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Introduction
Definitions

A Permutation array I'(n, d; s) of order n is an s x n array such

that:
@ Each cell contains one element of {1,...,n}
@ Each symbol occurs exactly once in each row T2 737415
@ Any two rows disagree in at least d columns > 115143
...each row is a permutation of the n symbols. 21511134
312|514
31411152
3|54 (2]1
41312115
5|1114(13]2
AT(5,4,8)
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Introduction
Definitions

A Permutation array I'(n, d; s) of order n is an s x n array such

that:
@ Each cell contains one element of {1,...,n}
@ Each symbol occurs exactly once in each row T2 737475
@ Any two rows disagree in at least d columns 511151413
...each row is a permutation of the n symbols. 21511134
312|514
31411152
3|54 (2]1
41312115
5|1114(13]2
AT(5,4,8)
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Introduction
Definitions

A Permutation array I'(n, d; s) of order n is an s x n array such

that:
@ Each cell contains one element of {1,...,n}
@ Each symbol occurs exactly once in each row T2 737415
@ Any two rows disagree in at least d columns > 115143
...each row is a permutation of the n symbols. 21511134
312|514
3141|512
3|54 (2]1
413121115
5|1114(13]2
AT(5,4,8)
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Introduction
Definitions

A Permutation array I'(n, d; s) of order n is an s x n array such
that:
@ Each cell contains one element of {1,...,n}

@ Each symbol occurs exactly once in each row T2 737415
@ Any two rows disagree in at least d columns 5111501413
..each row is a permutation of the n symbols. 21511134
312|514
314]1|5]2
31514121
4132|115
511|14]3]2

@ 1974 Blake: Application to PLC. AT(5,4,8)

@ 1977-1986 subject studied by Vanstone, Deza, Mathon, Cameron,

@ 1999 - now: Colbourn, Chu, Dukes, Cameron, Bailey, Klgve, Han
Vinck,. ..
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Introduction
Distance

Let dg be the Hamming distance on Sym(n):

dr(¢,9) = [{i: 9(i) # (i)} = n— | fiz(py ™)
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Introduction
Distance

Let dg be the Hamming distance on Sym(n):

dr(¢,9) = [{i: 9(i) # (i)} = n— | fiz(py ™)

A Permutation Code is a subset E of Sym(n) such that
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Introduction
Distance

Let dg be the Hamming distance on Sym(n):

dr(¢,9) = [{i: 9(i) # (i)} = n— | fiz(py ™)

A Permutation Code is a subset E of Sym(n) such that

A d—anticode A(n,d;s) : Vo,v € A(n,d;s), dg(o,v) <d.
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Introduction
Distance

Let dg be the Hamming distance on Sym(n):
dr(¢,9) = [{i: 9(i) # (i)} = n— | fiz(py ™)
A Permutation Code is a subset E of Sym(n) such that
A d—anticode A(n,d;s) : Vo,v € A(n,d;s), dg(o,v) <d.
Property

The Hamming distance on Sym(n) is bi-invariant:

dr(¢,¢) = du(ag, ap) = du (o, Ya) Vo, ¢, ¢ € Sym(n)
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Introduction
Distance

Let dg be the Hamming distance on Sym(n):
dr(¢,9) = [{i: 9(i) # (i)} = n— | fiz(py ™)
A Permutation Code is a subset E of Sym(n) such that
A d—anticode A(n,d;s) : Vo,v € A(n,d;s), dg(o,v) <d.
Property

The Hamming distance on Sym(n) is bi-invariant:

dr (9, ¢) = du(ag, a) = dy(dpo,pa) Vo, é,9 € Sym(n)
Any bi-invariant distance is invertible: dy(¢,) = dg (¢, %™1).

Theorem Farahat 1960
The isometry group of (Sym(n),dy) is isomorphic to Sym(n) 2

4
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Introduction
Maximal PA

A I'(n,d; s) is maximal if it is not included in a I'(n,d; s + 1)
(can't add a row).

