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M. Sileikis & L. Warnke,
Upper tail of the subgraph counts in G,

Question

Given a (‘small’) graph H, let Xy be the number of copies of H in Gy p.
What is

P[Xy > (1 + €)E[Xy]]?

Disproved a conjecture of DeMarco & Kahn which is
@ true when H is a clique,

@ based on two natural mechanisms by which ‘many copies of H’
can arise (‘disjoint’ and ‘clustered’ copies).
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M. Campos, L. Mattos, R. Morris & T. Morrison,
Invertibility of random symmetric matrices

Theorem

Let M be a random symmetric n x n matrix with entries +£1. There is a
¢ > 0 such that

P[M singular] < 2-°V".
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A. Ferber & M. Kwan, Almost all Steiner triple systems
are almost resolvable

@ almost resolvable = almost decomposable into perfect matchings

@ idea: use random triangle removal & Keevash’s strategy to access
a random STS (or at least ‘most’ of it)
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A. Lamaison, Maker-Breaker graph minor games

The game

@ Maker claims one edge, Breaker claims b edges of K, in each
turn. Maker wins if their claimed graph has an H-minor.

@ How good is the random Maker strategy?
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A. Lamaison, Maker-Breaker graph minor games

The game

@ Maker claims one edge, Breaker claims b edges of K, in each
turn. Maker wins if their claimed graph has an H-minor.

@ How good is the random Maker strategy?
Lamaison’s results for the H-minor game
@ For all H, Random Maker is optimal up to a constant factor in b

@ There are H for which Clever Maker can do 1% ‘better’ than
random.
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A. Heckel, Non-concentration of the chromatic number
of a random graphs

Theorem

There is no sequence of intervals of length n®/® which contain
X (Gn,1/2) with high probability.
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A. Heckel, Non-concentration of the chromatic number
of a random graphs

Theorem

There is no sequence of intervals of length n®/® which contain
X (Gn,1/2) with high probability.

Some intuition

@ G = G 1,2 has independence number f(n) ‘whp’ for most n, with
f ~ 2 |0g2 n

@ x(G) ~ 7 = average colour class > f — 4

— Study X; = number of independent sets of order f.
X; is asymptotically Poisson with expectation n*(") with 0 < x < 1.
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H. Huang, Induced subgraphs of hypercubes and a
proof of the Sensitivity Conjecture’

For x € {0,1}", S C [n], let xS be x with all indices in S flipped. For
f:{0,1}" — {0, 1}, the local sensitivity

s(f,x) = [{i: f(x) # f(x1h)}|

and sensitivity s(f) = maxy s(f, x).

The local block sensitivity bs(f, x) is the maximum number of disjoint
blocks By, - - - , By of [n], such that for each B;, f(x) # f(x5). Similarly,
the block sensitivity bs(f) = maxy bs(f, x).

Obviously bs(f) > s(f).

"H. Huang, Induced subgraphs of hypercubes and a proof of the Sensitivity
Conjecture, arXiv:1907.00847

Andrii Arman and Nina Kam¢ev RSA 2019 September 2, 2019 7/14


https://arxiv.org/abs/1907.00847

Block sensitivity is polynomially related to
@ certificate complexity,
@ the decision tree complexity,
@ the quantum query complexity,
@ the degree of the boolean function.

Conjecture (Sensitivity Conjecture, Nisan-Szegedy, 1992)

There exists an absolute constant C > 0, such that for every boolean
function f,
bs(f) < s(f)C.
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Theorem (Gotsman and Linial, 1992)

LetT(H) = max{A(H), A(Q" — H)} where H C Q". The following are
equivalent for any monotone function h : N — R.

(a) For any induced subgraph H of Q" with |V(H)| # 2", we have
F(H) > h(n).

(b) For any boolean function f, we have s(f) > h(deg(f)).

Theorem (Hao, 2019)

For every integer n > 1, let H be an arbitrary (2"~" + 1)-vertex induced
subgraph of Q", then

A(H) > /n.
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“Proof of sensitivity conjecture”

Lemma (Cauchy’s Interlace Theorem)

A is real symmetric n x n, B is m x m principal submatrix of A. If the
eigenvalues of A are \y > --- > A, and the eigenvalues of B are
i > -+ > pm, then for all i € [m] we have \; > i > Nivn_m-

Lemma

Suppose H is an m-vertex undirected graph, and A is a symmetric
{—1,0,1} matrix indexed by V(H), such that A, , = 0 whenever u, v
are not adjacent. Then A(H) > A\ := \1(A).

Define a sequence of symmetric square matrices,

0 1 A, /
A1:{1 o]’ A”:{nﬂ —A,,1]‘

. . . 2n—1 2n—1
Then A, is a 2" x 2" matrix whose spectrum is {\/ﬁ( ), —ﬁ( )}.



Some questions from the paper:

@ Given a highly symmetric G let f(G) be the minimum of A(G')
where G is subgraph of G on a(G) + 1 vertices. What can we say
about f(G)?

@ Let g(n, k) be the minimum ¢, such that every t-vertex induced
subgraph of Q" has maximum degree at least k. Determine
g(n, k) values of k > /n.

° Ambainis and Sun presented an example with
bs(f) = 2s(f)?> — 1s(f), Hao showed bs(f) < 2s(f)*. “Perhaps one
could close this gap by directly applying the spectral method to
boolean functions instead of to the hypercubes.”
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A. Grzesik, O. Janzer & Z.L.. Nagy, Turan number of
blow-ups of trees?

Conjecture (Erdés, 1967)

1

Let F be a bipartite r-degenerate graph. Then ex(n, F) = O(n?~7).

Theorem (GJN)
Let T denote a tree and let T|r]| denote its blow-up. Then

ex(n, T[r]) = O(~7).

Theorem (GJN)
Let L be an (r,t)-blownup tree of arbitrary size. Then

ex(n, L) = O(r?~ 7).

2A. Grzesik, O. Janzer and Z.L. Nagy, Turdn number of blow-ups of trees,
arXiv:1904.07219
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https://arxiv.org/abs/1904.07219

Conjecture (GJN)
Forany 0 < o < 1 and any graph F, if ex(n, F) = O(rn?>~%), then

ex(n, Flr]) = O (n2—%) .

“It would be interesting to extend this to the family of even cycles.”
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...& much more....

Property testing, removal lemmas

@ Subgraph testing against an arbitrary probability distribution on
the vertices

Ramsey theory & extremal
@ Online, size and hypergraph Ramsey numbers
@ Sidorenko’s conjecture.
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