cells in a contingency table have a value greater than five. In practice, this
requirement is rarely met [BrMoSi97]. In addition, all infrequently-correlated

rules will be lost below this minimum support threshold.

The concept of coherent rules does not require a minimum support
threshold to be defined. It also discovers pairs of association rules, where at
least one of the rules is a negative association rule '*. Consequently, the
coherent rules concept offsets the disadvantages of finding association rules
above a minimum support threshold and among items or attribute values that

can be observed.

5.4.4 Distinct Features of OYYQ'Y

This section summarises the features of OYYOY compared to Ori @ "Q
Unlike 61i '@ "QOYYO'Y:
() Does not require a preset minimum support threshol@YYO'Y

does not require a preset a minimum support threshold to find

association rules. Coherent rules are found based on mapping to

141f a given dataset contains only the presence of items, then the negative
association rules according to Wu, Zhang and Zhang [Wuzhzh04] are discovered
(See section 2.2.1). Otherwise, if a dataset contains both the presence and
absence of items, where each of the absence of items is viewed as a new item,
then a second type of negative association rules according to Cornelis et al.
[CoYazhCh06] are discovered.
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(i)

(iii)

logical equivalences. From the coherent rules, we can decouple
the pair for two pseudo-implications of equivalences. The latter
can be used as association rules with the property that each rule
can be further mapped to a logical equivalence.

Does not need to generate frequent item set€YY3'Y does not
need to generate frequent item sets. Nor does it need to generate
the association rules within each item set. Instead, OYYQ'Y finds
coherent rules directly. Coherent rules are found within the small
number of candidate coherent rules allowed through its
constraints.

Identifies complete set ofcoherent rules OYYQ'Y identifies a
complete set of coherent rules. By default, it identifies the shortest
and strongest coherent rules, but it can identify coherent rules of
all sizes and strength values. On the other hand, o "& "Cdentifies
association rules that have at least a minimum support threshold.
In the case that a minimum support threshold is heuristically set,
complete solutions may not obtained. In addition, the shortest and
strongest association rules can only be discovered alongside
association rules of different sizes and strengths. And
consequently the shortest and strongest association rules may be
difficult to detect, will require further filtering to be discovered,
and waste resources in having to discover all sizes.

Identifies negative association ruleYYO'Y, by default, also
identifies negative association rules. Given a set of transaction
records that does not indicate item absence, 61 '@ "annot
identify negative association rules. OYYQ'Y finds the negative
pseudo-implications of equivalences and wuses them to

complement both the positive and negative rules found.
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5.5 F{_F Performance

5.5.1 Effect of Parameter Values on the Number of

Coherent Rules Discovered

In this section, we establish an experiment to investigate the ability of the
algorithm OYYQ'Y to discover coherent rules under different parameter values.
We vary the parameters 0 and w used in algorithm ‘OYY&'Y to find an arbitrary
number of coherent rules. The parameter O ranges from 0 to 16, where the
latter is the total number of attributes of animals in the Zoo dataset. By setting
0 = 0, algorithm ‘OYYO'Y finds only the shortest coherent rules; however, by
setting 0 = 16, algorithm 'OYYS'Y will find all coherent rules regardless of their
size because all sizes of coherent rules are allowed. The parameter @ is varied
from 0 to 1, where at @ = 0 algorithm OYYQ'Y finds coherent rules with the
strongest strength values, and at w = 1 algorithm ‘OYYQ'Y finds coherent rules

with any positive strength values.

The experimental results for each class are shown in two figures, Figure 5.4

and Figure 5.5:
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Experimental results show that the algorithm ‘OYYQ'Y at its default parameter
values (0 = 0 and @ = 0) finds the most effectual (that is, the shortest and the
strongest) coherent rules. Should a user want to discover weaker and longer
coherent rules, increasing the value of 0 and @ will also increase the number of
coherent rules discovered. The increase in the number of coherent rules stops
at certain combinations of parameter values, thus indicating that all possible

coherent rules with arbitrary size and strength values have been discovered.

In the next two sections, we investigate the cost (in terms of time) of

finding coherent rules as the parameter values 0 and @ increase.
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5.5.2 Effect of Parameter O Value vs. Time

In section 5.5.1 we saw that enhancing parameter value 0 increased the
number of coherent rules discovered. In this section, we investigate the

discovery time associated with the increase of coherent rules discovered.