1123415 1123415
211(4]3|5 15234
2151314 23|15 |4
3121|514 215413
315141211 311141215
413|512 314|512
5141213 4111352
A maximal 41215131
I'(5,4;7) 413215
51411123

A maximal

I'(5,4;10)
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M

Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

® u(n,n)=n
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M

Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

® u(n,n)=
® u(n,2) =nl!
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Maximal size

Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

® u(n,n)=n
° u(n,2)=n
° u(n,3) =%

!
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Maximal size
Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

Properties
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Maximal size

Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

® u(n,n)=n

® u(n,2) =nl!

° u(n,3) =14

® M(nad) < nu(n - 17 d)
o yu(n,d) < dﬁ!l)g
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Maximal size
Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

(card. of a ball of radius t)
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Maximal size
Maximal size of a PA

wu(n,d) =Maximal size s such that a I'(n, d; s) exists.

® u(n,n)=n

® u(n,2) =nl!

° u(n,3) =%

® M(nad) < nu(n - 17 d)
° M(n?d) S (dﬁ!l)'

(card. of a ball of radius t)
® A PG(2,q) gives a I'(¢,q — 1;4(q — 1)).
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M

UB and LB for p(n,d)

wu(n,d) 3 4 5 6 7 8 9
5 60 20 5
6 360 120 18 6
7 2520 [349-543] [77-140] 42 7
8 20160 | [2688-4135] [560- 926] 336 56 8
9 181440 [18144-32989] [1944- 7128] [1512-1962] 504 72 9
10 100 | [86400-302400] | [13680-64800] | [4320-16041] | [?? -4699] | 720 | [35-9C

Mathieu Bogaerts (joint work with Peter Dukes UVIC)

LP and SDP upper bounds for Permutation Arrays



Cayley graphs

G a group, Q asubset s.t. Q7' =Q and Id ¢ Q
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Cayley graphs

G a group, Q asubset s.t. Q7' =Q and Id ¢ Q
Cay(G,Q) = (V,E) with V =G and E = {[¢, 9] : p1p~1 € Q}
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Maximal size

Cayley graphs

G a group, Q asubset s.t. Q7' =Q and Id ¢ Q

Cay(G,Q) = (V,E) with V =G and E = {[¢, 9] : p1p~1 € Q}
A maximal permutation array I' corresponds to a maximal clique
in Cay(Sym(n), Q).

with Q4 := {all perms with < n — d fixed points }.

Qg = U;epC; : a union of conjugacy classes
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Maximal size

Cayley graphs

G a group, Q asubset s.t. Q7' =Q and Id ¢ Q

Cay(G,Q) = (V,E) with V =G and E = {[¢, 9] : p1p~1 € Q}
A maximal permutation array I' corresponds to a maximal clique
in Cay(Sym(n), 2a),

with Q4 := {all perms with < n — d fixed points }.

Qg = U;epC; : a union of conjugacy classes

The action of Aut(Cay(G,€2)) on the vertices is sharply
transitive

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size

Lovasz 0 number

01110000
10110100
11010010

A= 11100001
! 000O0O0OT1T171
01001011
00101101
00011110
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Maximal size

Lovasz 0 number

1+AG:

e E=-E=R=-E=}
R E OO RO
HHRHHO R OO
[ ==
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Maximal size

Lovasz 0 number

11110000 1 1110000
11110100 11110000
11110010 11110000
11110001 11110000
I+ da= 00001111 Ax = 000O0O0OO0OO0OO
01001111 000O0O0OO0OO0OO
00101111 00O0O0O0OO0OO0O
00011111 0000O0O0GO 0O
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Maximal size

Lovasz 0 number

11110000
11110100
111100710
11110001/ - 4

IHde=| g 900111 1| =K
01001111
00101111
00011111

Mathieu Bogaerts (joint work with Peter Dukes UVIC)

1 1 1 1

%%?%oooo
¥¥¥Toooo
T 1 370000
i1 1 1

T3 5 10000
000 00O0O0O

o o o
o o o
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Maximal size

Lovasz 0 number

11110000 g{#goooo
11110100 T 7y 10000
11110010 f]llfli,oooo
11110001 < Ak a2 rloo000
I+da=1 4 0001111 A== 00000000
01001111 000 000O00D
00101111 00000000
00011111 00000000

