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Introduction

Definition

A partition of a positive integer n is a representation of n as a sum of
positive integers, called parts, the order of which is irrelevant.
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Example
The partitions of 4 are
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The number p(n) increases quite rapidly with n.




Definition
Let p(n) denote the number of partitions of n.

The value of p(n) for 0 < n < 10 is shown below:

n [0(1/2/3/4/5/6|7|8]9]10
pm) | 1| 1235|711 15|22 30|42

The number p(n) increases quite rapidly with n.
For example,

p(50) = 204,226,
p(100) = 190,569,292,
p(200) = 3,972,999,029,388,
p(1000) = 24,061,467,864,032,622,473,692,149,727,991.



How can we calculate p(n)?



How can we calculate p(n)?

Theorem (Euler)
The generating function of p(n) satisfies




How can we calculate p(n)?

Theorem (Euler)
The generating function of p(n) satisfies

This is because

7 =l+d+¢*+5%+ .



How can we calculate p(n)?

Theorem (Euler)
The generating function of p(n) satisfies

This is because

7 =l+d+¢*+5%+ .

For simplicity, we adopt the following notation
(@9 = [(1 ="
n=1



Theorem (Euler’s Pentagonal Number Theorem)




Theorem (Euler’s Pentagonal Number Theorem)

The numbers n(3n — 1)/2 are called pentagonal numbers.

oy

Figure: The pentagonal numbers 1, 5, 12, 22.




Now we have

[i p(n)qn) [ Z (-1)'q n(3n— 1)/2)
n=0

n=—oo
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A recurrence formula for p(n) is obtained immediately



Now we have
[Z p(n)q"] [ )y <—1>"q"<3"—”/2] =1
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A recurrence formula for p(n) is obtained immediately

An asymptotic expression for p(n) is

Theorem (Hardy and Ramanujan, 1918)

( 2n
exp|m+/—=|-

p(n) ~ n\/_
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Theorem (Ramanujan, 1919)

Foralln > 0,
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Ramanujan’s beautiful identities
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Theorem (Ramanujan, 1919)

Foralln > 0,

Ramanujan’s beautiful identities

€9 5. ,5\5

D pGn+4)g" = S 2"",

s (29

8 P LD S (4’59,
Zp(7n +5)¢" = 7—(q. Y +49g——r @ar
n=0 > 4/ ?

No such simple identity exists for modulo 11.
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Ramanujan’s Original Proof of p(5n + 4) = 0 (mod 5)
By Fermat’s Little Theorem, we have (1 —g)°> = 1 —¢° (mod 5). Thus,

(@50 )0
)

Now we have

RN Zp(n)q"“ = g~ = q(q; 9)% (mod 5).

To prove that 5 | p(5n + 4), we must show that the coefficients of ¢°"*>

in ¢(g; ¢)%, are multiples of 5.

We now employ Jacobi’s identity




We now can expand ¢(g; ¢)%, as
9 9 = 4G Deo (@ D
q (_1)/q/(3j+1)/2 (—1)k(2k + 1)qk(k+l)/2
2 2,

j=—00

_ Z Z(_l)j+k(2k+ 1)g I+ D2k /2



We now can expand ¢(g; ¢)%, as
9@ DE = 4@ Do - (4 D%
— Z( l)lql(3j+1)/2 Z( 1) Qk + 1)q k(k+1)/2

]——00

Z Z( 1Y* 2k + 1)q1+j(3j+1)/2+k(k+1)/2.

: —o0 k=0

Observe that



We now can expand ¢(g; ¢)%, as
9@ DE = 4@ Do - (4 D%
— Z( l)lq,(3j+1)/2 Z( 1) Qk + 1)q k(k+1)/2

]——00

Z Z( 1Y* 2k + 1)q1+j(3j+1)/2+k(k+1)/2.

: —o0 k=0

Observe that

Thus, 1 +j(3j + 1)/2 + k(k + 1)/2 is a multiple of 5 if and only if
2+ 1) + 2k + 1)> = 0 (mod 5).
D
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It is easy to check that

Therefore, 2(j + 1)> + (2k + 1)> = 0 (mod 5) if and only if
2(j + 1)> =0 (mod 5) and (2k + 1)> =0 (mod 5).

