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Consider K6:

A 1-factor of a graph G is a spanning 1-regular subgraph of G .

A 1-factorisation of a graph G is a partition of the edges of G into
1-factors.

A 1-factorisation is perfect if the union of every pair of distinct
1-factors forms a Hamilton cycle.
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A 1-factorisation is uniform if the graphs formed by the union of every
pair of distinct 1-factors are all isomorphic.

The type of a U1F is the list of cycle lengths formed by each pair of
1-factors.

The above example is a U1F of type (4, 4).

A P1F is a U1F of type (n).
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Conjecture (Kotzig, ’64)

The complete graph K2n admits a P1F for all n ≥ 2.

proven when n is an odd prime

proven when 2n − 1 is an odd prime

small values (upto K52) and other sporadic values

Theorem (Meszka and Rosa, 2003)

A U1F of the complete graph K2n where 2n ≤ 16 is one of the following:
a) a P1F
b) a U1F of K8 of type (4, 4)
c) a U1F of K10 of type (4, 6)
d) a U1F of K12 of type (6, 6)
e) a U1F of K16 of type (4, 4, 4, 4)
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Question

What can we say about P1Fs and U1Fs of circulant graphs?

Suppose n is even and S ⊆ {1, 2, . . . , n2}.

The circulant graph Circ(n,S) has vertex set Zn and
edge set E = {{x , x + s (mod n)} | x ∈ Zn, s ∈ S}.

Example: Circ(10, {1, 2}) and Circ(10, {1, 5})
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Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).
In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.



Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).
In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.



Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).
In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.



Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).
In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.



Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).
In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.



Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).

In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.



Question

Which 3-regular circulant graphs admit P1Fs?

A 3-regular circulant has S = {a, n2} where 1 ≤ a < n
2 .

Lemma (S.H. and Maenhaut)

A connected 3-regular circulant graph is isomorphic to either
Circ(n, {1, n2}) or Circ(n, {2, n2}).

When n ≡ 0 (mod 4), Circ(n, {2, n2}) is disconnected.

Only consider connection set {2, n2} when n ≡ 2 (mod 4).
In fact, Circ(n, {a, b}) is connected ⇐⇒ gcd(a, b, n) = 1.
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If n > 6, then a connected 3-regular circulant graph G of order n admits a
P1F ⇐⇒ n ≡ 2 (mod 4) and G ∼= Circ(n, {1, n2}).

Circ(n, {a, b}) is bipartite ⇐⇒ a and b are both odd.
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Lemma (S.H. and Maenhaut)

n ≡ 0 (mod 6) =⇒ Circ(n, {1, n2}) has a type (6, 6, ..., 6) U1F.

Example: Circ(12, {1, 6})
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n ≡ 6 (mod 12) =⇒ Circ(n, {2, n2}) has a type (6, 6, ..., 6) U1F.
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Theorem (S.H. and Maenhaut, 2013)

Suppose n > 6 is even. A connected circulant graph Circ(n, {2, n2})
admits a U1F if and only if n ≡ 6 (mod 12).

Proof:
⇐] Several construction results for different U1Fs when n ≡ 6 (mod 12).

⇒] Suppose that G admits a U1F with 1-factors A,B,C .

By the P1F Theorem, the U1F is not a P1F.

G connected =⇒ n ≡ 2 (mod 4)
=⇒ the length 2 edges form 2 disjoint n

2−cycles
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If edges {0, 2} and {n2 ,
n
2 + 2} belong to different 1-factors...

(⇒⇐)

Similarly, {i , i + 2} and {i + n
2 , i + n

2 + 2} belong to the same 1-factor.
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a + b = 2 (number of cycles in A ∪ B)
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a + b = 2 (number of cycles in A ∪ B)

Similarly, by considering the other two pairs of 1-factors,

a + c = 2 (number of cycles in A ∪ C )
b + c = 2 (number of cycles in B ∪ C )

A,B,C is a U1F =⇒ a + b = a + c = b + c
=⇒ a = b = c

n
2 = a + b + c is divisible by 3

n divisible by 6 and n ≡ 2 (mod 4) and =⇒ n ≡ 6 (mod 12)
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Open Problem

Characterise the connected 3-regular circulant graphs of the form
Circ(n, {1, n2}) that admit a U1F of any type.
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