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General theorem Examples Martingales

CLT for tree parameters

Denote by Tn the set of all labelled trees with vertices {1, . . . , n}.
Let T be a uniform random element of Tn.

If F : Tn → R is �nice� then F (T) is asymptotically normal, i.e.

Pr

(
F (T)− µ

σ
≤ t

)
n→∞−→ Φ(t) = 1√

2π

∫ t

−∞
e−x

2/2dx,

where µ = EF (T) and σ2 = VarF (T).

We analyze also the rates of convergence of δK(F ) =
∥∥∥CDF (

F (T)−µ
σ

)
− Φ

∥∥∥
∞

to zero.
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Tree perturbations

De�ne a tree perturbation by Sjki T = T − ij + ik.

Picture will be here

We say F : Tn → R is α-Lipschitz on T ⊆ Tn if

|F (T )− F (Sjki T )| ≤ α

for all T ∈ T and valid triples (i, j, k).
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Almost superposable perturbations

At a big distance, we want that

F (Sjki Sbca T )− F (T ) ≈
(
F (Sjki T )− F (T )

)
+
(
F (Sbca T )− F (T )

)
.

Picture will be here

For ρ : N→ R+, we say F : Tn → R is ρ-superposable on T ⊆ Tn if

|F (T )− F (Sjki T )− F (Sbca T ) + F (Sjki Sbca T )| ≤ ρ(dT ({j, k}, {b, c})).

for all T ∈ T and valid triples (i, j, k), (a, b, c).
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Main result

Theorem (I., Southwell, Zhukovskii)

Suppose F : Tn → R is α-Lipschitz nd ρ-superposable on the set of
trees with degrees at most logn. If there is ε > 0 such that

nα3

σ3
+
n1/4α

σ
+
n1/4

∑n
d=1 dρ(d)

σ
= O(n−ε)

and |F (T )− µ| = eO(logn)σ then F (T) is asymptotically normal.
Moreover, δK(F ) = O(n−ε

′
) for any ε′ ∈ (0, ε).

Here, as before, µ = EF (T) and σ2 = VarF (T).
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Vertices of given degree

We recall that, see [Moon, Counting Labelled trees,1970],

ENk(T) = npk + O(1),

VarNk(T) = npk(1− pk)− np2
k(k − 2)2 + O(1),

where pk = (e(k − 1)!)−1.

Corollary 1

Nk(T) is asymptotically normal and δK (Nk) = O
(
n−1/4+ε

)
.

Proof.

Here, we have α = 2 since T and Sjki T have the same degrees except
for j and k. We can put ρ(d) = 0 for d ≥ 1. Apply CLT for trees.
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Occurrences of a tree pattern

Theorem (Chyzak, Drmota, Klausner, Kok, 2008)

LetM be a given tree. Then, the number of occurrences ofM in T is
asymptotically normal with mean and variance asymptotically
equivalent to µn and σ2n, respectively, where µ > 0 and σ2 > 0
depend on the patternM and can be computed explicitly and
algorithmically and can be represented as polynomials (with rational
coe�cients) in 1/e.

Picture will be here
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Two-paths

Let P2(T ) be the number of two-paths. We have P2(T ) =
∑n
i=1

(di
2

)
.

Corollary 2

P2(T) is asymptotically normal and δK (P2) = O
(
n−1/4+ε

)
.

Proof.

It is a routine to calculate that

EP2(Tn) ∼ 3n/2, VarP2(Tn) ∼ n/2.

For a tree T which degrees d1, . . . , dn at most logn, we have

|P2(T )− P2(S
jk
i T )| ≤

(
dj
2

)
+

(
dk
2

)
−
(
dj − 1

2

)
+

(
dk + 1

2

)
≤ logn.

We can also put ρ(d) = 0 for d ≥ 1. Apply CLT for trees.
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Three-paths

Here, we have P3(T ) =
∑
ij∈E(T )

1
2
(di − 1)(dj − 1).

Corollary 2

P3(T) is asymptotically normal and δK (P3) = O
(
n−1/4+ε

)
.

Proof.

