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1. Introduction
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Preliminaries

• An [n, k] code over Fq is a k-dimensional subspace of Fn
q .

• The Hamming weight of x = (x1, . . . , xn) ∈ Fn
q is defined by

wt(x) := |{i : xi ̸= 0}|.

• An [n, k, d] code over Fq (for short, [n, k, d]q code) is an [n, k] code
over Fq with

d := min{wt(x) : 0 ̸= x ∈ C}.

• An [n, k, d]q code is called a maximum distance separable (MDS)
code if d = n− k + 1.

• An [n, k, d]q code is called a Griesmer code if n =
∑k−1

i=0

⌈
d
qi

⌉
.

Singleton bound (1964) If C is an [n, k, d] code over Fq, then

d ≤ n− k + 1.
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d
qi
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Griesmer bound (1960) If C is an [n, k, d] code over Fq, then

n ≥
k−1∑

i=0

⌈
d

qi

⌉
.
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⌉
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Critical Problem

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fk

q , determine the maximum dimension of

subspaces of Fk
q which do not intersect S.

• For any subset S ⊆ Fk
q , define the critical exponent of S as follows:

c(S, q) := k−max{r ∈ Z+ : ∃D ≤ Fk
q s.t. dimD = r and D ∩ S = ∅}.

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fn

q , determine the maximum dimension of
subspaces of Fn

q which do not intersect S.

q = 2

• Four-Color Theorem (Appel and Haken, 1976)

• Hadwiger’s Conjecture (1943)

• 5-Flow Conjecture (Tutte, 1954)

•
...

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fn

q , determine the maximum dimension of
subspaces of Fn

q which do not intersect S.

q = 2

• Four-Color Theorem (Appel and Haken, 1976)

• Hadwiger’s Conjecture (1943)

• 5-Flow Conjecture (Tutte, 1954)

•
...

• Problem of correcting a black and white pixel image
E. Abbe, N. Alon, and A.S. Bandeira, Linear Boolean classification, coding and

ʠthe critical problemʡ, in 2014 IEEE International Symposium on Information

Theory (ISIT), pp. 1231–1235, 2014.



Example
• For any subset S ⊆ Fn

q , define the critical exponent of S as follows:

c(S, q) := n−max{r ∈ Z+ : ∃D ≤ Fn
q s.t. dimD = r and D ∩ S = ∅}.

Example 1.

• Consider

S = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} ⊆ F4
2.

• For instance, if

D = ⟨(1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 1)⟩,

then
D ∩ S = ∅.

• Therefore it follows that

c(S, 2) = 4 − 3 = 1.

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fk
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subspaces of Fk
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2.

• For instance, if
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A definition of matroids



• Set �(X) = |V (G[X])|� �(G[X]), �X � E.

• Then M(G) := (E, �) is a matroid.

1

2

3

4

5

6

7

8

• If X = {4, 5, 6, 7, 8}, then �(X) = 4� 1 = 3.

• If X = {1, 3, 7}, then �(X) = 4� 2 = 2.

Matroids from graphs
• For an undirected graph G = (V,E) and a subset X ⊆ E, we
denote the number of connected components of G[X] by ω(G[X]).



• For each subset X � E, the punctured code C \X is the linear code
obtained by deleting the coordinate X from each codeword in C.

• Define the function � : 2E � Z�0 by

�(X) := dim C \ (E �X), �X � E.

• Then MC := (E, �) is a matroid.

• Consider the binary [8, 4] code having generator matrix

G =

�

���

1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 1 0 1 1 0 1
0 0 0 1 1 1 1 0

�

��� .

1     2     3     4     5      6     7     8

• If X = {4, 5, 6, 7, 8}, then �(X) = 4.• If X = {6, 7, 8}, then �(X) = 3.

Matroids from codes
• Let C be an [n, k] code over Fq with E = {1, 2, . . . , n}.

• Let G be a generator matrix of C, that is, a k × n matrix over Fq

whose rows form a basis for C.

