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Contribution

Here, for the first time, all connected quartic bi-
partite Cayley integral graphs are given includ-
ing all non-obvious* isomorphisms.
Computations used previous results showing
that all connected quartic bipartite integral
graphs have one of 43 possible values for the
number of vertices, all falling between 8 and
560.

Recently the quartic Cayley integral graphs
on finite abelian groups were determined but
here we have found the graphs considering all
groups.

Explaining the Terms

An integral graph is a graph with integer
eigenvalues with respect to the adjacency ma-
trix ot the graph.

The spectrum of a graph is the eigenvalues
with their multiplicity.

{4,0° —4}

The Cayley Graph Cay(G, S) for a given group
G and S C G is the graph with vertex set G and
with x connected to y if and only if yz~—! € S.

CCLy(Cg, {17 37 57 7})

Why Quartic Bipartite?

Quartic (or 4-regular)

-The largest eigenvalue is 4 with multiplicity 1.
-(and undirected) Connection sets contain 0, 2,
or 4 involutions.

Bipartite
-Eigenvalues are symmetric with respect to 0.
The resulting spectrum:

{4,3%,2Y 1% 0%¥, —1%, —2Y, —1% —4}

Sketch of the Algorithm

A. Consider all groups of order in the list of
possible spectra.

B. Form appropriate 4 element generating sets
and build corresponding Cayley graphs.

C. Take only those graphs that are connected
and bipartite.

D. Check if the eigenvalues are integers.

Note: GAP, Nauty, and Maple were an asset.

The Graph on 18 Vertices

Two Cayley representations for this graph:

Cay(03 X 53, {(07 (12))7 (Ov (13))7 (17 (23))7 (27 (23))})

Cay(C6 X Cg, {(1, O), (5, O), (3, 1), (3, 2)})

Results

If we let n denote the number of vertices,
the following table lists the only con-
nected quartic bipartite Cayley integral
graphs up to non-obvious* isomorphism:

Results Continued

n Spectrum Group Connection Set
24 4,3%,1°,00, ... Sy 4 involutions
Cy x Aa 2 involutions
30 4,210 14 .. Cs X S; 0 involutions
D3 4 involutions
32 4,212 09, ... Cs x Cy 0 involutions
(Cg x Cs) x Co 2 involutions
Co.((Cy x C3) x Cs) 0 involutions
= (CQ X CQ)(C4 X 02)
(Cy x Cy) x Cs 2 involutions
Cy.Dg = C4.(Cy x C3) | 0involutions
(Cy x Cy) x Co 4 involutions
(Cs x Ca) x O 2 involutions
Cy X QDqg 2 involutions
(Cg X 02) X CQ 4 involutions
(Cy x Dg) x Cy 4 involutions
(Cy x Qg) x Cy 2 involutions
(Cy x Qg) x Cy 4 involutions
36 | 4,3% 2% 1% 09 ... Cz x (C3 % Cy) 0 involutions
(C3 x C3) x Cy 0 involutions
S3 x S5 4 involutions
S3 x S3 4 involutions
S3 x S3 2 involutions
S3 x S3 0 involutions
Cg X S3 2 involutions
Cg X S3 2 involutions
Cs X S5 0 involutions
02 X ((Cg X 03) X 02) 4 involutions
02 X ((Cg X Cg) X 02) 2 involutions
Cs x U 0 involutions
40 | 4,3%,20.1% 010 ... Cy x (Cs x Cy) 2 involutions
48 | 4,3°% 2% 119 0, ... Oy x Cy X S3 2 involutions
Dg x S5 4 involutions
Dg x S5 4 involutions
Dg x S5 2 involutions
Dg x Ss 2 involutions
02 X ((C@ X 02) X 02) 4 involutions
Cg X Dxg 2 involutions
Cy X Sy 4 involutions
Cy X Sy 4 involutions
(s X Sy 2 involutions
(o x Oy x Ay 2 involutions
(o x Cy x Uy X S3 4 involutions
72 | 4,338,210 116 02 ... C5 x Sy 0 involutions
(C3 x Ay) x Cs 4 involutions
Ayg X S3 0 involutions
Ce x Ay 0 involutions
72 | 4,3°,21° 110 06 ... | (C3 x (O3 x Cy)) x Cy | 2involutions
(06 X 53) X CQ 4 involutions
(Cg x S3) x Co 2 involutions
Cgs x (C3 x Cy) 0 involutions
03 X ((06 X CQ) X CQ) 2 involutions
C3 x ((Cg x C3) x Cy) | 0involutions
(S3 x S3) X Co 4 involutions
(Sg X Sg) X CQ 2 involutions
(S3 x S3) x Cs 2 involutions
(S3 x S3) x Cs 0 involutions
CQ X ((Cg X Cg) X 04) 2 involutions
Co x ((C3 x C3) x Cy) | 0involutions
(5 X S3 X S3 4 involutions
Cy x S3 x S5 4 involutions
Cy x S3 x S5 2 involutions
Cy x Cg X S5 2 involutions
120 | 4,312,228 1% 0%, ... Ss 4 involutions
S 0 involutions
Cy X As 2 involutions
S3 X (Cs x Cy) 2 involutions
Cs x Sy 0 involutions
(C5 x Ag) x Cy 4 involutions