In particular, 5 | (2k + 1)? implies that the coefficient of g+ in
q(q; @)%, is a multiple of 5.

RemARrk. Similarly, we can show that p(7n + 5) = 0 (mod 7) by




Remark. However, it is not easy to show that 11 | p(11n + 6) since it is
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Remark. However, it is not easy to show that 11 | p(11n + 6) since it is
difficult to deal with (g; ¢)'2.

RemARK. An elementary proof of 11 | p(11n + 6) was given by
L. Winquist, An elementary proof of p(11m + 6) = 0 (mod 11), J. Combin.
Theory, 6 (1969), 56-59.

REMARK. A common method to proving all three congruences was devised by
M. D. Hirschhorn, Ramanujan’s partition congruences, Discrete Math., 131
(1994), 351-355.




Conjecture (Ramanujan, 1920)
The only congruences of the form

p(tn+p) =0 (mod £),
where € is a prime and 0 < 8 < £ are those

(€.B) € {(5,4),(7,5),(11,6)}.




Conjecture (Ramanujan, 1920)
The only congruences of the form

p(tn+p) =0 (mod £),
where € is a prime and 0 < 8 < £ are those

(€.B) € {(5,4),(7,5),(11,6)}.

RemArk. This conjecture was proved by

S. Ahlgren and M. Boylan, Arithmetic properties of the partition function,
Invent. Math., 153 (2003), 487-502.
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{-regular Partition

Definition
A restricted partition is a partition in which some kind of restrictions
is imposed upon the parts.

Theorem (Euler)

The number of partitions of n into distinct parts is equal to the number
of partitions of n into odd parts.

Let p,(n) and p,(n) be the number of partitions of n into distinct parts
and odd parts respectively. Then
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We denote the number of {-regular partitions of n by b,(n), then the
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Definition

For a positive integer ¢, a partition is called £-regular if none of its
parts is divisible by ¢.

We denote the number of {-regular partitions of n by b.(n), then the
generating function of b,(n) satisfies

X Wo At
Zbg(n)qn _q -4 Joo

g CHS

Thus, p,(n) = by(n).

It is easy to see that




Let ped(n) denote the function which enumerates the number of
partitions of n wherein even parts are distinct (and odd parts are
unrestricted).
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Then the generating function of ped(n) is given by

(o0

Zped(n)q = 1—[ 11 s Zn T = _ @:4) Zb (m)q".
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Let ped(n) denote the function which enumerates the number of
partitions of n wherein even parts are distinct (and odd parts are
unrestricted).

Then the generating function of ped(n) is given by

Zped(n)q - ]_[ — ‘2’,, = (i’q Z)m Z ba)g"

Theorem (Andrews, Hirschhorn and Sellers, 2010)




Let ped(n) denote the function which enumerates the number of
partitions of n wherein even parts are distinct (and odd parts are
unrestricted).

Then the generating function of ped(n) is given by

Z ped(n)q" = 1_[ 11 i Zn - = (Elq Cq])w Zb4(n)q

Theorem (Andrews, Hirschhorn and Sellers, 2010)

Consequently, we have
bs(3n+2) =0 (mod 2).
D



Theorem (Chen, 2011)

Given an odd prime p, if s is an integer satisfying that 1 < s < 8p,
s =1 (mod 8) and( ) = —1, then

g
p




Theorem (Chen, 2011)

Given an odd prime p, if s is an integer satisfying that 1 < s < 8p,
s =1 (mod 8) and( ) = —1, then

g
p

bs(5n+2) =0 (mod 2),
by(5n +4) =0 (mod 2),
by(Tn +2) =0 (mod 2),
by(Tn+4) =0 (mod 2),
by(7Tn +5) =0 (mod 2).

Example




Theorem (Andrews, Hirschhorn and Sellers, 2010)




Theorem (Andrews, Hirschhorn and Sellers, 2010)

Corollary

Foralln > 0,
bs(9n +4) =0 (mod 4),
bs(9n +7) =0 (mod 12).