• Let C be an [n, k] code over Fq with E = {1, 2, . . . , n}.

• Let G be a generator matrix of C, that is, a k × n matrix over Fq

whose rows form a basis for C.
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• Let M be a representable matroid over Fq, that is, a matroid
obtained from a linear code over Fq.

• It is well known that p(M ; qr) � 0, for all r � Z+.

Critical problem for matroids
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Relation with graph theory

• A vertex colouring of a graph G = (V,E) is a map f : V � S
such that f(v) �= f(w) whenever v and w are adjacent.

• The chromatic number of G, denoted by �(G), is the mini-
mum cardinality of S necessary such that a map f exists.

• For any loopless graph G,

�(G) = min{j � Z+ : p(M(G); j) > 0}.

• Thus, for M = M(G),

qc(M ;q)�1 < �(G) � qc(M ;q).
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2. Main Results I
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• The covering dimension of C is defined by

�(C) :=
�

�, if Supp(C) �= E;
min{r : �D � Dr(C) s.t. Supp(D) = E}, otherwise.

Covering dimensions



Problem: For any subset S ⊆ Fk
q , set |S| = n and E = {1, 2, . . . , n}.

Let C be an [n, k]q code having generator matrix G = [S]. Determine

γ(C) := min{r ∈ Z+ : dimD = r, D ⊆ C, Supp(D) = E}.

Theorem (Kung, 1996) If S is a subset of Fk
q and M [S] = (E, I) is

the matroid obtained from the matrix [S], then

c(S, q) ≤ ρ(E)− g + 3,

where g := min{|A| : A is a minimal dependent set in M [S]}.
• For instance, if

B = �(1, 1, 0, 1, 1, 0), (1, 0, 1, 1, 0, 1)�,

then
Supp(B) = {1, 2, 3, 4, 5, 6}.

Example 2.

• Problem of correcting a black and white pixel image
E. Abbe, N. Alon, and A.S. Bandeira, Linear Boolean classification, coding and

ʠthe critical problemʡ, in 2014 IEEE International Symposium on Information

Theory (ISIT), pp. 1231–1235, 2014.

• Let C be a binary [6, 3] code with G =

⎛

⎝
1 0 0 0 1 1
0 1 0 1 0 1
0 0 1 1 1 0

⎞

⎠.

• Then we have that

C = {(0, 0, 0, 0, 0, 0), (1, 0, 0, 0, 1, 1), (0, 1, 0, 1, 0, 1), (0, 0, 1, 1, 1, 0),
(1, 1, 0, 1, 1, 0), (1, 0, 1, 1, 0, 1), (0, 1, 1, 0, 1, 1), (1, 1, 1, 0, 0, 0)}.

• Let C be a binary [6, 3] code with G =

⎛

⎝
1 0 0 0 1 1
0 1 0 1 0 1
0 0 1 1 1 0

⎞

⎠.

• Then we have that



The equivalence

The Critical Theorem
(Crapo and Rota, 1970)

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fk

q , determine the maximum dimension of

subspaces of Fk
q which do not intersect S.

• For any subset S ⊆ Fk
q , define the critical exponent of S as follows:

c(S, q) := k−max{r ∈ Z+ : ∃D ≤ Fk
q s.t. dimD = r and D ∩ S = ∅}.



• Let C be a binary [n, n � 1] code which is (permutation) equivalent to

the binary code having generator matrix G =

�

��
1

In�1

...
1

�

�� .

Kung’s bound
Kung’s bound (1996). If M = (E, �) is a simple representable
matroid over Fq with girth g, then

c(M ; q) � �(E)� g + 3.



• Then the [n = (qk � 1)/(q � 1), k] code C having generator matrix G is
a dual Hamming code (or a simplex code) and d� = 3.

• Let G be k � n matrix over Fq which contains as columns exactly one
multiple of each nonzero vector in Fk

q .

Kung’s bound

• It finds easily that

c(PG(k − 1, q), q) = k − 0 = k.