*Obvious Cayley Isomorphisms

The following property was used to eliminate
not all but a great number of isomorphic
graphs on the same group:

S? =T for some o € Aut(G)
= Cay(G,S) = Cay(G,T)

As can be seen, still remaining are many unex-
plained isomorphic Cayley graphs on the same
or a number of different groups.
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n Spectrum Group Connection Set
8 4,00, ... Cy 0 involutions
Cy x O 2 involutions
Cy x Oy 0 involutions
Dg 4 involutions
Dg 2 involutions
Qs 0 involutions
(o x Oy x C5 4 involutions
10 4,14 ... Do 4 involutions
C1o 0 involutions
12 | 4,2%.0°,... C3:C4 0 involutions
C'12 0 involutions
D12 2 involutions
12 4,214, ... D12 4 involutions
16 | 4,2%0°, ... Cy x Oy 0 involutions
(Cy x Cg) x Co 2 involutions
(Cy x Cg) x Co 2 involutions
(Cy x C3) x Oy 0 involutions
Cy x Cy 0 involutions
Cs x Co 0 involutions
QD16 2 involutions
Cy x Cy x Cy 2 involutions
(5 x Dg 4 involutions
(5 x Dg 4 involutions
(5 x Dg 4 involutions
(5 x Dg 2 involutions
(5 x Dg 2 involutions
CQ X CQ X 02 X 02 4 involutions
18 | 4,2% 1%, ... C5 x S3 2 involutions
('3 X S5 0 involutions
(C3 x C3) x Cy 4 involutions
Cg x O3 0 involutions
24 | 4,23.09,... Cy x S3 2 involutions
(Cs x Ca) x CY 2 involutions
C3 x Dg 0 involutions
Sy 4 involutions
Sy 2 involutions
Sy 0 involutions
(Cy X Ay 0 involutions
(o x C5 x S5 4 involutions
24 | 4,32, 22 1% 02 Cy X Ss 2 involutions
Cy x S3 2 involutions
Doy 4 involutions
Doy 2 involutions
Cy x (C5 x Cy) 0 involutions
(Cg x Cy) x Cs 4 involutions
(06 X 02) X 02 2 involutions
(Cg x C) x Cf 2 involutions
(Cg x Cg) »x C 0 involutions
(19 X Co 0 involutions
('3 x Dg 2 involutions
('3 x Dg 0 involutions
(9 x (9 X S3 4 involutions
(o x C5 x S5 4 involutions
(o x C5 x S5 4 involutions
CQ X CQ X Sg 2 involutions
(9 x (9 X S3 2 involutions
Ce x Cy x Co 2 involutions
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