
Partition Congruences in the Spirit of
Ramanujan

Yezhou Wang

School of Mathematical Sciences
University of Electronic Science and Technology of China

yzwang@uestc.edu.cn

Monash Discrete Mathematics Research Group Meeting
Aug 22, 2016



Introduction

Definition
A partition of a positive integer n is a representation of n as a sum of
positive integers, called parts, the order of which is irrelevant.

Example
The partitions of 4 are

4 = 4
= 3 + 1
= 2 + 2
= 2 + 1 + 1
= 1 + 1 + 1 + 1.
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Definition
Let p(n) denote the number of partitions of n.

The value of p(n) for 0 ≤ n ≤ 10 is shown below:

n 0 1 2 3 4 5 6 7 8 9 10
p(n) 1 1 2 3 5 7 11 15 22 30 42

The number p(n) increases quite rapidly with n.

For example,

p(50) = 204,226,
p(100) = 190,569,292,
p(200) = 3,972,999,029,388,

p(1000) = 24,061,467,864,032,622,473,692,149,727,991.
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How can we calculate p(n)?

Theorem (Euler)
The generating function of p(n) satisfies

∞∑
n=0

p(n)qn =

∞∏
n=1

1
1 − qn .

This is because
1

1 − qk = 1 + qk + q2k + q3k + · · · .

For simplicity, we adopt the following notation

(q; q)∞ =

∞∏
n=1

(1 − qn).
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Theorem (Euler’s Pentagonal Number Theorem)

(q; q)∞ =

∞∑
n=−∞

(−1)nqn(3n−1)/2

= 1 +

∞∑
n=1

(−1)n
(
qn(3n−1)/2 + qn(3n+1)/2

)
= 1 − q − q2 + q5 + q7 − q12 − q15 + q22 + q26 − · · · .

The numbers n(3n − 1)/2 are called pentagonal numbers.

Figure: The pentagonal numbers 1, 5, 12, 22.
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Now we have  ∞∑
n=0

p(n)qn

  ∞∑
n=−∞

(−1)nqn(3n−1)/2

 = 1.

A recurrence formula for p(n) is obtained immediately

p(n) =
∑
n≥1

(−1)k−1
(
p
(
n −

k(3k − 1)
2

)
+ p

(
n −

k(3k + 1)
2

))
.

An asymptotic expression for p(n) is

Theorem (Hardy and Ramanujan, 1918)

p(n) ∼
1

4n
√

3
exp

π√
2n
3

 .
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Ramanujan’s Famous Congruences

Srinivasa Ramanujan (1887–1920) is acknowl-
edged as an India’s greatest mathematical genius.

He made substantial contributions to
analytic number theory
elliptic functions
q-series
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Theorem (Ramanujan, 1919)
For all n ≥ 0,

p(5n + 4) ≡ 0 (mod 5),
p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).

Ramanujan’s beautiful identities
∞∑

n=0

p(5n + 4)qn = 5
(q5; q5)5

∞

(q; q)6
∞

,

∞∑
n=0

p(7n + 5)qn = 7
(q7; q7)3

∞

(q; q)4
∞

+ 49q
(q7; q7)7

∞

(q; q)8
∞

.

No such simple identity exists for modulo 11.
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Ramanujan’s Original Proof of p(5n + 4) ≡ 0 (mod 5)

By Fermat’s Little Theorem, we have (1 − q)5 ≡ 1 − q5 (mod 5). Thus,

(q; q)5
∞ ≡ (q5; q5)∞ (mod 5).

Now we have

(q5; q5)∞
∞∑

n=0

p(n)qn+1 = q
(q5; q5)∞
(q; q)∞

≡ q(q; q)4
∞ (mod 5).

To prove that 5 | p(5n + 4), we must show that the coefficients of q5n+5

in q(q; q)4
∞ are multiples of 5.

We now employ Jacobi’s identity

(q; q)3
∞ =

∞∑
k=0

(−1)k(2k + 1)qk(k+1)/2.
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We now can expand q(q; q)4
∞ as

q(q; q)4
∞ = q(q; q)∞ · (q; q)3

∞

= q
∞∑

j=−∞

(−1)jqj(3j+1)/2
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k=0

(−1)k(2k + 1)qk(k+1)/2

=

∞∑
j=−∞

∞∑
k=0

(−1)j+k(2k + 1)q1+j(3j+1)/2+k(k+1)/2.