• Thus we have that

γ(C) = k(= k − 3 + 3).

• Consider the matroid

U2,4 := (E = {1, 2, 3, 4}, I = {X ⊆ E : |X| ≤ 2}).

• Find a binary 2× 4 matrix A such that M [A] = U2,4.

A =

(
??? ??? ??? ???
??? ??? ??? ???

)
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Special cases



ー
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Theorem 6. Let C be an [n, k] code over Fq with d⊥ > 3. If q = 2m

and m ≥ 2, then
γ(C) ≤ k − d⊥ + 2.

ー



Main result (1)
Theorem (Britz and S, 2016)
If C is an [n, k]q code with d⊥ := d(C⊥), then

γ(C) ≤ k − d⊥ + 2

unless C is isomorphic to a dual Hamming code or C is a binary
[n, n− 1] code such that d⊥ = n is odd, in either which case
γ(C) = k − d⊥ + 3.

Corollary (Britz and S, 2016)
If S is a subset of Fk

q and M [S] = (E, I) is the matroid obtained from
the matrix [S], then

c(S, q) ≤ ρ(E)− g + 2

unless S = PG(k − 1, q) or S = {e1, e2, . . . , ek,
∑k

i=1 ei} ⊆ Fk
2 and k

is even, in either which case γ(C) = ρ(E)− g + 3.

Britz	and	Shiromoto,	On	the	covering	dimension	of	linear	codes,	IEEE	IT	62	(2016)

Theorem (Britz and S, 2016)
If C is an [n, k]q code with d⊥ := d(C⊥), then

γ(C) ≤ k − d⊥ + 2

unless C is isomorphic to a dual Hamming code or C is a binary
[n, n− 1] code such that d⊥ = n is odd, in either which case
γ(C) = k − d⊥ + 3.

Corollary (Britz and S, 2016)
If S is a subset of Fk

q and M [S] = (E, I) is the matroid obtained from
the matrix [S], then

c(S, q) ≤ ρ(E)− g + 2

unless S = PG(k − 1, q) or S = {e1, e2, . . . , ek,
∑k

i=1 ei} ⊆ Fk
2 and k

is even, in either which case γ(C) = ρ(E)− g + 3.
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3. Main Results II
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Critical problem for codes II

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fn

q , determine the maximum dimension of
subspaces of Fn

q which do not intersect S.

• Four-Color Theorem (Appel and Haken, 1976)

• Hadwiger’s Conjecture (1943)

• 5-Flow Conjecture (Tutte, 1954)

•
...

S = Bn,t(q) := {x ∈ Fn
q : wt(x) ≤ t}

Problem in Coding Theory:
For given n, t, and q (n, t ∈ Z+, q : a prime power), determine the
maximum dimension k such that there exists an [n, k, t + 1]q code.

S = Bn,t(q) := {x ∈ Fn
q : wt(x) ≤ t}

Problem in Coding Theory:
For given n, t, and q (n, t ∈ Z+, q : a prime power), determine the
maximum dimension k such that there exists an [n, k, t + 1]q code.



Example 2.

• Consider
S = B4,2(2) = {x ∈ F4

2 : wt(x) ≤ 2}.

• Assume that there exists a [4, 2, 3]2 code C and let

G =
(

1 0 a b
0 1 c d

)

be a generator matrix of C.

• Then there does not exist such a, b, c, d ∈ F2.

• On the other hand, D = {(0, 0, 0, 0), (1, 1, 1, 0)} is a [4, 1, 3]2 code.

• Therefore it follows that

c(B4,2(2), 2) = 4 − 1 = 3.

Example 2.

• Consider
S = B4,2(2) = {x ∈ F4

2 : wt(x) ≤ 2}.

• Assume that there exists a [4, 2, 3]2 code C and let

G =
(
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0 1 c d
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be a generator matrix of C.

• Then there does not exist such a, b, c, d ∈ F2.

