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CLT for tree parameters

Denote by Ty, the set of all labelled trees with vertices {1,...,n}.
Let T be a uniform random element of T,.

If F: 7, — Ris“nice” then F(T) is asymptotically normal, i.e.

r<F(T)—u

t
<t) "= Pt :L/ e/ gy

where p = EF(T) and o2 = Var F(T).

We analyze also the rates of convergence of ok (F') = HCDF (%) — @H to zero.
oo
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Tree perturbations

Define a tree perturbation by Sgk T=T—1j + k.

PICTURE WILL BE HERE
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Tree perturbations

Define a tree perturbation by Sgk T=T—1j + k.
PICTURE WILL BE HERE

We say F : T, — R is a-Lipschitz on T C T, if
[F(T) — F(SI"T)| < o

for all T' € T and valid triples (3, j, k).
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Almost superposable perturbations

At a big distance, we want that

F(SI* S T) — F(T) ~ (F(Sz’c T) — F(T)) + (F(SZ° T) — F(T)) .

PICTURE WILL BE HERE
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Almost superposable perturbations

At a big distance, we want that

F(SI*S%T) - F(T) = (F(SI*T) — F(T)) + (F(SiT) - F(T)) .
PICTURE WILL BE HERE

For p: N = Rt wesay F : T,, — R is p-superposable on T~ C Ty, if

|F(T) — F(S]"T) — F(Sa°T) + F(S]" Sa° T)| < p(dr ({4, k}, {b,c}))-

for all T € T and valid triples (¢, 3, k), (a,b, c).
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Main result

Theorem (I., Southwell, Zhukovskii)

Suppose F' : T, — R is a-Lipschitz nd p-superposable on the set of
trees with degrees at most log n. If there is € > 0 such that

na® n'/ta L nt/43°" | dp(d)

= 0O(n™)

and |F(T) — p| = e90°8™) g then F(T) is asymptotically normal.
Moreover, 0k (F) = O(n~¢") for any &’ € (0, ¢).

Here, as before, p = EF(T) and o2 = Var F(T).
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Vertices of given degree

We recall that, see [Moon, Counting Labelled trees,1970],

ENk(T) = npg + 0(1),
Var Ni(T) = npi(1 — pr) — npi(k — 2)* + 0O(1),
where pr = (e(k — 1)!)~L.
Corollary 1
Ny (T) is asymptotically normal and dk (Ng) = O (n~1/4+€),

Proof.

Here, we have ¢ = 2 since T and Szk T have the same degrees except
for j and k. We can put p(d) = 0 for d > 1. Apply CLT for trees. []

v
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Occurrences of a tree pattern

Theorem (Chyzak, Drmota, Klausner, Kok, 2008)

Let M be a given tree. Then, the number of occurrences of M in T is
asymptotically normal with mean and variance asymptotically
equivalent to pumn and o?n, respectively, where > 0 and 02 > 0
depend on the pattern M and can be computed explicitly and

algorithmically and can be represented as polynomials (with rational
coefficients) in 1/e.
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Two-paths

Let P,(T') be the number of two-paths. We have Po(T) = Y i, (C;l)

Corollary 2
P5(T) is asymptotically normal and dx (P2) = O (n=1/4te) . J
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Two-paths

Let P,(T') be the number of two-paths. We have Po(T) = Y i, (C;’)

Corollary 2
P5(T) is asymptotically normal and dx (P2) = O (n=1/4te) .

Proof.
It is a routine to calculate that

EPy(Tn) ~ 3n/2, Var P2 (T,) ~ n/2.

For a tree T' which degrees d;,...,d, at most logn, we have

|P2(T) — Py(S3* T)| < (‘i) + (‘é) - (dj; 1) + (dkjl) < logn.

We can also put p(d) = 0 for d > 1. Apply CLT for trees. L]

v
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Three-paths

Here, we have P3(T) = ZijEE(T) %(dz —1)(dj — 1).

Corollary 2
P3(T) is asymptotically normal and dx (P3) = O (n=1/4te) . J
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Three-paths

Here, we have P3(T) = ZijEE(T) %(d, —1)(dj — 1).