We supply a series of parameter values for 0 in an increasing order from
0 = 0to 0 = 16 to the algorithm ‘OYYQ'Y. For each experiment on a class, a
different parameter w is supplied from 0 to 1 at an interval of 0.2. Hence, we
have the discovery time at an increasing parameter value of O with seven
different parameter values of @ . These are shown in Figure 5.6, Figure 5.7,
Figure 5.8, Figure 5.9, Figure 5.10, Figure 5.11 and Figure 5.12 for each animal

class. The number of coherent rules found is shown on the secondary axis for

reference.
Increase of LVs. Time (Class: Reptile)
0.5 5
0.45 o
04 +—— T4 =z  —mW=0
~ 035 8 ——W=02
S 03 3 o
% 0.25 O —a—W=04
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E 02 +— 2 5 —«W=06
0.15 +— 2 W=0.8
Ol o=y L 2 |
0.05 =0-W=1.0
0 T T T T T T T T 0 ICRIatW:l
A S\ BN N
NN AN

Figure5.6: Coherent Rules found, where = {cagedtitg®

From Figure 5.6, the performance of OYYO'Y at an increasing parameter value

of O is not obvious because only four coherent rules are discovered.
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Figure5.7: Coherent Rules found, wher = {@ $1 0 =

Figure 5.7 shows that, with an increase in parameter value 0, the discovery time

increases, incorporating a small fluctuation.
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Figure5.8: Coherent Rules found, wheré = {&3 ogrgl ™ &

From Figure 5.8, no coherent rules are discovered in the invertebrateclass. The

time performance of OYYG'Y remains static.
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Figure5.9: Coherent Rules found, wher = {&3 -4

From Figure 5.9, the performance of OYY®'Y at an increasing parameter value

of 0 is not obvious because only eight coherent rules are discovered.

Increase of LVs. Time (Class: Fish)
0.5 250
0'45 T T T T T T —
Oo?;;t /7, 200 L _g w0
: ©
—~ - ——W=0.2
g 03 / - 150
5;_’/ 0.25 - 8 == W=0.4
o
.E 0.2 100 5 == \W=0.6
0.15 - = PR
0.1 - 50 32 o
0.05 - =0—-W=1.0
0 L T T T T T T T O —— ICRI at W:l
N ™
\:/Q \f/'\’ N4 \f/b Vi \?'\9 \:,'\’)’ \?'\/ \:,'\,Q’

Figure5.10: Coherent Rules found, wheré = {{§ ¥|ge

In Figure 5.10, the experimental results show that, with an increase in
parameter value 0, the discovery time increases, incorporating a small

fluctuation.
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From Figure 5.11, the experimental results show that, at an increasing

parameter value 0, the discovery time also increases, incorporating a small

fluctuation.
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Figure5.12: Coherent Rules found, wheré = {8 waf =
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Overall the experimental results show that, with an increase of parameter

value 0, the discovery time increases. The increase incorporates a small

fluctuation. The general trend of increased time is linked to the availability of

coherent rules in the dataset. When many coherent rules are available (for

example, in class mamma), the discovery time increases sharply but plateaus

after all coherent rules are discovered after 0 = 6; hence, it is not as expensive

as a linear increase of discovery time. On the other hand, when few coherent

rules are available (for example, in classes reptile, invertebrateand insec), the

increase is almost unnoticeable.

The trace of fluctuations in discovery time is due to two reasons:

()

(i)

An increasing parameter 0, allows greater checking of candidate
coherent rules ... Some of the candidate coherent rules ..
do not meet the anti-monotone constraint and can be avoided. As
a result, OYYQ'Y also avoids the large number of candidate
coherent rules containing the superset O... This exclusion
decreases discovery time; however, the reduction does not always
happen because an increase of 0 also invites an exponential large
number of candidate coherent rules and thus expands discovery
time. This increase and decrease is one cause of the fluctuations in
discovery time.

‘OYYO'Yis constructed using the program Matlab, which employs
matrix optimisation to facilitate internal calculation. The
experiment at 0 = 2 is executed after 0 = 0, where matrix
optimisation may have taken effect. Thus, a small (that is, within
0.05 seconds) reduction within the overall discovery time is

observed.
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Experimental results also show that the rate of increase in the discovery
time for each 0 value is influenced by the parameter value w used. With
reference to class mammalat O = 16, the increase in discovery time (at @ = 0)
is almost unnoticeable, but at w = 1 (maximum value of @), the increase in
discovery time it is about seven times greater. This is due to the increased

number of coherent rules available at this large value of w .

5.5.3 Effect of Parameter w vs. Time

In this section, we measure the effect of an increase in parameter value w
over time. A higher @ value discovers more coherent rules with reduced
strength values. The experiment is performed on each class value. Parameter
values for 0 range from 0 to 16, and are set at an interval of 2. The discovery
time is plotted in Figure 5.13, Figure 5.14, Figure 5.15, Figure 5.16, Figure 5.17,
Figure 5.18 and Figure 5.19 for each of the class values. The number of coherent

rules found using O = 16 is shown on the secondary axis.
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Figure5.13: Effect ofge vs. Time, wherell = {cnguuigi®

The number of coherent rules associated with class reptile is low at 4; the time

performance is not obvious at an increasing parameter value of w .
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Figure5.14: Effect ofse vs. Time, wherell = {& 70 =

The number of coherent rules associated with class mammal is among the

highest; the discovery time increases at an increasing parameter value of w .
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Figure5.15: Effect ofgr vs. Time, wherell = {& ogrgir+g*

There is no coherent rule associated with class invertebrate Consequently, the

time performance is not obvious at an increasing parameter value of @ .
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Figure5.16: Effect ofsr vs. Time, wherell = {&3 ke