It is a routine to calculate that

EP3(Tn) ∼ 2n, VarP3(Tn) ∼ 3n.

For a tree T which degrees d1, . . . , dn at most logn, we have

|P3(T )− P3(S
jk
i T )| = O(log2 n).

We can put ρ(1) = 2α and ρ(d) = 0 for d ≥ 2. Apply CLT for trees.
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CDFs for the number of two-paths in T ∈ Tn
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CDFs for the number of three-paths in T ∈ Tn

Mikhail Isaev (Monash University) The distribution of tree parameters April 29, 2019 11 / 17



General theorem Examples Martingales

Tree automorphisms

Yu (2012): asymptotic behaviour of E log |Aut(T)| and concentration
property. Lognormal limit law is conjectured.

Wagner (Ban� talk, October 2016): log |Aut(T)| is asymptotically normal
with µ ≈ 0.052290n and σ2 ≈ 0.039498n.

To apply our result, we only need that σ2 is linear and Aut(T) can be restricted to
the subgroup generated by permutations of small branches.

Corollary 3

log |Aut(T)| is asymptotically normal and δK (log |Aut |) = O
(
n−1/4+ε

)
.

Proof.

If S the stabilizer of a vertex in Aut(T ) then |S| ≥ |Aut(T )|/n. Thus,∣∣∣log |Aut T | − log |Aut(Sjki T )|
∣∣∣ = O(logn).

We can put ρ(d) = 2α for d ≤ logn and ρ(d) = 0, otherwise (this works for
permutations of small branches). Apply CLT for trees.
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Martingales

Let P = (Ω,F , P ) be a probability space. A sequence Y0, . . . , Ym of random
variables on P is called martingale if it satis�es the following relations:

1. Each Yi is an integrable random variable which is measurable with respect to
the corresponding sub σ-�eld Fi ⊆ F .

2. The σ-�elds Fi form a �lter, i.e. F0 ⊆ · · · ⊆ Fm.

3. For every 1 ≤ i ≤ m, we have E(Yi | Fi−1) = Yi−1 a.s.

Example: Doob martingale for f(X1, . . . , Xm): for ω = (x1, . . . , xm) ∈ Ω,

Yi(ω) = fi(x1, . . . , xi) = E(f(X1, . . . , Xm) | X1 = x1, . . . , Xi = xi)

(in case of independence) = Ef(x1, . . . , xi, Xi+1, . . . , Xm).
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Martingale Central Limit Theorem

Let Y0, . . . , Ym be a martingale with respect to a �lter F0, . . . ,Fm
with F0 = {∅, Ω}. Suppose that, for some α > 0, a.s.

|Yi − Yi−1| ≤ α, i = 1, . . . ,m,∑m
i=1 Var(Yi | Fi−1)

VarYm

p−→ 1 as m→∞,

and a Lindeberg-type condition is satis�ed. Then, it is well-known that

Ym − EYm
(VarYm)1/2

d−→ N(0, 1).

Mikhail Isaev (Monash University) The distribution of tree parameters April 29, 2019 14 / 17



General theorem Examples Martingales

Steps to normality

(1) Represent F (T) as f(X1, . . . , Xm). Take the Doob martingale.

(2) Bound the martingale di�erences |Yi − Yi−1|.

(3) Also bound |Var(Ym | Fi)− E(Var(Ym | Fi) | Fi−1)|.

(4) Combine (3) and Azuma's inequality. Apply the martingale CLT.
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Martingale construction

We use Aldous-Broder algortihm for generation of spanning trees of a
graph G. When G = Kn, n ≥ 2 it can be rephrased as follows:

I. For 1 ≤ i ≤ n− 1 connect vertex i+ 1 to vertex
Vi = min{i, Ui}, where U = (U1, . . . , Un−1) is uniformly
distributed on [n]n−1.

II. Relabel vertices 1, . . . , n as X1, . . . , Xn, where
X = (X1, . . . , Xn) is a uniform random permutation from Sn.

Thus, we represent F (T) as f(U,X). Then, we just follow the steps
from the previous slide.
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Thank you for your attention!
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