Corollary 2
P5(T) is asymptotically normal and dk (P3) = O (n_1/4+5) .

Proof.
It is a routine to calculate that

EP3(T,) ~ 2n, Var P3(T,) ~ 3n.

For a tree T' which degrees d;,...,d, at most logn, we have

|P3(T) — P3(S¥* T)| = O(log® n).

We can put p(1) = 2a and p(d) = 0 for d > 2. Apply CLT for trees. L]
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CDFs for the number of two-paths in T € T,

n=25

n=200
n=12800

— - CDFofN(0.1)
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CDFs for the number of three-paths in T € T,

n=25

n=200
n=12800

— - CDFofN(0.1)
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Tree automorphisms

@ Yu (2012): asymptotic behaviour of E log | Aut(T)| and concentration
property. Lognormal limit law is conjectured.

@ Wagner (Banff talk, October 2016): log | Aut(T)| is asymptotically normal
with g = 0.052290n and o® ~ 0.039498n.

To apply our result, we only need that o2 is linear and Aut(T) can be restricted to
the subgroup generated by permutations of small branches.

Corollary 3

log | Aut(T)| is asymptotically normal and ék (log | Aut |) = O <n_1/4+€) .
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Tree automorphisms

To apply our result, we only need that 2 is linear and Aut(T) can be restricted to
the subgroup generated by permutations of small branches.

Corollary 3
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Tree automorphisms

To apply our result, we only need that 2 is linear and Aut(T) can be restricted to
the subgroup generated by permutations of small branches.

Corollary 3

log | Aut(T)| is asymptotically normal and dk (log | Aut |) = O (n_1/4+5) .

Proof.
If S the stabilizer of a vertex in Aut(T') then |S| > | Aut(T)|/n. Thus,

log | Aut T| — log | Aut(S?* T)|| = O(logn).

We can put p(d) = 2a for d < logn and p(d) = 0, otherwise (this works for
permutations of small branches). Apply CLT for trees. O
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Martingales

Let P = (12, F, P) be a probability space. A sequence Yo, ..., Yn, of random
variables on P is called martingale if it satisfies the following relations:

1. Each Y; is an integrable random variable which is measurable with respect to
the corresponding sub o-field F; C F.

2. The o-fields F; form a filter, i.e. Fo C -+- C Fpp.
3. For every 1 < ¢ < m, we have E(Y; | Fi—1) = Yi_1 ass.

Example: Doob martingale for f(X1,...,Xm): for w = (@1,...,Zm) € 2,

Yi(w) = fi(x1y...yw) = E(f(X1yeo oy Xom) | X1 = 21,0, X = x5)
(in case of independence) = Ef(@1y..., @iy Xit1ye-+s Xm)-
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Martingale Central Limit Theorem
@)

Let Yg, ..., Y be a martingale with respect to a filter Fg, ..., Fm
with Fo = {0, £2}. Suppose that, for some o > 0, a.s.

|Yi_n—1|§a7 t=1,...,m,

Yy Var(Yi | Fic1) p,

»1 asm — oo,
VarY,,

and a Lindeberg-type condition is satisfied. Then, it is well-known that

Y. — EY,,
(Var Y;,)1/2

4, N(0,1).
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Steps to normality

(1) Represent F(T) as f(X1,...,Xm). Take the Doob martingale.
(2) Bound the martingale differences |Y; — Y;_1|.
(3) Also bound | Var (Y, | Fi) — E(Var(Ym | Fi) | Fi—1)|-

(4) Combine (3) and Azuma’s inequality. Apply the martingale CLT.
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Martingale construction

We use Aldous-Broder algortihm for generation of spanning trees of a
graph G. When G = K,,, n > 2 it can be rephrased as follows:

I. For 1 <4< mn — 1 connect vertex ¢ + 1 to vertex
V; = min{¢, U;}, where U = (Uy,...,U,p—1) is uniformly
distributed on [n]?~1.

II. Relabel vertices 1,...,mn as X1,..., X, where
X = (X1,...,X,) is a uniform random permutation from S,,.

Thus, we represent F'(T) as f(U, X). Then, we just follow the steps
from the previous slide.
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THANK YOU FOR YOUR ATTENTION!
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