Properties of Ax = 4—‘|

K
K

K| =trJAg
(i) ¢ E&i#j] = (Ag)y=0
trflK =1 flK =0 flK symmetric

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size
Lovasz 6 function

Lovasz 0(G) = 6(G) function

0(G) = maxtr JX

subject to:
[(4,4) ¢ E&i # j] = X;;=0

trX =1
X>0

X symmetric
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Maximal size

Lovasz 0 function

Lovasz 0(G) = 6(G) function

0(G) = maxtr JX

subject to:
[(4,4) ¢ E&i # j] = X;;=0

trX =1
X>0

X symmetric

@ Original definition 6(G), 1979.
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Maximal size
Lovasz 6 function

Lovasz 0(G) = 6(G) function

0(G) = maxtr JX

subject to:
[(4,4) ¢ E&i # j] = X;;=0

trX =1
X>0

X symmetric

@ Original definition 6(G), 1979.
@ Sandwich theorem w(G) < 0(G) < x(G)
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Maximal size
Lovasz 6 for symmetric graphs

Let G = (V, E) and Aut(G) = automorphism group of G
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Maximal size
Lovasz 6 for symmetric graphs

Let G = (V, E) and Aut(G) = automorphism group of G

AV = Z Ak
‘AUt tGAut(G)
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Maximal size

Lovasz 6 for symmetric graphs

Let G = (V, E) and Aut(G) = automorphism group of G

AV = Z Ak
‘AUt tGAut(G)

ASY™ has the same properties as Ak plus:

(AR™)ig = (AR 1 3t € Aut(G) = ([0, 1) = 1]
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Maximal size
Lovasz 6 for symmetric graphs

Let G = (V, E) and Aut(G) = automorphism group of G
1 ~
sym . _
AV ey 2 A
te Aut(G)

ASY™ has the same properties as Ak plus:

(AR™)ig = (AR 1 3t € Aut(G) = ([0, 1) = 1]

z a a a 0 0 0 O
a y b b 0 00
a by b 00 0
Asym _ a b by 0 00
K 0000 b b a
0 0 0 by b a
0 0 0 b by a
0 0 0 a a a y
ee De Klerk
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Maximal size

For PA, 6 gives:

Co, - .. Cp(ny: conjugacy classes of Sym(n).
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For PA, 6 gives:

Co, - .. Cp(ny: conjugacy classes of Sym(n).
L1 ifewTte
Let (Ai)gy 1= { 0 otherwise
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For PA, 6 gives:

Co, - .. Cp(ny: conjugacy classes of Sym(n).
L1 ifewTte
Let (Ai)gy 1= { 0 otherwise

For I'(n,d;s), Rr := mlplT Rr := \ITl(n)\ Ztelso(n) Ry
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For PA, 6 gives:

Co, - .. Cp(ny: conjugacy classes of Sym(n).

L1 ifewTte
Let (Ai)gy 1= { 0 otherwise
For I'(n, d; 3~), Rr = ﬁlpl}r Rr ::~ \ITl(n)\ z:je[so(n) Ryr)
Then: tr(JRr) =s, Rr =Y a;A;, tr(Rr) =1, (Rr);; =0 if
0<du(pi,¢j) <d
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For PA, 6 gives:

Co, - .. Cp(ny: conjugacy classes of Sym(n).

L1 ifewTte
Let (Ai)gy 1= { 0 otherwise
For I'(n, d; 3~), Rr = ﬁlpl}r Rr ::~ \ITl(n)\ z:je[so(n) Ryr)
Then: tr(JRr) =s, Rr =Y a;A;, tr(Rr) =1, (Rr);; =0 if
0<du(pi,¢j) <d

X = ZazAz
pm(n,d) == maxtr(JX) st. ¢ (X);; =0if 0 <dpu(gs,0;) <d
tr(X) =1

Hm (n’ d) > :u(nv d)
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For PA, 6 gives:

Co, - .. Cp(ny: conjugacy classes of Sym(n).