Theorem (Keith, 2014)

Foralla > 1 andn > 0,




Theorem (Keith, 2014)

Foralla > 1 andn > 0,

Conjecture (Keith, 2014)

& 45. 45
S by(n+ 3" = ¢ L= (mod 3),
oy (@5 ¢)es
e Bk+1)x5%72 -1
by [5°%n + 3 =0 (mod 3),

where @« > 1 and k = 3,13, 18 or 23.

y




Theorem (Lin and Wang, 2014)
Let p =2 (mod 3) be a prime, then




Theorem (Lin and Wang, 2014)
Let p =2 (mod 3) be a prime, then

Theorem (Lin and Wang, 2014)

Letp =2 (mod 3) be a prime. Fora>1,0<b <aandn > 0, we
have

2b+1 _

3

Cy,- P

bo |p*n + =2 =0 (mod 3),

whenever ¢, =2 (mod 3) and is not divisible by p.
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Broken k-diamond Partitions

Definition
A plane partition is an array of nonnegative integers that has finitely
many nonzero entries and is weakly decreasing in rows and columns.

When writing examples of plane partitions, the 0’s are suppressed.

Example

For instance,

is a plane partition of 53.




The “most simple case” of plane partitions, treated by MacMahon, is

a e o ()
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where an arrow pointing from g; to a; is interpreted as a; > a;.



The “most simple case” of plane partitions, treated by MacMahon, is

are L 125

ase oy
where an arrow pointing from g; to a; is interpreted as a; > a;.
MacMahon derived

Z qa1+a2+a3+a4 = 1 .
(I-q)(1-¢)*(1-¢°)

where the sum is taken over all nongegative integers satisfying the
above relation order.



The “most simple case” of plane partitions, treated by MacMahon, is

a e o ()

ase oy

where an arrow pointing from g; to a; is interpreted as a; > a;.

In general, a plane partition can be obtained by glueing such squares
together.



From 2000, George Andrews and his collaborators started to consider
nonstandard types of plane partitions.
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For n > 1, we call such a configuration a diamond of length 7.



From 2000, George Andrews and his collaborators started to consider
nonstandard types of plane partitions.

For example, they first considered the following configurations

a as ag azp—|
° ° ° °
a) & as e are ajpe - e d3,-2 ®d3, 11
o o o o
as ae g asz,

For n > 1, we call such a configuration a diamond of length 7.

They derived

3 g e (1+@A)A+@P)A+¢%---A+¢")
7 T AU -I-q)-(I—g™)
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Generalization to k-elongated diamonds

A k-elongated diamond of length 1:

as as ay Aoj—1 A2k+1
[ ] [ ) [ ] [ ] L ]
ae | J25) %)
[ [ ) [ ] [ ] L ]
a ay de p-2 Ak

A k-elongated diamond of length n:

as Qo+l og+d Qdjs2 AQ2k+1)n
[ 2 L ] [ 2 L ] [ 2 L ]
a ¢ Arpi2 @ aqri3 ® ] ® A(2k+1)n+1
[ L [ L [ L ]
a Ay Aok+3  Aak+l AQk+1)n—1
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They also considered the k-elongated diamonds with deleted source
by bs b byw bk

@ b2 > """ < > b+ 1yn+1

b2 b4 b6 bzk b 2k+1)n—1




Andrews and Paule derived

They also considered the k-elongated diamonds with deleted source

by bs by bojsr boksiyn
ﬁ bojsr > ------ < > b+ yn+1
b2 b4 b6 b2k b(2k+1)n—1

They obtained

H;;z—ol Hf=1 (1 + q(2k+1)j+2i—1)
nea-q¢)

Z qb2+b3+"'+b(2k+1)n+l —
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Broken k-diamonds of length 2n

bk+1yn by by bs
[ 2 L ] [ 2 [ ) [ ]
€Dopiine1 @ €« boii2
@ L [ 2 [ J [ ]
b+ 1yn-1 by bs by

as

Aof+1
L ]
f+2 @

L J
(25)3

A2k+1)n
L ]

& AQk+Dn+1 ®

L J
Ak+1)n-1



Broken k-diamonds of length 2n

bak+1yn bys1 by bs by a3 ays AQk+1)n
[ 2 L ] [ 2 @ L 2 L ] [ 2 L ] [ 2 L ]

e b(2k+1)n+1 L €Dojio aye k2 ® & AQk+Dn+1 ®
[ J L J [ 2 @ L 2 L ] ® L J [ 2 L J

bok+1yn-1 by bs by by @2 Ax A@k+n-1

It consists of two separated k-elongated diamonds of length n where in
one of them the source is deleted.