The number of coherent rules associated with class insectis low at 8. Thus, the

time performance is not obvious at an increasing parameter value of @ .
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Figure5.17: Effect ofgr vs. Time, wherel = {{ vle

The number of coherent rules associated with class fish is among the highest;

the discovery time increases at an increasing parameter value of @ .
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Figure5.18: Effect ofgr vs. Time, wherell = (o P

The number of coherent rules associated with class bird is among the highest;

the discovery time increases slightly at an increasing parameter value of @ .
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Figure5.19: Effect ofgr vs. Time, wherell = {ap maf 4= &

With an increase of parameter value  , in general, the discovery time also
increases. In some cases, fluctuations can be observed within 0.05 second. For
example, in class reptile, the discovery time reduces slightly at 0 = 0, while @
increases from 0.4 to 0.8. A similar reduction in discovery time with an increase
parameter w can be observed in class fish at 0 = 16 while @ increases from
0.4 to 0.6. Use of the larger window (brought about by larger values of @)
allows more checking of candidate coherent rules for the anti-monotone
property. Consequently, it becomes faster to find the (final) minimum strength
value, & '@ "Q Once the final minimum strength value is found, the constraints
avoid unnecessary candidate coherent rules. With a smaller window (that is,
decreased values of w ), the constraints avoid some, but not all, of the
candidate coherent rules that are not part of the final solution. The OYYQ'Y
algorithm requires slightly more time to reach the final & '@ "Q however, this
observation may not always hold true. In most cases, with an increase in
parameter value w, the time required to check a large number of candidate
coherent rules for actual coherent rules is usually offset by the positive effect of
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finding the final value of & "® "Qfaster. An increase in parameter value w

typically increases discovery time.

The general increase of discovery time is also subject to the availability of
coherent rules in a dataset. In the experiment on class reptile, class invertebrae
and class insectwhere the number of available coherent rules is less than ten,
the increase in discovery time is small. It is larger on classes such as mammal
bird and fish. Nonetheless, in class fish, even with a constant number of
available coherent rules, the discovery time increases at w = 1.0and 0 = 1.0.
Parameter w controls the constraints 61 and 62. At @ = 1, these anti-

monotone constraints are relaxed, thus resulting an increase in discovery time.
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5.5.4 Increase of Time over Number of Attribute Values

In this section, we measure the effect of an increase in the number of
attribute values over time. The Zoo dataset has twenty-one attribute values in
total. We find coherent rules for each class using a controlled number of

attribute values. The discovery time is plotted in Figure 5.20.
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Figure5.20: Increasen Time overNumber of Attribute Values §'9

Experimental results show that an increase in the number of attribute
values exponentially increases discovery time. Increased discovery time is most
often observed on the frequent classes (mammal fish and bird), followed by
the infrequent classes (amphibianand reptile), at |'Q= 21. This perhaps implies
that OYYO'Y performs faster when finding coherent rules in infrequent classes;
however, at S@< 21, the discovery time on frequent and infrequent class is

almost identical.

The discovery time for class amphibianincreases gradually to less than 0.1
second at |'D= 11 and remains the same at |'Q= 13; after that it increases to

0.15 second and plateaus. Similarly, the discovery time for other classes also
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follows the pattern of increase-stop-increase. The discovery time for class
mammalincreases gradually and stabilises between Q= 15 to SQ= 17 before
increasing to less than 0.4 second at S@= 21. The discovery time for class fish,
for example, plateaus between S@= 13toS®= 17 and increases sharply at
S®= 19 before stabilising at 0.3 second. The increase of discovery time is
mainly due to the availability of coherent rules. The greater the number of
coherent rules that can be mined from the dataset, the more discovery time is
needed. If no additional coherent rules are available for discovery, the discovery
time almost plateaus. We further analyse this by plotting, in Figure 5.21, the

number of coherent rules against an increase in the number of attribute values.
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Figure5.21: Increasein Coherent Rules oveumber of Attribute Values ¢l9

The graphs in Figure 5.20 and Figure 5.21 show similar patterns. The
increase in the number of attribute values results in an increase of coherent
rules. To discover more coherent rules, more time is required; otherwise the
discovery time mostly plateaus with some exceptions in class reptile, class insect
and class invertebrate The latter three classes have very few coherent rules

available for discovery; however, some discovery time is spent on them even
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though no coherent rules are discovered. In class reptile, for example, the
discovery time increases slightly from S@= 7 to s@= 13 but reports no
coherent rules. This is not surprising given the exponential increase of search
space brought by an increase of SQ The increase of time is less than 0.1 second
and does not show any exponential trait when no coherent rules are available
from the dataset. Once coherent rules are found at S@= 19, the discovery time
increases and then plateaus. We can summarise that the OYYQ'Y discovery
time grows with the number of coherent rules available from the dataset. If no
coherent rules are available, then the discovery time is at its minimum. This
shows a desirable characteristic of O'YYO'Y when performing operations on the

Z00 dataset.

As a result of the findings discussed in section 5.5.3 section 5.5.4, we
summarise that the discovery time typically increases almost linearly with
parameter values 0 and @ , and the number of attribute values, but
fundamentally is limited by the coherent rules available. An incr