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@ All graphs in this talk are undirected and simple.

@ The adjacency matrix A of a graph I' is the matrix whose
rows and columns are indexed by its vertices such that
Axy = 1if xy is an edge and 0 otherwise.
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Graph: G = (V, E) with vertex set V and edge set £ C (3).

@ All graphs in this talk are undirected and simple.

@ The adjacency matrix A of a graph I' is the matrix whose
rows and columns are indexed by its vertices such that
Axy = 1if xy is an edge and 0 otherwise.

@ The eigenvalues of I' are the eigenvalues of its adjacency
matrix.

@ In this talk, | will mainly be interested in the smallest
eigenvalue of I', denoted by Amin.

@ First | will introduce lattices. They form an important tool for
us.
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@ The lattice A generated by U is the set
D ayu|ue U, ay € Zforall u}. The lattice A is called
integral if (uy, uo) is an integer for all uy, us € U.
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Definition

@ Let U c R" be a finite set.

@ The lattice A generated by U is the set
D ayu|ue U, ay € Zforall u}. The lattice A is called
integral if (uy, uo) is an integer for all uy, us € U.

@ A root lattice is an integral lattice, generated by norm 2
vectors.

@ If A can be written as the orthogonal sum of two proper
sublattices we say A is reducible, and otherwise it is called
irreducible.

@ We say an integral lattice is s-integrable if /s is
isomorphic to a sublattice of the standard lattice.
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Root Lattices

@ Let ey, ..., e, the standard basis of R".

@ A, is the root lattice generated by
{ei—eg|1<ij<n+1,i#j} (n>1).

@ D, is the root lattice generated by
{ei—e,e+e|1<i,j<n}.

(Witt (1941)) The only irreducible root lattices are A, D, and
Es, E7, Es.
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The root lattices Eg, E7 and Eg are 2-integrable, but can not be
1-integrated.
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Results of Conway and Sloane

Definitions

Let s be a positive integer. We define c¢(s) as the smallest
positive integer t such that there exists an integral lattice A with
dim(A) = t, that can not be s-integrated. It is not a priori clear
that this number exists.
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Remarks

@ c¢(1) = 6 was shown by Ko and Mordell (1937).(Ko of
Erd6s-Ko-Rado)

@ Lagrange theorem states that every positive integer can be
written as the sum of four squares. This means that any
1-dimensional lattice is isomorphic to a sublattice of Z4.

@ Conway and Sloane also generalized this result for higher
dimensional lattices, i.e. they showed that you only need a
few extra dimensions to make the lattice s-integrable.

@ The main idea of Conway and Sloane is that for any
integral lattice A, there exists a unimodular lattice A’ that
contains A as a sublattice and dim(A’) — dim(A) is at most
three.

@ For an unimodular lattice one needs the same number of
positions to show its s-integrability.

@ And then they classified the low dimensional unimodular
lattices.
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@ A lattice associated to a graph
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@ Let G be a graph with smallest eigenvalue Anp,.

@ Let Abe the adjacency matrix of G.

@ Let B:= A— | \nin]/ = NTN, as B is positive semidefinite
and hence a Gram matrix.

@ Let A = A(G) be the (integral) lattice generated by the
columns of N. (Note that A is well defined as the
isomorphism class of A only depends on B.)

@ We say G is s-integrable if A is s-integrable.
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Smallest eigenvalue —2

Definition

We say a connected graph G with smallest eigenvalue at least
—2 and adjacency matrix A is a generalized line graph if there
exists an integral matrix N such that A+ 2/ = NTN.
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Smallest eigenvalue —2

Definition

We say a connected graph G with smallest eigenvalue at least
—2 and adjacency matrix A is a generalized line graph if there
exists an integral matrix N such that A+ 2/ = NTN.

Note that if | can take N with entries only 0’s and 1's, then G is
a line graph. So a generalized line graph is a generalization of a
line graph.
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The following beautiful result was shown by Cameron,
Goethals, Seidel, and Shult (1976):

Let G be a connected graph with smallest eigenvalue at least
—2. Then either G has at most 36 vertices or G is a generalized
line graph.
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The following beautiful result was shown by Cameron,
Goethals, Seidel, and Shult (1976):

Let G be a connected graph with smallest eigenvalue at least
—2. Then either G has at most 36 vertices or G is a generalized
line graph.

We give now a sketch of proof for this result, as we will need
this idea later in the talk.
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Sketch of proof

@ Let G be a connected graph with smallest eigenvalue at
least —2.

@ Then A+ 2/ is positive semidefinite, so it is a Gram matrix
A+2/=NTN.

@ Let A be the integral lattice generated by the columns of N.

@ Then A is an even lattice, generated by norm two vectors,
so it is a root lattice and it is irreducible as G is connected.

@ The irreducible root lattices were classified by Witt, and are
of type An, D, or Eg, E7, Es.