• On the other hand, D = {(0, 0, 0, 0), (1, 1, 1, 0)} is a [4, 1, 3]2 code.

• Therefore it follows that

c(B4,2(2), 2) = 4 − 1 = 3.

Example 2.

• Consider
S = B4,2(2) = {x ∈ F4

2 : wt(x) ≤ 2}.

• Assume that there exists a [4, 2, 3]2 code C and let

G =
(

1 0 a b
0 1 c d

)

be a generator matrix of C.

• Then there does not exist such a, b, c, d ∈ F2.

• On the other hand, D = {(0, 0, 0, 0), (1, 1, 1, 0)} is a [4, 1, 3]2 code.

• Therefore it follows that

c(B4,2(2), 2) = 4 − 1 = 3.

Example 2.

• Consider
S = B4,2(2) = {x ∈ F4

2 : wt(x) ≤ 2}.

• Assume that there exists a [4, 2, 3]2 code C and let

G =
(

1 0 a b
0 1 c d

)

be a generator matrix of C.

• Then there does not exist such a, b, c, d ∈ F2.

• On the other hand, D = {(0, 0, 0, 0), (1, 1, 1, 0)} is a [4, 1, 3]2 code.

• Therefore it follows that

c(B4,2(2), 2) = 4 − 1 = 3.

Example 2.

• Consider
S = B4,2(2) = {x ∈ F4

2 : wt(x) ≤ 2}.

• Assume that there exists a [4, 2, 3]2 code C and let

G =
(

1 0 a b
0 1 c d

)

be a generator matrix of C.

• Then there does not exist such a, b, c, d ∈ F2.

• On the other hand, D = {(0, 0, 0, 0), (1, 1, 1, 0)} is a [4, 1, 3]2 code.

• Therefore it follows that

c(B4,2(2), 2) = 4 − 1 = 3.

• For any subset S ⊆ Fn
q , define the critical exponent of S as follows:

c(S, q) := n−max{r ∈ Z+ : ∃D ≤ Fn
q s.t. dimD = r and D ∩ S = ∅}.

Example 1.

• Consider

S = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} ⊆ F4
2.

• For instance, if

D = ⟨(1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 1)⟩,

then
D ∩ S = ∅.

• Therefore it follows that

c(S, 2) = 4 − 3 = 1.

Example 2.
Example 3.

• Problem of correcting a black and white pixel image
E. Abbe, N. Alon, and A.S. Bandeira, Linear Boolean classification, coding and

ʠthe critical problemʡ, in 2014 IEEE International Symposium on Information

Theory (ISIT), pp. 1231–1235, 2014.



Kung’s results
Theorem 7. (Kung, 1996)

c(Bn,t(q), q) = n− 1 ⇐⇒ n− 1 ≥ t ≥ n−
⌈

n

q + 1

⌉
.

Theorem 8. (Kung, 1996) Let

e =

⌊
1

q + 1 + 1
q

⌈
n

q + 1

⌉⌋
.

Suppose that e ≥ 1 and

n−
⌈

n

q + 1

⌉
− 1 ≥ t ≥ n−

⌈
n

q + 1

⌉
− e.

Then Bn,t(q) has critical exponent n− 2.

Theorem 7. (Kung, 1996)

c(Bn,t(q), q) = n− 1 ⇐⇒ n− 1 ≥ t ≥ n−
⌈

n

q + 1

⌉
.

Theorem 8. (Kung, 1996) Let

e =

⌊
1

q + 1 + 1
q

⌈
n

q + 1

⌉⌋
.

Suppose that e ≥ 1 and

n−
⌈

n

q + 1

⌉
− 1 ≥ t ≥ n−

⌈
n

q + 1

⌉
− e.

Then Bn,t(q) has critical exponent n− 2.