L1 ifewTte
Let (Ai)gy 1= { 0 otherwise
For I'(n, d; 3~), Rr = ﬁlrl; Rr ::~ \ITl(n)\ z:fe[so(n) Ryr)
Then: tr(JRr) =s, Rr =Y a;A;, tr(Rr) =1, (Rr);; =0 if
0<du(pi,¢j) <d

X = ZazAz
pm(n,d) == maxtr(JX) st. ¢ (X);; =0if 0 <dpu(gs,0;) <d
tr(X) =1

Hm (n> d) > :u(nv d)

The n! x n! symmetric matrices (A;) generate the commutative
Bose-Mesner algebra M.
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Maximal size

SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
Iy = {t € Iso(n) : Id ¢ t(T")}
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Maximal size

SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
M ={telso(n):1d ¢tT)}
Rp = gty e, Rur)

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size

SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
M ={telso(n):1d ¢tT)}
Ri = 17 Yver, By BE = 1 Zens, Bur
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SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
M ={telso(n):1d ¢tT)}
Ri = 17 Yver, By BE = 1 Zens, Bur

[Iso(n)|Rr = |II| R + [To| RE
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SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
M ={telso(n):1d ¢tT)}
Ri = 17 Yver, By BE = 1 Zens, Bur

2(n)?Rp = 2s(n!)RL + 2(n! — s)(n!) R2
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SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}

) Hg—{tEISO( ) quét( )}

Ry = |n1\ 2 sem, By Rp = |n2\ 2ter, By
2(n!)?Rr = 2s(n)) R\ + 2(n! — s)(n!)R3

RL, RE € T Terwilliger Algebra (see M.B-P.D. 2013).
T generated by 0/1 matrices Bjs defined by orbits of I'so(n)rq on
pairs of perms.
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SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
M ={telso(n):1d ¢tT)}
Ri = 17 Yver, By BE = 1 Zens, Bur

2(n)?Rp = 2s(n!)RL + 2(n! — s)(n!) R2

RL, RE € T Terwilliger Algebra (see M.B-P.D. 2013).
T generated by 0/1 matrices Bjs defined by orbits of I'so(n)rq on
pairs of perms.

SDP in T

X1 :Bl+zibiBi =0
(Xl)i,j =0if0< dH((bZ,gf)]) <d
(XQ)Z‘J' =0if0< dH((bZ,gf)]) <d

wr(n,d) := maxtr(X;) s.t.

MT(n’ d) > :u(n’ d)
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SDP in T

For I'(n, d; s), define II; = {t € Iso(n) : Id € t(T")}
M ={telso(n):1d ¢tT)}
Ri = 17 Yver, By BE = 1 Zens, Bur

2(n)?Rp = 2s(n!)RL + 2(n! — s)(n!) R2

RL, RE € T Terwilliger Algebra (see M.B-P.D. 2013).
T generated by 0/1 matrices Bjs defined by orbits of I'so(n)rq on
pairs of perms.

SDP in T

X1 :Bl+zibiBi =0
(Xl)i,j =0if0< dH((bZ,gf)]) <d
(XQ)Z‘J' =0if0< dH((bZ,gf)]) <d

wr(n,d) := maxtr(X;) s.t.
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M al size

The Bose-Mesner algebra B

The algebra M:
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M al size

The Bose-Mesner algebra B

The algebra M:
@ is generated by A;'s
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M al size

The Bose-Mesner algebra B

The algebra M:
@ is generated by A;'s

@ is commutative
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Maximal size
The Bose-Mesner algebra B

The algebra M:
@ is generated by A;'s
@ is commutative
@ has a basis of irreducible idempotents E;: EZ2 =F;, Y E =1
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Maximal size
The Bose-Mesner algebra B

The algebra M:
@ is generated by A;'s
@ is commutative
@ has a basis of irreducible idempotents E;: EZ2 =F;, Y E =1

@ 3 Q with columns = eigenvectors of E;'s s.t. QMQ " is
diagonal
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Maximal size
The Bose-Mesner algebra B

