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Construction

I Let v = 5n + 2 and G = Z5 × Zn (remember v ≡ 27 (mod 30)). Note
n ≡ 5 (mod 6).

I Let the weight of a subset of G be the sum of its elements.

I Think of the 3-subsets of G with weight (0, 0).

I Every 2-subset of G {x , y} is in exactly one such 3-subset, namely
{x , y ,−x − y}, unless y = −2x or x = −2y .

I So the 3-subsets of G with weight (0, 0) give a PSTS(v − 2) on G with
unused edges {{g ,−2g} : g ∈ G \ {(0, 0)}}.
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I Every point in G \ {(0, 0)} is in one such
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I Consider the weights of these edges.

I For each g ∈ G \ {(0, 0)} there is exactly
one unused edge of weight g .
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Construction example: v = 87, G = Z5 × Z17

(0, 0)

(0, 0)1

(0, 0)2

(4, 0)

(2, 0)(1, 0)

(3, 0)

(a, 1)

(3a, 15)

(4a, 4)

(2a, 9)

(a, 16)

(3a, 2)

(4a, 13)

(2a, 8)

(a, 3)

(3a, 11)

(4a, 12)

(2a, 10)

(a, 14)

(3a, 6)

(4a, 5)

(2a, 7)

︸ ︷︷ ︸
for each a ∈ Z5

I Remove {(0, 0), (2, 0), (3, 0)} and
{(0, 0), (1, 0), (4, 0)}.

I Add vertices (0, 0)1 and (0, 0)2.

I Add an STS(7) not containing
{(0, 0), (0, 0)1, (0, 0)2} on the
specified vertices.

I Properly 2-edge-colour the remaining
cycles so that (∗, b) and (∗,−b)
always receive the same colour.

I Add triples made from the blue edges
and (0, 0)1 and from the green edges
and (0, 0)2.

I The result is an STS(87) which I
claim has no PC.
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PC containing (0, 0)1 and (0, 0)2.

I If T1 is in the STS(7), then the
triples except T2 have weight (∗, 0).
Contradiction.

I So T1 and T2 are not in the STS(7).
By the properties of the edge
colouring, their weights cannot add
to (∗, 0). But the rest have weight
(∗, 0). Contradiction.



Generalising

For general v :

I If ordp(−2) ≡ 0 (mod 4) for every prime divisor p of v − 2, all the cycles of
unused edges will have length 0 (mod 4) and we’ll be able to find the
required edge-colouring.

I Otherwise, there will either be an odd cycle of unused edges or a cycle of
length 2 (mod 4) with opposite sides having inverse weights. Either way, a
suitable edge-colouring is impossible.

(0, b)

(0,−b)

Theorem (Bryant, Horsley, 201?) For each v ≡ 27 (mod 30) such that
ordp(−2) ≡ 0 (mod 4) for every prime divisor p of v − 2, there is an STS(v)
with no PC.
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The infinite family

Theorem (Bryant, Horsley, 201?) For each v ≡ 27 (mod 30) such that
ordp(−2) ≡ 0 (mod 4) for every prime divisor p of v − 2, there is an STS(v)
with no PC. There are infinitely many such values of v .

I P = {p : ordp(−2) ≡ 0 (mod 4)} contains all primes congruent to
5 (mod 8), some primes congruent to 1 (mod 8), and no others.

I So we can apply the theorem for any v = 5p1 · · · pt + 2 where p1, . . . , pt is
a list of primes from P containing an odd number of primes congruent to
5 (mod 8).
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Chromatic indices

The chromatic index of an STS is the smallest number of partial parallel classes
into which its triples can be partitioned.

Rosa has conjectured that the chromatic index of any STS(v) is in
{3b v6 c+ 1, 3b v6 c+ 2, 3b v6 c+ 3}.

It’s known that there is an STS(v) with chromatic index 3b v6 c+ 1 for each
admissible order v ≥ 15.

Any STS without a parallel class must have chromatic index at least 3b v6 c+ 3.

We think we can adapt our argument to find STS of many more orders with
chromatic index at least 3b v6 c+ 3.
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The End


