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Critical Problem

Critical Problem (Crapo and Rota, 1970)
For given subset S C ]F’;, determine the maximum dimension of

subspaces of IF’; which do not intersect S.

e Four-Color Theorem (Appel and Haken, 1976)
e Hadwiger’'s Conjecture (1943)
e 5-Flow Conjecture (Tutte, 1954)

e An upper bound on the critical exponents of representable
matroids over [, :

T. Britz and K. Shiromoto, On the covering dimension of a linear code, IEEE

Trans. Inform. Theory 62 (2016), 2694—2701.

e A necessary and sufficient condition on the critical exponents of

Dowling matroids
Y. Koga, T. Maruta and K. Shiromoto, On critical exponents of Dowling

matroids, Des. Codes Cryptogr. 86 (2018), pp. 1947-1962.
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Example

o For any subset S C F¥ — {0}, define the critical exponent of S as
follows:

¢(S,q) :=k—max{r € Z* : 3D <F¥ s.t. dimD =r and DN S = (0}.
Example 1. )

e Consider

S ={(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)} C F5.
e For instance, if
D ={(1,0,0,1),(0,1,0,1),(0,0,1,1)),

then
DNS =1.

e Therefore it follows that




A definition of matroids

Let E be a finite set and let p : 2F — 7Z>p be a function.

M = (E, p) i1s called a malrowd if

(R1) If X C E, then 0 < p(X) < | X|.
(R2) If X C Y C E, then p(X) < p(Y).
(R3) If X and Y are subsets of Iv, then

pP(XUY)+p(X NY) < p(X)+ p(Y).



Representable Matroids

o Let A be a k X n matrix over [IF,.
e Set £ :=1{1,2,...,n}

e For each subset X C F, we define Ax by the k x | X | submatrix of
A consisting of those columns of A that are labelled by members of
X.

e Define p : 28 — Z>g by p(X) := rank(Ay) for any X C E.
e Then M|A] := (FE, p) is a matroid.

e If M is isomorphic to a matroid obtained from a matrix A over F,
then M 1s called to be representable over IF,,.



Critical problem for matroids

e For a matroid M = (F,p), the characleristic polynomaial

p(M: X) of M is defined by
p(M;\) = Z (—1)IXIp\PE) (X))
XCI

e It is well known that if M is a representable matroid over I, then
p(M;q") >0, for all r € ZT

e The critical exponent ¢(M; q) of M is defined by

(M) 0, if M has a loop;
VT min{j e 21 : p(M;¢7) > 0}, otherwisc.

Critical Problem: For a given representable matroid M over
F,, determine the critical exponent c(M;q) of M.




Simplifications

), then ¢(M[A4];2) = 1.
- > simplification

e Let A be a binary k X n matrix having nonzero mutually distinct
column vectors.

e Then
A+— A:=A(A)(C PG(k—1,2)).

e Lor instance,

A= +— A = PG(2,2).

—_— O O
—_— O

o O =
o = O
—_ O =
O = =



Minors

e Let A be a binary k x n matrix and F := {1,2,...,n}.

e Take any e € I.

e A\ e denotes the matrix obtained by deleting the e-th column
vector from A.

e A’ denotes the matrix obtained by pivoting on a non-zero entry of
the e-th column vector from A.

e A/e denotes the matrix obtained from A’ by deleting the row and
column containing the unique non-zero entry in e.



Blocking sets

e BC PG(k—1,2) is called a blocking set with respect to t-spaces
(2 PG(t,2)) in PG(k —1,2) if B has nonempty intersection with
every t-space of PG(k —1,2).

e A blocking set w.r.t t-spaces that contains a (kK — 1 — t)-space is
called trivial.

e Let A be a binary k£ X n matrix having nonzero mutually distinct
column vectors.

Proposition 1. ¢(M|A|;2) > r if and only if A is corresponding to a
blocking set A C PG(k —1,2) w.r.t (k — r)-spaces.




Walton-Welsh conjecture

Conjecture (Walton-Welsh, 1980) If M is a loopless binary matroid
having no minor isomorphic to M (Ks), then ¢(M;2) < 3.

P.N. Walton and D.J.A. Welsh, On the chromatic number of binary
matroids, Mathematika 27 (1980), 1-9.

Conjecture (Walton-Welsh, 1980) Let M be a loopless binary
matroid. If c(M;2) > 4, then M has a minor isomorphic to M(Ks).
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k=4

Proposition 1. ¢(M|A];2) > r if and only if A is corresponding to a
blocking set A C PG(k —1,2) w.r.t (kK — r)-spaces.

/(1.0 0 0 1 1 100 0
01 00100110
CWMAR2) 4= A= 6100101 01
\0 0 0 1 00 10 11
— PG(3.2) skeleton

Proposition 2. Any blocking set IC w.r.t points in PG(3,2) contains
the complement of a skeleton in PG(3,2).

t




k=5

Lemma (Govaerts and Storme, 2006) In PG(k —1,2), k > 4, the
smallest nontrivial blocking sets w.r.t t-spaces, 1 <t < k — 3, have
size 287t 4 ok—t=2 4 9k=1=3 _ 1 and are cones with vertex a

| (k—1t—4)-space. |

RO OO R O R AR
P. Govaerts and L. Storme, The classification of the smallest nontrivial

blocking sets in PG(n,2), J. Comb. Theory A 113 (2006), 1543—-1548.

the complement of a skeleton in a 3-spac



k=95

Proposition 3. Any blocking set IC w.r.t lines in PG(4,2) contains
the complement of a skeleton in a 3-space (=2 PG(3,2)).

Outline of the Proof.

(1) K| <21 = K : trivial
(2) K| =21 = K : cone

(3) K| =31= K = PG(4,2)
(4) 21 < K| <31 =

e Set L:=PG(4,2)\ K.

e Since K is nontrivial, £ is a blocking set w.r.t 3-spaces.

(i) |[£] < b= L : trivial = K : not a blocking set w.r.t. lines
(ii)) |£] =5 == L : skeleton
(iii) |£] = 6,7,8,9 =



k=95

Proposition 3. Any blocking set IC w.r.t lines in PG(4,2) contains
the complement of a skeleton in a 3-space (= PG(3,2)).

Outline of the Proof.

e Suppose that 4F C PG(4,2) (plane) s.t. |[FNL| = 4.
— JdH C PG(4,2) (3-space) s.t. |[HNL| <2
—> K N H contains the complement of a skeleton in H.
e Suppose that AF C PG(4,2) (plane) s.t. |FNL| = 4.

— dH = <p17p27p37p4>7 P1,P2,P3,P4 € L
— |[HNL|=4orb5

—> K N H contains the complement of a skeleton in H.



k=06

Proposition 2. Any blocking set KC w.r.t points in PG(3,2) contains
the complement of a skeleton in PG(3,2).
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Proposition 3. Any blocking set K w.r.t lines in PG(4,2) contains
the complement of a skeleton in a 3-space (=2 PG(3,2)).

Proposition 4. Any blocking set IC w.r.t planes in PG(5,2) contains
the complement of a skeleton in a 3-space (=2 PG(3,2)).

v

Theorem 5. (Maruta and S, 2018+4) The Walton- Welsh conjecture is
true for any loopless binary matroid of rank 4,5, 6.