The algebra M:
@ is generated by A;'s
@ is commutative
@ has a basis of irreducible idempotents E;: EZ2 =F;, Y E =1
@ 3 Q with columns = eigenvectors of E;'s s.t. QMQ " is
diagonal

X=0eQXQ" >0

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size
Conjugacy scheme

Suppose ¢y~ € C.
pf; = {0 € Sym(n) : p0~" € Ci, 907" € C;}| does not depend
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Maximal size
Conjugacy scheme

Suppose ¢y~ € C.

pf; = {0 € Sym(n) : p0~" € Ci, 907" € C;}| does not depend

on ¢,9.
o

Yol € G,

(Sym(n); Co, . .., Cp(ny) is an association scheme (conjugacy
scheme).
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Maximal size
Conjugacy scheme

Suppose ¢y~ € C.
pf; = {0 € Sym(n) : p0~" € Ci, 907" € C;}| does not depend

on ¢,9.
0

Yol € G,

(Sym(n); Co, . .., Cp(ny) is an association scheme (conjugacy
scheme).

M has an orthogonal basis, with transition matrices P and Q. In
the conjugacy scheme, the transition matrix @) is obtained by
evaluation of the irreducible characters x; of Sym(n).
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Maximal size

Conjugacy scheme (2)

Co, - .. Cp(ny: conjugacy classes of Sym(n).
(68) U € Cuob € Tnd:8))

i
S
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Maximal size

Conjugacy scheme (2)

Co, - .. Cp(ny: conjugacy classes of Sym(n).
(68) U € Cuob € Tnd:8))

i
S

Property

For any I'(n, d; s), the distribution vector a = (ag, - - - , ap(n))
satisfies:

ZjQijaj >0 A4

CL(]:l

a; =0 if oy~ ¢ C; Vo, el
Yai=s
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Maximal size

Conjugacy scheme (2)

Co, - .. Cp(ny: conjugacy classes of Sym(n).
(68) U € Cuob € Tnd:8))

i
S

Property

For any I'(n, d; s), the distribution vector a = (ag, - - - , ap(n))
satisfies:

ZjQijaj >0 A4

CL(]:l

a; =0 if oy~ ¢ C; Vo, el
Yai=s

In the conjugacy scheme, the transition matrix () is obtained by
evaluation of the irreducible characters x; of Sym(n).
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Maximal size

Delsarte bound (1973)

Theorem (LP bound for permutation codes (Tarnanen,1999))

Let D Cc {1,...,p(n)}
E C S, s. t. for any distinct permutations ¢,y € F,

¢yt € UienC;
ar, k € D real variables
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Maximal size

Delsarte bound (1973)

Theorem (LP bound for permutation codes (Tarnanen,1999))

Let D Cc {1,...,p(n)}

E C S, s. t. for any distinct permutations ¢,y € F,

oY~ € UiepC;

ar, k € D real variables

prp the number 1 + max ZiGD a;, the max. value of this sum
with
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Maximal size

Delsarte bound (1973)

Theorem (LP bound for permutation codes (Tarnanen,1999))

Let D Cc {1,...,p(n)}

E C S, s. t. for any distinct permutations ¢,y € F,
oY=t € UiepC;

ar, k € D real variables

prp the number 1 + max ZiGD a;, the max. value of this sum
with

Xi(Co) + D aix;(Cr) =0 Vji=0,...,p(n)
i€D
a; >0, 1€D

Then |E‘ < HLP-
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Maximal size

Delsarte bound (1973)

Theorem (LP bound for permutation codes (Tarnanen,1999))

Let D Cc {1,...,p(n)}

E C S, s. t. for any distinct permutations ¢,y € F,

oY~ € UiepC;

ar, k € D real variables

prp the number 1 + max ZiGD a;, the max. value of this sum
with

Xi(Co) + D aix;(Cr) =0 Vji=0,...,p(n)
i€D
a; >0, 1€D

Then |E‘ < HLP-

Tarnanen gives upper bounds for n < 10.
Irreducible characters are available on GAP, Magma,. ..
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M

Irreducible characters

Irreducible characters x;'s of G = Sym(n):
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Maximal size