Broken k-diamonds of length 2n

b (2k+1)n by by by az axys Ak+1)n
b(2k+1)n4> boji2 ﬁl < az} - -4 AQkr1n+1
boksiyn-1 b, a2 ax Ak+1)n-1

It consists of two separated k-elongated diamonds of length n where in
one of them the source is deleted.

It can be seen that




Theorem

Forn > 0andk > 1, let Ai(n) denote the total number of broken
k-diamond partitions of n, then

2k+1. 2k+1
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Theorem
Forn > 0andk > 1, let Ai(n) denote the total number of broken
k-diamond partitions of n, then

[o9)

2k+1. 2k+1
+’q +)oo

e (1 +¢) _ (@ )=(g
> Ak(”)q - D (1 _ q/)2(1 + q(2k+1)j) - (q;q)go(q4k+2; q4k+2)m .
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Theorem (Andrews and Paule, 2007)

Forn >0,

Ai(2n +1) =0 (mod 3).




Theorem
Forn > 0andk > 1, let Ai(n) denote the total number of broken
k-diamond partitions of n, then

[o9)

2k+1. 2k+1
9q )00

e (1 +¢) _ (@ )=(g
o Ak(”)q - D (1 _ q/)2(1 + q(2k+1)j) - (q;q)go(q4k+2; q4k+2)m .

n

Theorem (Andrews and Paule, 2007)

Forn >0,

Ai(2n+ 1) =0 (mod 3).

Conjecture 1
Forn > 0,

Ay(10n + 2) = 0 (mod 2).
D
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Conjecture 2
Forn > 0,

Conjecture 3
For n > 0, if 3 does not divide n then

Ay(625n + 314) = 0 (mod 5%).




Conjecture 2
Forn > 0,

Ay(25n + 14) = 0 (mod 5).

Conjecture 3
For n > 0, if 3 does not divide » then

Ay(625n + 314) = 0 (mod 5%).

They made the comment:

“The observations about congruences suggest strongly that
there are undoubtedly a myriad of partition congruences for
Ay(n). This list is only to indicate the tip of the iceberg.”
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Theorem (Chan, 2008)

For€>1andn > 0,

Let £ = 1 and 2 respectively, we have

Corollary
Forn >0,
A>(25n + 14) =0 (mod 5),
A>(25n +24) =0 (mod 5),
A>(125n + 69) = 0 (mod 5),
A>(125n + 119) = 0 (mod 5).
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Theorem (Lin, Malik and Wang, 2016)

ZZO As(4n + 1)q" = (q; 9)3, (mod 2),

D Asén+2)q" = q(g";q"), (mod 2).




Theorem (Radu and Sellers, 2011)
Forn>0ands =2,8,12,14, 16,

As(22n +s) =0 (mod 2).

Theorem (Lin, Malik and Wang, 2016)

Z::O As(4n + 1)q" = (q: ¢)3, (mod 2),

D Asn+2)g" = q(q";q") (mod 2).

Corollary
Q As(dn+1)isodd & n=m(m+ 1)/2 for some integer m > 0.
Q As(@n+2)isodd & n=11m(m+1)/2+ 1 for some integer m > 0.




Corollary
Forn>0andt=2,10,14,18,22,26,30, 34, 38,42,

As(44n +t) = 0 (mod 2).




Corollary
Forn>0andt=12,10,14,18,22,26,30,34,38,42,

As(44n + 1) = 0 (mod 2).

Corollary




Corollary
Forn>0andt=12,10,14,18,22,26,30,34,38,42,

As(44n + 1) =0 (mod 2).

Corollary

Corollary

Forn>0andi=2,9,14,17,
As(20n +i) = 0 (mod 2),
As(28n +j) =0 (mod 2),

where i =2,9,14,17 and j = 2,9,10, 14, 17,21
D




Thank you!
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