@ The first two lattices give us generalized line graphs, and
for the last three lattices one can show that the number of
vertices is at most 36.
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@ A result of Hoffman
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Smallest eigenvalue —1 — /2

Hoffman (1977) showed the following result:

Let2 < A < 1 ++/2. Then there is constant K = K()\) such that
if I is a connected graph with minimal valency at least K and
smallest eigenvalue \nin > —\, then T is a generalised line

graph. In particular, \nin > —2.

@ This result means that there exists a real number
7(k) < —2 such that any connected graph with minimal
valency at least k has smallest eigenvalue either at least
—2 or at most 7(k), and 7(k) — —1 — V2 (k — o0).



Smallest eigenvalue —2
00e00

@ Hoffman did not use the classification of irreducible root
lattices, but he needed to pay the price by assuming large
minimal valency.
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@ Hoffman did not use the classification of irreducible root
lattices, but he needed to pay the price by assuming large
minimal valency.

@ Woo and Neumaier (1995) generalized this result by
Hoffman by going slightly below —1 — v/2.
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Rephrasing the results of Cameron et al. and Hoffman

As the generalised line graphs are exactly the graphs with
smallest eigenvalue at least —2 which are 1-integrable, we can
rephrase the results of Cameron et al. and Hoffman as follows:

Let G be a connected graph with smallest eigenvalue at least
—2. Then G is 2-integrable.
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Rephrasing the results of Cameron et al. and Hoffman

As the generalised line graphs are exactly the graphs with
smallest eigenvalue at least —2 which are 1-integrable, we can
rephrase the results of Cameron et al. and Hoffman as follows:

Theorem

Let G be a connected graph with smallest eigenvalue at least
—2. Then G is 2-integrable.

Theorem

Let 2 > X < 1 ++/2. Then there is constant K = K(\) such that
if I is a connected graph with minimal valency at least K and
smallest eigenvalue A\pin > —\, then Apin(IF) > —2 and T is
1-integrable.

| \
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eigenvalue at least —37



Smallest eigenvalue —2
0000e

Can we generalize these two results to graphs with smallest
eigenvalue at least —3? In this talk we will show a
generalization of the result of Hoffman, and that to generalize
the first result is probably difficult.
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Main result

Our main result is:

There exists a constant K > 0 such that any connected graph
G with minimal valency at least K and A\, at least —3 is
2-integrable.
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@ The meaning is that a graph with large minimal valency
and A\, at least —3 is still a structured graph, like a
generalized line graph, but of course more complicated
than a generalized line graph.




Smallest eigenvalue at least —3
[e]e] leleleleele)

@ The meaning is that a graph with large minimal valency
and A\, at least —3 is still a structured graph, like a
generalized line graph, but of course more complicated
than a generalized line graph.
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Munemasa, Rehman and Yang showed that K > 166.
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@ The meaning is that a graph with large minimal valency
and A\, at least —3 is still a structured graph, like a
generalized line graph, but of course more complicated
than a generalized line graph.

@ Using the regular two-graph on 276 vertices, K.,
Munemasa, Rehman and Yang showed that K > 166.

@ We only know an implicit upper bound for K, but certainly
our bound is far from the true value.

@ We have a family of connected non 2-integrable graphs
with unbounded number of vertices and smallest
eigenvalue at least —3. So this means that the result of
Cameron et al. is not so easy to be generalized.
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Representations

@ The proof is a combination of the techniques used in the
result of Cameron et al. of 1976 and the result of Hoffman
of 1977. | will only give the main idea behind the proof.
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Representations

@ The proof is a combination of the techniques used in the
result of Cameron et al. of 1976 and the result of Hoffman
of 1977. | will only give the main idea behind the proof.

@ We first need to discuss representations of graphs
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@ A representation of a graph G with norm mis a map x — x
satisfying
o (X,X)=m
e (X,y)=1Iif x ~ y and 0 otherwise.
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Representations of graphs

@ A representation of a graph G with norm mis a map x — x
satisfying
o (X,X)=m
e (x,y)=1Iif x ~ y and 0 otherwise.
@ A representation of G is called fat if there exists a set U of
orthonormal vectors such that
e forall x € V(G) and all u € U, the inner product
(x,u) € {0,1}, and
e for any x € V(G), there exists u € U such that (x,u) = 1.
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The following result implies our main result.

There exists a positive constant K such that any connected
graph G with minimal valency at least K and A\, at least —3
has a fat representation of norm 3.
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Main result

The following result implies our main result.

There exists a positive constant K such that any connected
graph G with minimal valency at least K and A\, at least —3
has a fat representation of norm 3.

@ Now we take the orthogonal projection on the orthogonal
complement of subspace generated by the set U of the fat
representation, to obtain the representation x — X.
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Main result

The following result implies our main result.

There exists a positive constant K such that any connected
graph G with minimal valency at least K and A\, at least —3
has a fat representation of norm 3.

@ Now we take the orthogonal projection on the orthogonal
complement of subspace generated by the set U of the fat
representation, to obtain the representation x — X.

@ Note (X,X) <2and (x,y) € Z.
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Main result

The following result implies our main result.

There exists a positive constant K such that any connected
graph G with minimal valency at least K and A\, at least —3
has a fat representation of norm 3.