Irreducible characters

Irreducible characters x;'s of G = Sym(n):

@ are functions x; : G — R
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Maximal size
Irreducible characters

Irreducible characters x;'s of G = Sym(n):

@ are functions x; : G — R

@ are constant over each conjugacy class = basis of C'f(G)
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Maximal size
Irreducible characters

Irreducible characters x;'s of G = Sym(n):

@ are functions x; : G — R
@ are constant over each conjugacy class = basis of C'f(G)

@ y;(a) = number of fixed points of « in the i-th irreducible
representation (tr(p;(a)))
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Maximal size
Irreducible characters

Irreducible characters x;'s of G = Sym(n):

@ are functions x; : G — R
@ are constant over each conjugacy class = basis of C'f(G)

@ y;(a) = number of fixed points of « in the i-th irreducible
representation (tr(p;(a)))

@ are orthonormal for the product
< 1.9 >= i Sacg F(@)g(a)
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Maximal size
Irreducible characters

Irreducible characters x;'s of G = Sym(n):

@ are functions x; : G — R
@ are constant over each conjugacy class = basis of C'f(G)

@ y;(a) = number of fixed points of « in the i-th irreducible
representation (tr(p;(a)))

@ are orthonormal for the product
< 1.9 >= i Sacg F(@)g(a)
@ x;(Id) = dimension of the i-th representation (degree)

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size
Irreducible characters

Irreducible characters x;'s of G = Sym(n):

are functions y; : G - R
are constant over each conjugacy class = basis of C'f(G)

Xi(a) = number of fixed points of « in the i-th irreducible
representation (tr(p;(a)))

are orthonormal for the product

< f,9>= g1 Xaec f(a)g(@)

Xi(Id) = dimension of the i-th representation (degree)
are known up to Sym(19) (NP-Hard)
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Maximal size

New LP bounds
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New LP bounds

Maximal size

u(n,d) LP bound | Older bound
wu(13,4) | 367270674 479001600
1(11,5) | 362880 712800
1(12,5) | 6141046 7149277
1(13,5) | 75789398 | 78823048
(11, 6) 138600 273402
(12, 6) 1766160 3926242
1(13,6) | 21621600 | 29511947
u(11,7) 32874 55440
1(12,7) | 361396 665280
u(13,7) 4163390 8648640
1(13,8) | 879493 1235520
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New LP bounds

Maximal size

u(n,d) LP bound | Older bound
wu(13,4) | 367270674 479001600
w(11,5) 362880 712800
1(12,5) | 6141046 7149277
1(13,5) | 75789398 | 78823048
(11, 6) 138600 273402
(12, 6) 1766160 3926242
(13, 6) 21621600 29511947
u(11,7) 32874 55440
1(12,7) | 361396 665280
u(13,7) 4163390 8648640
1(13,8) | 879493 1235520

w(n,d) | nu(n —1,d) | Older bound
n(11,4) 3326400 3628800
n(12,4) 39916800 39916800
u(12,5) | 4354560 7149277
1(13,5) 56609280 78823048
1(14,5) 792529920 947590121
1(12,6) 1663200 3926242
1(13,6) 21621600 20511947
(14, 6) 302702400 351525367
n(14,7) 58287460 106314989
(14, 8) 12312902 17297280
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Maximal size

The algebra T

The algebra T
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Maximal size

The algebra T

The algebra T
@ is generated by B;'s
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The algebra T

The algebra T
@ is generated by B;'s

@ is NOT commutative
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The algebra T

The algebra T
@ is generated by B;'s
@ is NOT commutative

@ has a center with a basis of irreducible idempotents ¢;:
E=¢,>€6=1

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size

The algebra T

The algebra T
@ is generated by B;'s
@ is NOT commutative
@ has a center with a basis of irreducible idempotents ¢;:
E=¢,>€6=1
@ 3 Q with columns = eigenvectors of ¢;'s s.t. QT Q" is block-
diagonal
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The algebra T

The algebra T

@ is generated by B;'s

@ is NOT commutative

@ has a center with a basis of irreducible idempotents ¢;:
E=¢,>€6=1

@ 3 Q with columns = eigenvectors of ¢;'s s.t. QT Q" is block-
diagonal

@ Each block is the diagonal join of similar submatrices (=
choose 1 submatrix!)
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The algebra T

The algebra T

@ is generated by B;'s

@ is NOT commutative

@ has a center with a basis of irreducible idempotents ¢;:
E=¢,>€6=1

@ 3 Q with columns = eigenvectors of ¢;'s s.t. QT Q" is block-
diagonal

@ Each block is the diagonal join of similar submatrices (=

choose 1 submatrix!)