Theorem (Koga, Maruta, and S, 2017) Suppose that n ≥ q2 + q + 1.
If n = (q2 + q + 1)m+ aq + b for m ≥ 1, 0 ≤ a ≤ q − 1, and
0 ≤ b ≤ q − 1 such that (1) a < b with b− a ̸= 1, or (2) a > b = 0
holds, then Bn,t(q) has critical exponent n− 2 if and only if

n−
⌈

n

q + 1

⌉
− 1 ≥ t ≥ n−

⌈
(q + 1)n

q2 + q + 1

⌉
− 1.

Otherwise Bn,t(q) has critical exponent n− 2 if and only if

n−
⌈

n

q + 1

⌉
− 1 ≥ t ≥ n−

⌈
(q + 1)n

q2 + q + 1

⌉
.



̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

or

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 2

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

or

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 2

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

or

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 2

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

or

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 2

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

or

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 2

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

or

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 1

and

∃[n, 3, s+ 1]q code with s ≤ n−
⌈
n(q + 1)/(q2 + q + 1)

⌉
− 2

̸∃[n, 3, t+ 1]q code with t ≥ n−
⌈

(q + 1)n

q2 + q + 1

⌉

and
∃[n, 3, s+ 1]q code with s ≤ n−

⌈
(q + 1)n

q2 + q + 1

⌉
− 1

or
̸∃[n, 3, t+ 1]q code with t ≥ n−

⌈
(q + 1)n

q2 + q + 1

⌉
− 1

and
∃[n, 3, s+ 1]q code with s ≤ n−

⌈
(q + 1)n

q2 + q + 1

⌉
− 2

• We shall prove that

• It is sufficient to prove that

⌈t+ 1⌉+
⌈
t+ 1

q

⌉
+

⌈
t+ 1

q2

⌉
= · · · > n,

and

⌈s+ 1⌉+
⌈
s+ 1

q

⌉
+

⌈
s+ 1

q2

⌉
= · · · ≤ n,

and the existences of such Griesmer codes.

• We shall prove that

• It is sufficient to prove that

⌈t+ 1⌉+ ⌈(t+ 1)/q⌉+
⌈
(t+ 1)/q2

⌉
= · · · > n,

and
⌈s+ 1⌉+ ⌈(s+ 1)/q⌉+

⌈
(s+ 1)/q2

⌉
= · · · ≤ n,

and the existences of such Griesmer codes.
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• Set θi := qi + qi−1 + · · ·+ q + 1, for any non-negative integer i, and
set θ−1 := 0.

• Let s0, s1, . . . , sr−1 be integers s.t. 0 ≤ si ≤ q for 0 ≤ i ≤ r − 1.
• We consider the following cases:
Cases Br:

(1) n = θrm for some m ≥ 1,
(2) n = θrm+ θr − θl for some m ≥ 0 and some l with 0 ≤ l ≤ r − 1,
(3) n = θrm+

∑r−1
i=0 siqi for some m ≥ r − 1 and some s0, . . . , sr−1

with 1 ≤ s0 ≤ s1 ≤ · · · ≤ sr−1,
(4) n = θrm+ βθr−1 + 1 for some m ≥ r − 1 and some β with

0 ≤ β ≤ q − 1,
(5) n = θrm+ θr − θl + 1 for some m ≥ 0 and some l with

0 ≤ l ≤ r − 1.

• Set θi := qi + qi−1 + · · ·+ q + 1, for any non-negative integer i, and
set θ−1 := 0.

• Let s0, s1, . . . , sr−1 be integers s.t. 0 ≤ si ≤ q for 0 ≤ i ≤ r − 1.
• We consider the following cases:
Cases Br:

(1) n = θrm for some m ≥ 1,
(2) n = θrm+ θr − θl for some m ≥ 0 and some l with 0 ≤ l ≤ r − 1,
(3) n = θrm+

∑r−1
i=0 siqi for some m ≥ r − 1 and some s0, . . . , sr−1

with 1 ≤ s0 ≤ s1 ≤ · · · ≤ sr−1,
(4) n = θrm+ βθr−1 + 1 for some m ≥ r − 1 and some β with

0 ≤ β ≤ q − 1,
(5) n = θrm+ θr − θl + 1 for some m ≥ 0 and some l with

0 ≤ l ≤ r − 1.