@ Now we take the orthogonal projection on the orthogonal
complement of subspace generated by the set U of the fat
representation, to obtain the representation x — X.

@ Note (X,X) <2and (x,y) € Z.

@ So now we are done by the classification of the root
lattices and the fact that they are all 2-integrable.
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@ The first step is that we need to consider vertex-weighted
signed graphs G = ((G = V(G), E(G)), w : V(G) —
Zoo,0: E(G) = {+1,-1}.

@ The adjacency matrix of G is the symmetric matrix A with
entries Axx = wW(X), Axyy = o(xy) if xy € E(G) and 0
otherwise.
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@ To show our fat representation result we first showed, that
there only finitely many (non-isomorphic) minimal
vertex-weighted signed graphs with smallest eigenvalue
< =2

@ The first step is that we need to consider vertex-weighted
signed graphs G = ((G = V(G), E(G)), w : V(G) —
Zoo,0: E(G) = {+1,-1}.

@ The adjacency matrix of G is the symmetric matrix A with
entries Axx = wW(X), Axyy = o(xy) if xy € E(G) and 0
otherwise.

@ The eigenvalues of G are those of its adjacency matrix.
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@ Vijayakumar (1987) showed that a minimal signed graph G
with A\min < —2, has at most 10 vertices.
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@ Vijayakumar (1987) showed that a minimal signed graph G
with A\min < —2, has at most 10 vertices.

@ He first showed that G with Amin > —2, such that its
corresponding lattice is not 1-integrable, has at most 6
vertices.
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A result of Vijayakumar

@ Vijayakumar (1987) showed that a minimal signed graph G
with A\min < —2, has at most 10 vertices.

@ He first showed that G with Amin > —2, such that its
corresponding lattice is not 1-integrable, has at most 6
vertices.

@ Then he used the classification of root lattices and that G
has exactly one eigenvalue at most —2, by the
star-complement method and interlacing.
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@ Now we look at minimal vertex-weighted signed graphs
with smallest eigenvalue < —2.

@ Using the proof of the Ostrowski-Hoffman limit theorem, for
a vertex x with weight w(x) < 0, we join x to a large
enough clique and replace w(x) by weight w(x) + 1 and
the vertices of the cliqgue have weight 0 and keep the wight
of the other vertices, and still keeping the eigenvalue less
than —2.
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a vertex x with weight w(x) < 0, we join x to a large
enough clique and replace w(x) by weight w(x) + 1 and
the vertices of the cliqgue have weight 0 and keep the wight
of the other vertices, and still keeping the eigenvalue less
than —2.

@ By repeating the procedure we obtain the minimal graphs
with a fat representation of norm > 3.
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Minimal forbidden vertex-weighted signed graphs

@ Now we look at minimal vertex-weighted signed graphs
with smallest eigenvalue < —2.

@ Using the proof of the Ostrowski-Hoffman limit theorem, for
a vertex x with weight w(x) < 0, we join x to a large
enough clique and replace w(x) by weight w(x) + 1 and
the vertices of the cliqgue have weight 0 and keep the wight
of the other vertices, and still keeping the eigenvalue less
than —2.

@ By repeating the procedure we obtain the minimal graphs
with a fat representation of norm > 3.

@ Then it is fairly easy to finish the proof of our fat
representation result.
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@ Let A be an (finite-dimensional) integral lattice such that all
non-zero vectors of A have norm at least 3.

@ We will consider its sublattice A’ generated by the norm 3
vectors.

@ Can we classify those lattices \'?
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@ Without loss of generality we may assume that Gis
connected.
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the minimal valency of G as that of its underlying graph G.
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@ Let M be a maximal set of norm 3 vectors of A’ such that if
ue Mthen —u ¢ M.

@ Take the Gram matrix B of M.

@ Then B; =3 and B; € {1,0,—-1}.

@ So B — 3/ is the adjacency matrix of a signed graph G with
smallest eigenvalue at least —3.

@ Without loss of generality we may assume that Gis
connected.

@ Is our main result also true for signed graphs? We define
the minimal valency of G as that of its underlying graph G.

@ | think so, but to show this we need to develop a theory of
signed Hoffman graphs.
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Some conjectures

@ There exists a positive integer s such that any connected
graph with smallest eigenvalue at least —3 is s-integrable.
(Maybe s = 47)
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Some conjectures

@ There exists a positive integer s such that any connected
graph with smallest eigenvalue at least —3 is s-integrable.
(Maybe s = 47)

@ Our main result also holds for signed graphs.

@ There exists a positive integer s such that any connected
signed graph with smallest eigenvalue at least —3 is
s-integrable. (Maybe s = 47)

v

The last conjecture would essentially give a classification of the
lattices with minimum norm 3.
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Question:
@ Can we extend our result to smallest eigenvalue —47?

@ Our method can not be extended to —4, because there are
infinitely many minimal forbidden vertex-weighted signed
graphs with smallest eigenvalue < —3.
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Thank you for your attention.
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