Observe that

8
{

1 +
j(3j + 1)

2
+

k(k + 1)
2

}
− 10j2 − 5 = 2(j + 1)2 + (2k + 1)2.

Thus, 1 + j(3j + 1)/2 + k(k + 1)/2 is a multiple of 5 if and only if

2(j + 1)2 + (2k + 1)2 ≡ 0 (mod 5).
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It is easy to check that

2(j + 1)2 ≡ 0, 2, 3 (mod 5),

(2k + 1)2 ≡ 0, 1, 4 (mod 5).

Therefore, 2(j + 1)2 + (2k + 1)2 ≡ 0 (mod 5) if and only if

2(j + 1)2 ≡ 0 (mod 5) and (2k + 1)2 ≡ 0 (mod 5).

In particular, 5 | (2k + 1)2 implies that the coefficient of q5n+5 in
q(q; q)4

∞ is a multiple of 5.

Remark. Similarly, we can show that p(7n + 5) ≡ 0 (mod 7) by

q2(q; q)6
∞ = q2

{
(q; q)3

∞

}2

=

∞∑
j=0

∞∑
k=0

(−1)j+k(2j + 1)(2k + 1)q2+j(j+1)/2+k(k+1)/2.
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Remark. However, it is not easy to show that 11 | p(11n + 6) since it is
difficult to deal with (q; q)10

∞ .

Remark. An elementary proof of 11 | p(11n + 6) was given by
L. Winquist, An elementary proof of p(11m + 6) ≡ 0 (mod 11), J. Combin.
Theory, 6 (1969), 56–59.

Remark. A common method to proving all three congruences was devised by
M. D. Hirschhorn, Ramanujan’s partition congruences, Discrete Math., 131
(1994), 351–355.
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Conjecture (Ramanujan, 1920)
The only congruences of the form

p(`n + β) ≡ 0 (mod `),

where ` is a prime and 0 ≤ β < ` are those

(`, β) ∈ {(5, 4), (7, 5), (11, 6)}.

Remark. This conjecture was proved by
S. Ahlgren and M. Boylan, Arithmetic properties of the partition function,
Invent. Math., 153 (2003), 487–502.
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`-regular Partition

Definition
A restricted partition is a partition in which some kind of restrictions
is imposed upon the parts.

Theorem (Euler)
The number of partitions of n into distinct parts is equal to the number
of partitions of n into odd parts.

Let pd(n) and po(n) be the number of partitions of n into distinct parts
and odd parts respectively. Then∑
n≥0

pd(n)qn =
∏
k≥1

(1 + qk) =
∏
k≥1

1 − q2k

1 − qk =
∏
k≥1

1
1 − q2k−1 =

∑
n≥0

po(n)qn.
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1 − qk =
∏
k≥1

1
1 − q2k−1 =

∑
n≥0

po(n)qn.



Definition
For a positive integer `, a partition is called `-regular if none of its
parts is divisible by `.

We denote the number of `-regular partitions of n by b`(n), then the
generating function of b`(n) satisfies

∞∑
n=0

b`(n)qn =
(q`; q`)∞
(q; q)∞

.

Thus, po(n) = b2(n).

It is easy to see that

b2(n) ≡

 1 (mod 2), if n = k(3k − 1)/2 for some integer k;

0 (mod 2), otherwise.
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Let ped(n) denote the function which enumerates the number of
partitions of n wherein even parts are distinct (and odd parts are
unrestricted).

Then the generating function of ped(n) is given by
∞∑

n=0

ped(n)qn =

∞∏
n=1

1 + q2n

1 − q2n−1 =
(q4; q4)∞
(q; q)∞

=

∞∑
n=0

b4(n)qn.

Theorem (Andrews, Hirschhorn and Sellers, 2010)
∞∑

n=0

b4(3n + 2)qn = 2
(q2; q2)∞(q6; q6)∞(q12; q12)∞

(q; q)3
∞

.