Id ~
% € = XkQSl! ) Z'yelsol Xk:(')/)'y
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The algebra T

The algebra T
@ is generated by B;'s
@ is NOT commutative
@ has a center with a basis of irreducible idempotents ¢;:
E=¢,>€6=1
@ 3 Q with columns = eigenvectors of ¢;'s s.t. QT Q" is block-
diagonal

@ Each block is the diagonal join of similar submatrices (=
choose 1 submatrix!)

Id ~
% € = XkQSl! ) Z'yelsol Xk:(')/)'y

@ dim 7 = number of orbits of triples (8,7, p) under Iso(n)
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The algebra T

The algebra T

)

)

)

is generated by B;'s

is NOT commutative

has a center with a basis of irreducible idempotents ¢;:
E=¢,>€6=1

3 @ with columns = eigenvectors of ¢;'s s.t. QT Q" is block-
diagonal

Each block is the diagonal join of similar submatrices (=
choose 1 submatrix!)

Id ~
k= XkQSl! ) Z'yelsol Xk:(')/)'y

dim 7" = number of orbits of triples (0,7, p) under I'so(n)

dim 7" = number of orbits of pairs (7, p) under Iso(n)r4
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Maximal size

The algebra T

Define x|c,(t) := number of perms fixed by t € Iso(n)rq

2m—1
_ l
X|Cl = Z ApXk-
k=0
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Maximal size

The algebra T

Define x|c,(t) := number of perms fixed by t € Iso(n)rq

2m—1
_ l
X|Cl = Z ApXk-
k=0

aLZ(chnxw:% > XaMxi()-

" yE€lsol
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Maximal size

The algebra T

Define x|c,(t) := number of perms fixed by t € Iso(n)rq

2m—1
_ l
X|Cl = Z ApXk-
k=0

aLZ(chnxw:% > XaMxi()-

" yE€lsol

Each irrep. of G = Iso(n)q4 appears my = >, a. times
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Maximal size

The algebra T

Define x|c,(t) := number of perms fixed by t € Iso(n)rq

2m—1
_ l
X|Cl = Z ApXk-
k=0

aLZ(chnxw:% > XaMxi()-

" yE€lsol

Each irrep. of G = Iso(n)q4 appears my = >, a. times

_ m—1 mpmgxm
T = @y RMexm
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Maximal size

The algebra T

Define x|c,(t) := number of perms fixed by t € Iso(n)rq

2m—1

X|Cl = Z GLXk:-
k=0

aj, = (xloy, xx) = % > Xl Mxk()-

" yE€lsol

Each irrep. of G = Iso( )14 appears my = >, ak times

1,2,2,3,5

i
1 ) )
T = @ Rk XM 5 11335567
6
7

1,2,2,2,2,3,3,4,5 5,7 8 9 9, 13,15 15, 15,16, 17,19, 20, 20, 21, 26
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Maximal size

Improvements via SDP in T

HT M
(6,5) 24 30
(7,5) 134 140
(7,4) 535 543
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Maximal size

Improvements via SDP in T

HT M
(6,5) 24 30
(7,5) 134 140
(7,4) 535 543

For n > 8
@ Hard to compute ¢;'s

@ Too many variables...
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Maximal size
More constraints

{(¢.9) : 99" € Cj, 6,9 € T(n, d; 5)}

S

%

= average number of ¢ € T with ¢! € C; for a fixed ¢ € T
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Maximal size
More constraints