• Set θi := qi + qi−1 + · · ·+ q + 1, for any non-negative integer i, and
set θ−1 := 0.

• Let s0, s1, . . . , sr−1 be integers s.t. 0 ≤ si ≤ q for 0 ≤ i ≤ r − 1.
• We consider the following cases:
Cases Br:

(1) n = θrm for some m ≥ 1,
(2) n = θrm+ θr − θl for some m ≥ 0 and some l with 0 ≤ l ≤ r − 1,
(3) n = θrm+

∑r−1
i=0 siqi for some m ≥ r − 1 and some s0, . . . , sr−1

with 1 ≤ s0 ≤ s1 ≤ · · · ≤ sr−1,
(4) n = θrm+ βθr−1 + 1 for some m ≥ r − 1 and some β with

0 ≤ β ≤ q − 1,
(5) n = θrm+ θr − θl + 1 for some m ≥ 0 and some l with

0 ≤ l ≤ r − 1.

Theorem (Koga, Maruta, and S, 2017) For given n and r, suppose
that both one of the cases Br and one of the cases Br−1 hold. Then
Bn,t(q) has critical exponent n− r if and only if

n−
⌈
nθr−2

θr−1

⌉
− 1 ≥ t ≥ n−

⌈
nθr−1

θr

⌉
.

(1) Representable Problems:

• Consider the matroid

U2,4 := (E = {1, 2, 3, 4}, I = {X ⊆ E : |X| ≤ 2}).

• Find a binary 2× 4 matrix A such that M [A] = U2,4.

A =

(
??? ??? ??? ???
??? ??? ??? ???

)



Summary and Questions (1)

Britz	and	Shiromoto,	On	the	covering	dimension	of	linear	codes,	IEEE	IT	62	(2016)

Theorem (Britz and S, 2016)
If C is an [n, k]q code with d⊥ := d(C⊥), then

γ(C) ≤ k − d⊥ + 2

unless C is isomorphic to a dual Hamming code or C is a binary
[n, n− 1] code such that d⊥ = n is odd, in either which case
γ(C) = k − d⊥ + 3.

Corollary (Britz and S, 2016)
If S is a subset of Fk

q and M [S] = (E, I) is the matroid obtained from
the matrix [S], then

c(S, q) ≤ ρ(E)− g + 2

unless S = PG(k − 1, q) or S = {e1, e2, . . . , ek,
∑k

i=1 ei} ⊆ Fk
2 and k

is even, in either which case γ(C) = ρ(E)− g + 3.



Summary and Questions (2)

Critical Problem (Crapo and Rota, 1970)
For given subset S ⊆ Fn

q , determine the maximum dimension of
subspaces of Fn

q which do not intersect S.

• Four-Color Theorem (Appel and Haken, 1976)

• Hadwiger’s Conjecture (1943)

• 5-Flow Conjecture (Tutte, 1954)

•
...

S = Bn,t(q) := {x ∈ Fn
q : wt(x) ≤ t}

Problem in Coding Theory:
For given n, t, and q (n, t ∈ Z+, q : a prime power), determine the
maximum dimension k such that there exists an [n, k, t + 1]q code.

Theorem (Koga, Maruta, and S, 2017) For given n and r, suppose
that both one of the cases Br and one of the cases Br−1 hold. Then
Bn,t(q) has critical exponent n− r if and only if

n−
⌈
nθr−2

θr−1

⌉
− 1 ≥ t ≥ n−

⌈
nθr−1

θr

⌉
.

(1) Representable Problems:

• Consider the matroid

U2,4 := (E = {1, 2, 3, 4}, I = {X ⊆ E : |X| ≤ 2}).

• Find a binary 2× 4 matrix A such that M [A] = U2,4.

A =

(
??? ??? ??? ???
??? ??? ??? ???

)

Problem: What is the next S?