Consequently, we have

b4(3n + 2) ≡ 0 (mod 2).
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Theorem (Chen, 2011)
Given an odd prime p, if s is an integer satisfying that 1 ≤ s < 8p,
s ≡ 1 (mod 8) and

(
s
p

)
= −1, then

b4

(
pn +

s − 1
8

)
≡ 0 (mod 2).

Example

b4(5n + 2) ≡ 0 (mod 2),
b4(5n + 4) ≡ 0 (mod 2),
b4(7n + 2) ≡ 0 (mod 2),
b4(7n + 4) ≡ 0 (mod 2),
b4(7n + 5) ≡ 0 (mod 2).
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Theorem (Andrews, Hirschhorn and Sellers, 2010)
∞∑

n=0

b4(9n + 4)qn = 4
(q2; q2)∞(q3; q3)∞(q4; q4)∞(q6; q6)∞

(q; q)4
∞

+ 48
(q2; q2)2(q4; q4)∞(q6; q6)6

∞

(q; q)9
∞

,

∞∑
n=0

b4(9n + 7)qn = 12
(q2; q2)4

∞(q3; q3)6
∞(q4; q4)∞

(q; q)11
∞

.

Corollary
For all n ≥ 0,

b4(9n + 4) ≡ 0 (mod 4),
b4(9n + 7) ≡ 0 (mod 12).
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Theorem (Keith, 2014)
For all α ≥ 1 and n ≥ 0,

b9

(
4αn +

10 × 4α−1 − 1
3

)
≡ 0 (mod 3).

Conjecture (Keith, 2014)
∞∑

n=0

b9(5n + 3)qn ≡ q
(q45; q45)∞
(q5; q5)∞

(mod 3),

b9

(
52αn +

(3k + 1) × 52α−2 − 1
3

)
≡ 0 (mod 3),

where α ≥ 1 and k = 3, 13, 18 or 23.
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Theorem (Lin and Wang, 2014)
Let p ≡ 2 (mod 3) be a prime, then

∞∑
n=0

b9

(
pn +

2p − 1
3

)
qn ≡ q

p−2
3

(q9p; q9p)∞
(qp; qp)∞

(mod 3).

Theorem (Lin and Wang, 2014)
Let p ≡ 2 (mod 3) be a prime. For a ≥ 1, 0 ≤ b < a and n ≥ 0, we
have

b9

(
p2an +

cp · p2b+1 − 1
3

)
≡ 0 (mod 3),

whenever cp ≡ 2 (mod 3) and is not divisible by p.
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Broken k-diamond Partitions

Definition
A plane partition is an array of nonnegative integers that has finitely
many nonzero entries and is weakly decreasing in rows and columns.

When writing examples of plane partitions, the 0’s are suppressed.

Example
For instance,

5 5 4 3 3 2 2 1
5 4 4 3 1 1
3 3 2 1 1

is a plane partition of 53.
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The “most simple case” of plane partitions, treated by MacMahon, is
a1 a2

a3 a4

where an arrow pointing from ai to aj is interpreted as ai ≥ aj.



The “most simple case” of plane partitions, treated by MacMahon, is
a1 a2

a3 a4

where an arrow pointing from ai to aj is interpreted as ai ≥ aj.

MacMahon derived∑
qa1+a2+a3+a4 =

1
(1 − q)(1 − q2)2(1 − q3)3 .

where the sum is taken over all nongegative integers satisfying the
above relation order.



The “most simple case” of plane partitions, treated by MacMahon, is
a1 a2

a3 a4

where an arrow pointing from ai to aj is interpreted as ai ≥ aj.

In general, a plane partition can be obtained by glueing such squares
together.



From 2000, George Andrews and his collaborators started to consider
nonstandard types of plane partitions.

For example, they first considered the following configurations

a1

a2

a3

a4

a5

a6

a7

a8

a9

a10 · · · a3n−2

a3n−1

a3n

a3n+1

For n ≥ 1, we call such a configuration a diamond of length n.

They derived∑
qa1+a2+···+a3n+1 =

(1 + q2)(1 + q5)(1 + q8) · · · (1 + q3n−1)
(1 − q)(1 − q2)(1 − q3) · · · (1 − q3n+1)

.
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Generalization to k-elongated diamonds

A k-elongated diamond of length 1:

a1
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A k-elongated diamond of length n:
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a(2k+1)n−1

a(2k+1)n

a(2k+1)n+1
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Andrews and Paule derived∑
qa1+a2+···+a(2k+1)n+1 =

∏n−1
j=0

∏k
i=1

(
1 + q(2k+1)j+2i

)
∏(2k+1)n+1

j=1 (1 − qj)
.