{(¢.9) : 99" € Cj, 6,9 € T(n, d; 5)}

S

= average number of ¢ € T with ¢! € C; for a fixed ¢ € T

Constraint (1)
= a; < max|FE;(d)| where E;(d) is a PA with ¢ € C; Vi € E;(d)
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Maximal size
More constraints

{(¢.9) : 99" € Cj, 6,9 € T(n, d; 5)}

s
= average number of ¢ € T with ¢! € C; for a fixed ¢ € T

%

Constraint (1)

= a; < max|FE;(d)| where E;(d) is a PA with ¢ € C; Vi € E;(d)
For small values, max(|E;(d)|) obtained clique search in (V, E).

V=C E={{¢¢}: du(o,¢)>d}
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Maximal size
More constraints

{(¢.9) : 99" € Cj, 6,9 € T(n, d; 5)}

S

= average number of ¢ € T with ¢! € C; for a fixed ¢ € T

Constraint (1)

= a; < max|FE;(d)| where E;(d) is a PA with ¢ € C; Vi € E;(d)
For small values, max(|E;(d)|) obtained clique search in (V, E).

V=C E={{¢¢}: du(o,¢)>d}

For n = 6,d = 5, the new constraints change 1(6,5) < 30 into
1(6,5) < 28

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size
More constraints

{(¢.9) : 99" € Cj, 6,9 € T(n, d; 5)}

S

= average number of ¢ € T with ¢! € C; for a fixed ¢ € T

Constraint (1)

= a; < max|FE;(d)| where E;(d) is a PA with ¢ € C; Vi € E;(d)
For small values, max(|E;(d)|) obtained clique search in (V, E).

V=C E={{¢¢}: du(o,¢)>d}

For n = 6,d = 5, the new constraints change 1(6,5) < 30 into
1(6,5) < 28

Constraint (1b)
mazx(|E;(d)|) can be upper bounded by Lovasz 6§ number.
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Maximal size

More constraints

Consider the conjugacy classes Cj, i € Dy, such that (J,cp C;
contains all ¢ with |Supp(¢)| = w.
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Maximal size
More constraints

Consider the conjugacy classes Cj, i € Dy, such that (J,cp C;
contains all ¢ with |Supp(¢)| = w.
Constraint 2.

= Y iep, % < p(n,d, w) where p(n,d,w) is a PA with
Vo € T : |Supp(¢)| = w (" constant weight PA")
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Maximal size
More constraints

Consider the conjugacy classes Cj, i € Dy, such that (J,cp C;
contains all ¢ with |Supp(¢)| = w.

Constraint 2.
= Y iep, % < p(n,d, w) where p(n,d,w) is a PA with
Vo € T : |Supp(¢)| = w (" constant weight PA")

Theorem:
@ u(n,n,n)=n-—1
@ u(n,n,n—1)=n
o u(n,d,w) < (Nu(k,d,w) forw <k <n.
[+

/.L(?’L, d: ’LU) < M(n_l7d7 w)+(n—1)(,u(n—1,d,w—l)—|—ﬂ(n—2,d,w—2))
for w < n.

u(n,d,n) < (n—1)(pu(n—1,d,n—1) 4+ pn —2,d,n — 2))
@ un,n—2,n) < (n—1)(pn—-1,n—2)—1)

(]

Mathieu Bogaerts (joint work with Peter Dukes UVIC) LP and SDP upper bounds for Permutation Arrays



Maximal size

Consequences of the new constraints

For n = 6,d = 5, the new constraints change 1(6,5) < 30 into
w(6,5) < 21.
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Maximal size

Consequences of the new constraints

For n = 6,d = 5, the new constraints change 1(6,5) < 30 into

w(6,5) < 21.
For v(n,d):
v(in,d) || 3 | 4 5 6

4 6 | 24
5 6 | 24| 120
6 6 | 24| 120 | 720
7 7 |24 | 120 | 720
8 8 | 29| 120 | 720
9 9 | 37| 120 | 720
10 10 | 46 | 120 | 720
11 11 | 56 | 146 | 720

Lower bounds for v(n, d)
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Maximal size

Thank you
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