They also considered the k-elongated diamonds with deleted source
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j=1 (1 − qj)
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Broken k-diamonds of length 2n

b(2k+1)n+1

b(2k+1)n−1

b(2k+1)n
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b3

b4

b5

b6

b7

b2k
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b2k+2 a1

a2

a3

a2k

a2k+1

a2k+2 a(2k+1)n+1

a(2k+1)n

a(2k+1)n−1

It consists of two separated k-elongated diamonds of length n where in
one of them the source is deleted.

It can be seen that

∑
q
∑

as+
∑

bt =

∏n−1
j=0

∏2k
i=1

(
1 + q(2k+1)j+i

)
(1 − q(2k+1)n+1)

∏(2k+1)n
j=1 (1 − qj)2
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Theorem
For n ≥ 0 and k ≥ 1, let ∆k(n) denote the total number of broken
k-diamond partitions of n, then

∞∑
n=0

∆k(n)qn =

∞∏
j=1

(1 + qj)
(1 − qj)2(1 + q(2k+1)j)

=
(q2; q2)∞(q2k+1; q2k+1)∞
(q; q)3

∞(q4k+2; q4k+2)∞
.

Theorem (Andrews and Paule, 2007)
For n ≥ 0,

∆1(2n + 1) ≡ 0 (mod 3).

Conjecture 1
For n ≥ 0,

∆2(10n + 2) ≡ 0 (mod 2).
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Conjecture 2
For n ≥ 0,

∆2(25n + 14) ≡ 0 (mod 5).

Conjecture 3
For n ≥ 0, if 3 does not divide n then

∆2(625n + 314) ≡ 0 (mod 52).

They made the comment:

“The observations about congruences suggest strongly that
there are undoubtedly a myriad of partition congruences for
∆k(n). This list is only to indicate the tip of the iceberg.”
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Theorem (Hirschhorn and Sellers, 2007)
∞∑

n=0

∆1(2n + 1)qn = 3
(q2; q2)∞(q6; q6)2

∞

(q; q)6
∞

.

Theorem (Hirschhorn and Sellers, 2007)

∆1(4n + 2) ≡ 0 (mod 2),
∆1(4n + 3) ≡ 0 (mod 2).

Theorem (Hirschhorn and Sellers, 2007)

∆2(10n + 2) ≡ 0 (mod 2),
∆2(10n + 6) ≡ 0 (mod 2).
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Theorem (Chan, 2008)
For ` ≥ 1 and n ≥ 0,

∆2

(
5`+1n + 3(5` − 1)/4 + 2 · 5` + 1

)
≡ 0 (mod 5),

∆2

(
5`+1n + 3(5` − 1)/4 + 4 · 5` + 1

)
≡ 0 (mod 5).

Let ` = 1 and 2 respectively, we have

Corollary
For n ≥ 0,

∆2(25n + 14) ≡ 0 (mod 5),
∆2(25n + 24) ≡ 0 (mod 5),

∆2(125n + 69) ≡ 0 (mod 5),
∆2(125n + 119) ≡ 0 (mod 5).
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∞ (mod 2).

Corollary
1 ∆5(4n + 1) is odd⇔ n = m(m + 1)/2 for some integer m ≥ 0.
2 ∆5(4n + 2) is odd⇔ n = 11m(m + 1)/2 + 1 for some integer m ≥ 0.
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Corollary
For n ≥ 0 and t = 2, 10, 14, 18, 22, 26, 30, 34, 38, 42,

∆5(44n + t) ≡ 0 (mod 2).

Corollary
∆5(12n + 9) ≡ ∆5(12n + 10) ≡ 0 (mod 2).

Corollary
For n ≥ 0 and i = 2, 9, 14, 17,

∆5(20n + i) ≡ 0 (mod 2),
∆5(28n + j) ≡ 0 (mod 2),

where i = 2, 9, 14, 17 and j = 2, 9, 10, 14, 17, 21
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Thank you!
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